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1 Introduction 


After a good look on the Mathematics Unlimited—2001 and Beyond [5], which 
addresses the question of the future of Mathematics in the new millennium, it 
is impossible not to get the deep impression that Computing will be an integral 
part of many branches of Mathematics. If it is true that in the XXst century 
Mathematics has contributed, in a fundamental way, to technology, now, in the 
XXist century, the converse seems to be also a possibility. For perspectives on 
the role of Computing in Mathematics (and the other way around) see (2, 4, 9]. 

Many powerful and versatile Computer Algebra Systems are available nowa- 
days, putting at our disposal sophisticated environments of mathematical and 
scientific computing. They comprise both numerical and symbolic computation 
through high-level and expressive languages, close to the mathematical one. A 
large quantity of mathematical knowledge is already available in these scientific 
systems, providing efficient mathematical methods to perform the desired cal- 
culations. This has two important implications: they spare one a protracted 


process of programming and debugging, so common to the more conventional 
computer languages; they permit us to write few lines of code, and simpler pro- 
grams, more declarative in nature. Our claim is that explorations with such 
tools can develop intuition, insight, and better qualitative understanding of the 
nature of the problems. This can greatly assist the proof of mathematical results 
(see an example in Section § 2.1 below). 

It is our aim to show that computer-assisted algebra can provide insight and 
clues to some open questions related to special sequences in Number Theory. 
Number Theory has the advantage of being easily amenable to computation 
and experimentation. Explorations with a Computer Algebra System will! allow 
us to produce results and to formulate conjectures. We illustrate our approach 
with the mathematics Maple system (all the computational processing was car- 
ried with Maple version 8, on an AMD Athlon(TM) 1.66 GHz machine), and 
with some of the problems proposed by the Romanian mathematician Florentin 
Smarandache. 

Maple was originated more than two decades ago, as a project of the Sym- 
bolic Computation Group of the University of Waterloo, Ontario. It is now a 
registered trademark product of Waterloo Maple Inc. We refer the reader to 
(19, 13] for a gentle introduction to.Maple. For a good account on the Smaran- 
dache collection of problems, and for a biography of F. Smarandache, see [10]. 

We invite and exhort readers to convert our mathematical explorations in 
the language of their favorite Computer Algebra System; to optimize the algo- 
rithms (we have followed the didactic approach, without any attempt of code 
optimization}; and to obtain the results for themselves. The source be with you. 


2 Smarandache Digital Subsequences 


We begin by considering sequences of natural numbers satisfying some given 
property together with all their digits. 


2.1 Smarandache p-digital subsequences 


We are interested in the following Smarandache p-digital subsequences. Let 
p 2 2. From:the sequence {n?}, n € No, we select those terms whose digits 
are all perfect p-powers. For p = 2 we obtain the Smarandache square-digtial 
subsequence: we select ouly those terms of the sequence {ae} o whose digits 
belong to the set {0,1,4,9}. With the Maple definitions 


> pow := (n,p) -> seq(i*p,i=0..n): 

> perfectPow := (n,p) -> evalb(n = iroot(2,p)"p): 

‘> digit := (a,num) —> irem(iquo (num, 107 (length(num)-n)) ,10): 

> digits := n ~> map(digit, ($1..length(n)],n): 

> digPerfectPow := 

> ,p) -> evalb(select (perfectPow,digits(n) »p) = digits(@)): 


the Smarandache square-digital subsequence is easily obtained: 


> ssds i= n -> select (digPerfectPow, [pow(n,2)] ,2): 

We now ask for all the terms of the Smarandache square-digital subsequence 
which are less or equal than 10000?: 

> ssds (10000); 


[0,1,4,9, 49, 100, 144, 400, 441, 900, 1444, 4900, 9409, 10000, 10404, 11449, 
14400, 19044, 40000, 40401, 44100, 44944, $0000, 144400, 419904, 490000, 
491401, 904401, 940900, 994009, 1000000, 1004004, 1014049, 1040400, 
1100401, 1144900, 1440000, 1904400, 1940448, 4000000, 4004001, 4040100, 
4410000, 4494400, 9000000, 9909904, 9941409, 11909401, 14010049, 14040009, 
14440000, 19909444, 40411449, 41990400, 49000000, 49014001, 49140100, 
49999041, 90440100, 94090000, 94109401, 99400900, 99940009, 100000000 


In [3, 18] one finds the following question: 


“Disregarding the square numbers of the form N x 107", ke N, 
N also a perfect square number, how many other numbers belong 
to the Smarandache square-digital subsequence?” 
From the obtained 64 numbers of the Smarandache square-digital subsequence, 
one can see some interesting patterns from which one easily guess the answer. 


Theorem 1. There ezist an infinite number of terms on the Smarandache 
square-digital subsequence which are not of the form N x 1077, keEN, Na 
perfect square number. 


Theorem 1 is a straightforward consequence of the following Lemma. 


Lemma 2. Any number of the form (10** + 4) x10#+1+4, k € Ny (144, 10404, 
1004004, 100040004, ...), belong to the Smarandache square-digital subsequence. 


Proof. Lemma. 2 follows by direct calculation: 
(10*+! + 2)° = (10Ft 4.4) x 1oktL 4 4, 
{] 


We remark that from the analysis of the list of the first 64 terms of the 
Smarandache square-digital subsequence, one easily finds other possibilities to 
prove Theorem 1, using different but similar assertions than the one in Lemma 2. 
For example, any number of the form (10*+? + 14) x 10*+? 4.49, k E Ng (11449, 
1014049, 100140049, ...), belong to the Smarandache square-digital subsequence: 


(10+? + 7)* = (102 4 14) x 108? +49. 


Other possibility, first discovered in [12], is to use the pattern (4 x 10*+1 + 4) x 
10**1 +1, & E No (441, 40401, 4004001, ...), which ig the square of 2x 10*#1 41. 
Choosing p = 3 we obtain the Smarandache cube-digital subsequence. 


> scds := n -> select (digPerfectPow, [pow(n,3)],3): 


Looking for all terms of the Smarandache cube-digital subsequence which are 
less or equal than 10000° we only find the trivial ones: 


> scds (10000); 


(0, 1, 8, 1000, 8000, 1000000, 8000000, 1000000000, 8000000000, 1000000000000} 


We offer the following conjecture: 


Conjecture 3. All terms of the Smarandache cube-digittal subsequence are of 
the form D x 10°* where D € {0,1,8} and k & Np. 


Many more Smarandache digital subsequences have been introduced in the 
literature. One good example is the Smarandache prime digital subsequence, 
defined as the sequence of prime numbers whose digits are all primes (see [18}}. 

Terms of the Smarandache prime digital subsequence are easily discovered 
with the help of the Maple system. Defining 


> primeDig := n -> evalb(select(isprime,digits(n)) = digits()): 
> spds := n -> select (primeDig, [seq(ithprime (i) ,i=1..n)]): 


we find that 189 of the first 10000 prime numbers belong to the Smarandache 
prime digital subsequence: 


> nops(spds(10000)); 


189 


2.2  Smarandache p-partial digital subsequences 


The Smarandache p-partial digital subsequence is defined by scrolling through 
a given sequence {a,}, 2 > 0, defined by some property p, and selecting only 
those terms which can be partitioned in groups of digits satisfying the same 
property p (see [3]). For example, let us consider {a,,} defined by the recurrence 
relation dp = Gn; +4@p,—2. One gets the Lucas sequence by choosing the 
initial conditions ag = 2 and a; = 1; the Fibonacci sequence by choosing ap = 
QO and @ = 1. The Smarandache Lucas-partial digital subsequence and the 
Smarandache Fibonacci-partial digital subsequence are then obtained selecting 
from the respective sequences only those terms n for which there exist a partition 
of the digits in three groups (nm = g192g3) with the sum of the first two groups 
equal to the third one (g1 + go = gs). 
In [3, 17, 16] the following questions are formulated: 


“Ts 123 (1+-2 = 3) the only Lucas number that verifies a Smaran- 
dache type partition?” 


“We were not able to find any Fibonacci number verifying a 
Smarandache type partition, but we could not investigate large num- 
bers; can you?” 


Using the following procedure, we can verify if a certain number n fulfills 
the necessary condition to belong to the Smarandache Lucas / Fibonacci-partial 
digital subsequence, ie., ifn can be divided in three digit groups, elg2e3, with 
gl+g2=g3. 


> spds:=proc(n) 

> local ndi, nd2, nd3, nd, gi, g2, g3: 

> nd:=length(n); 

> for nd3 to nd-2 do 

> g3:=irem(n,107nd3) ; 

> if length(g3)*2>nd then break; fi; 

> for ndi from min(nd3,nd-nd3-1) by ~1 to 1 do 

> nd2:=nd-nd3-nd1 ; 

> gl:=iquo (a, 107 (nd2+nd3)); 

> g2:=irem(iquo(n,107nd3), 10*nd2); 

> if g2>=g3 then break;fi; 

> if git+g2=g3 then printi(";d (Adt+4d=%d) \n",n,e1,82,¢3) ;fi; 
> 
> 
> 


Now, we can compute the first n terms of the Lucas sequence, using the 
procedure below. 


> lucas: =proc(n) 

> local L, i: 

> L:=(2, 1]: 

> for i from i to n-2 do L:={Lf{],L[i}+L[i+1]] :od: 
> end proc; 


With n = 20 we get the first twenty Lucas numbers 


> lucas(20); 


[2,1,3,4,7, 11, 18, 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778, 9349] 
Let Z be the list of the first 6000 terms of the Lucas sequence: 
> L:=lucas (6000) ; 


(elapsed time: 1.9 seconds) 


It is interesting to remark that the 6000"" element has 1254 digits: 


'The most significant time calculations are showed, in order to give an idea about the 
involved computation effort. 


> length (L [6000] ) ; 


1254 


The following Maple command permit us to check which of the first 3000 
elements belong to a Smarandache Lucas-partial digital subsequence. 


> map(spds, L{i..3000]): 


123 (1+253) 
20633239 (206+33=239) 


(elapsed time: 7h50m) 


As reported in [15], only two of the first 3000 elements of the Lucas sequence 
verify a Smarandache type partition: the 11'* and 36*" elements. 


> LCi], L(36]; 


123, 20633239 


‘We now address the following question: Which of the next 3000 elements of 
the Lucas sequence belong to a Smarandache Lucas-partial digital subsequence? 


> map(spds, L[3001..6000]): 
(elapsed time: 67h59m) 


The answer turns out to be nene: no number, verifying a Smarandache type 
partition, was found between the 3001** and the 6000** term of the Lucas se- 
quence. 


The same kind of analysis is easily done for the Fibonacci sequence. We compute 
the terms of the Fibonacci sequence using the pre-defined function fibonacci: 


> with(combinat, fibonacci): 
> [seq(fibonacci(i), i=1..20)]; 


(1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765] 


Although the 6000** Fibonacci number is different from the 6000%* Lucas 
number , 


> evalb(fibonacci(6000) = L[6000]): 


false 


they have the same number of digits _ 


19 


> length (fibonacci (6000)) ; 


1264 


In order to identify which of the first 3000 Fibonacci numbers belong to the 
Smarandache Fibonacci-partial digital subsequence, we execute the following 
short piece of Maple code: 


> map(spds, [seq(fibonacci(i), i=1..3000)]): 
832040 (8+32=040) 
(elapsed time: 8h32m) 
This is in consonance with the result reported in [15]: only one number, 
among the first 3000 numbers of the Fibonacci sequence, verifies a Smarandache 


type partition — the 30° one. 


> fibonacci (30); 


832040 


As before, with respect to the Lucas sequence, we now want to know which 
of the next 3000 numbers of the Fibonacci sequence belong to the Smarandache 
Fibonacci-partial digital subsequence. 


> map(spds, [seq(fibonacci(i), 1=3001..6000)}): 
(elapsed time: 39h57m) 


Similarly to the Lucas case, no number, verifying a Smarandache type par- 
tition, was found between the 3001‘* and the 6000‘ term of the Fibonacci 
sequence. 


3  Smarandache Concatenation-Type Sequences 


Let {an}, n € N, be a given sequence of numbers. The Smarandache concate 
nation sequence associated to {an} is a new sequence {sn} where 8, is given 
by the concatenation of all the terms a,,..., a@,. The concatenation operation 
between two numbers a and 6 is defined as follows: 


> conc := (a,b) -> a*10*length(b)+b: 


In this section we consider four different Smarandache concatenation-type sub- 
sequences: the odd, the even, the prime, and the Fibonacci one. 
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> oddSeq :=n -> select(type, [seq(i,i=1..n)],0dd): 
> evenSeq :=n -> select (type, [seq(i,i=1..n)],even): 
> primeSeq := n -> (seq(ithprime(i) ,i=1..n)]: 

> with(combinat, fibonacci): 

> fibSeq := n -> [seq(fibonacci(i),i=i..n)]: 

> # ss = Smarandache Sequence 

> ss := proc(F,n) 

> local L, R, i: 

> L i= Fn): 

> RK := array(1..nops(L)): Rfi] := L[1]: 

> for i from 2 while i <= nops(L) do 

> R(aJ :=conc(R[i-1i] ,L(4]): 

> end do: 

> evalm(R): 

> end proc: 


Just to illustrate the above definitions, we compute the first five terms of the 
Smarandache odd, even, prime, and Fibonacci sequences: 


> ss(oddSeq, 10); 


[1, 13, 185, 1357, 13579] 
> ss(evenSeq,10); 


[2, 24, 246, 2468, 246810] 


> ss(primeSeq,5); 


[2, 23, 235, 2357, 235711] 
> ss(fibSeq,5); 


; (1, 11, 122, 1123, 11235] 


Many interesting questions appear when one try to find numbers among the 
terms of a Smarandache concatenation-type sequence with some given property. 
For example, it remains an open question to understand how Many primes are 
there in the odd, prime, or Fibonacci sequences. Are they infinitely or finitely in 
number? The following procedure permit us to find prime numbers ina certain 
Smarandache sequence. _ 


> ssPrimes := proc(F,n) 
> local ar, i: 
> ar := select (isprime,ss(F,n)): 


> convert (ar,list) : 
> end proc: 


+ 


12 


There are five prime numbers in the first fifty terms of the Smarandache odd 
sequence; 


> nops (ssPrimes(oddSeq,100)); 


5 


five prime numbers in the first two hundred terms of the Smarandache prime 
sequence; : 


> nops (ssPrimes(primeSeq, 200)); 


5 


and two primes (11 and 1123) in the first one hundred and twenty terms of the 
Smarandache Fibonacci sequence. 


> ssPrimes (f£ibSeq, 120); 


(11, 11.23] 


It is clear that only the first term of the Smarandache even sequence is prime. 
One interesting question, formulated in {1, Ch. 2], is the following: 


“How many elements of the Smarandache even sequence are twice 
a prime?” 


A simple search with Maple shows that 2468101214 is the only number twice a 
prime in the first four hundred terms of the Smarandache even sequence (the 
term 400 of the Smarandache even sequence is a number with 1147 decimal 
digits). 


> ssTwicePrime := proc(n) 

> local ar, i: 

> ar := select (i->isprime(i/2) ,ss(evenSeq,n)): 
> convert(ar,list): 

> end proc: | 

> ssTwicePrime (800); 


(2468101214] 


4 Smarandache Relationships 


We now consider the so called Smarandache function. This function S(n) is 
important for many reasons (cf. (10, pp. 91-92). For example, it gives a 
necessary and sufficient condition for a number to be prime: p > 4 is prime if, 
and only if, S(p) = p. Smarandache numbers are the values of the Smarandache 
function. 


. 
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4.1 Sequences of Smarandache numbers 


The Smarandache function is defined in [16] as follows: S(n) is the smallest 
positive integer number such that S(n)! is divisible by n. This function can be 
defined in Maple by the following procedure: 


> S:=proc(n) 

> local i, fact: 

> fact:=1: 

> for i from 2 while irem(fact, n)<>0 do 
> fact:=fact*i: 

> od: 

> returm i-t: 

> end proc: 


The first terms of the Smarandache sequence are easily obtained: 


> seq(S(n) ,n=1..20); 


1,2, 3, 4,5,3,7,4, 6,5, 11, 4, 13, 7,5,6,17,6,19,5 


A sequence of 2k Smarandache numbers satisfy a Smarandache k-k additive 
relationship if 


S(n)+S(n+1)+---+$(nt+k—1) = S(ntk)t+S(ntk+1)+---4+S(n4+2k—1). 


In a similar way, a sequence of 24 Smarandache numbers satisfy a Smarandache 
k-k subtractive relationship if 


S(n)—-S(n+1)—----S(n+k—-1) = S(nt+k)—S(n+k41)—---~S(n+2k-1). 
In [3, 17] one finds the following questions: 


“flow many quadruplets verify a Smarandache 2-2 additive rela- 
tionship?” 


“How many quadruplets verify a Smarandache 2-2 subtractive 
relationship?” 
“Tlow many sextuplets verify a Smarandache 3-3 additive rela- 
tionship?” : : 
To address these questions, we represent each of the relationships by a Maple 


function: 


> add2_2:=(V,n)->V (Io) +V (ot+1] =V (nt+2] +V[n+3]: 
> sub2_2:=(V,n)->V [In] -V [n+1] =V [n+2] -V[n+3]: 
> add3_3:=(V,n)->V (n]+V (o+1]+V (nt2] =V (nt3]4+V nt+4]+V(ns5]: 


14 


We compute the first 10005 numbers of the Smarandache sequence: 
> SSN:=[seq(S(i) ,i=1..10005)]: 
(elapsed time: 59m29s) 


With the following procedure, we can identify all the positions in the se- 
quence Y that verify the relationship F. 


> verifyRelation:=proc(F,V) 
> local i, VR: VR:=[]: 

> for i to nops(V)-5 do 

> if F(V,i) then VR:=[VR(], i]: fi: 
> od: 

> Yreturn VR; 

> end proc: 


We can answer the above mentioned questions for the first 10000 numbers of 
the Smarandache sequence. 
The positions verifying the Smarandache 2-2 additive relationship are: 


> Vi:=verifyRelation(add2_2,SSN); 


V1 := (6, 7, 28, 114, 1720, 3538, 4313, 8474] 
Similarly, we determine the positions verifying the Smarandache 2-2 sub- 
tractive relationship, 


> V2:.=verifyRelation(sub?2_2,S5N); 


V2 := (1, 2, 40, 49, 107, 2315, 3913, 4157, 4170] 
and the positions verifying the Smarandache 3-3 additive relationship: 
> V3:=verifyRelation(add3_3,SSN); 


V3 := [5, 5182, 9855] 


The quadruplets associated with the positions V1 (2-2 additive relationship) 
are given by 


> map(i->printé ("S (Ad) +8 (4d) =SC4d) +8 (4d) Bhd %d=%dt%d] \n", 
4,1+1,1+2,1+3,5(4) ,SGiti) ,5(i+2) ,SCi+3)), Vi): 


8(6)+5(7)=8(8)4+S(9) (3+7=4+6] 
$(7)+5(8)=S(9)+S(10) [7+4=6+5] 
$(28)+8(29)=8(30)4+S(31) (7+29=5+31] 

$(114) +S (115)=S(116)+S(117) [19+23=29+13] 
$(1720)+S(1721)=S(1722)4+8(1723) [43+1721=41+1723] 
$ (3538) +S (3539)=S (3540)+5 (3541) [61+3539=59+3541] 
$ (4313) +3 (4314)=8 (4315) +8 (4316) (227+719=863+83] 
3 (8474) +8 (8475)=$(8476)+S (8477) [223+113=163+173] 
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We remark that in M. Bencze’s paper [3] only the first three quadruplets were 
found. The quadruplets associated with the positions V2 (2-2 subtractive rela- 
tionship) are: 


> map(i->printt("S(Ad)-S(4ad)=S (40) -SCLQ) d-Yd=%d-%d \n", 
4,441,14+2,113,85(i) ,SCa+1) ,SCi+2) ,8(i+3)), V2): 


§$(1)-S(2)=8(3)-S(4) [1-2=3-4] 

8(2)-8(3)=8(4)-S(5) [2~3=4-5] 
$(40)-S(41)=S(42)+-S(43) [5-41=7-43] 
§(49)~S(50)=S(51)-S(52) [14-10=17-13] 
$(107)-S(108)=S(109}-S(110) [(107~9=109-11] 
$(2315)-S$(2316)=S(2317)-S(2318) [463-193=331-61] 
$(3913)-S(3914)=$(3915)~S(3916) [43-103=29-89] 
§(4157)-S(4158)=8(4159)-$(4160) [4157~11=4159~13] 
$(4170)-S(4171)=S(4172)-S (4173) [139-97=149-107] 


Only the first two and fourth quadruplets were found in [3]. The following three 
sextuplets verify a Smarandache 3-3 additive relationship: 


> map(i->print£ ("SC£d) +5 (4d) +8 (4d) =S (4d) +8 (Vid) +5 (Yd) 
(ids id+hd=Adt%dt+%d] \n" 4,141,142, 143,144,145, 
S(i) ,SCit1) ,S(i+2) ,S(it+3) ,SCi+4) ,SCi+5)), V3): 


5(5) +S (6)+S(7)=S(8)+8(9)+8(10) [5+3+7=44+6+5] 
$(5182)+S(5183)+S5 (5184) =$ (5185) +S (5186)+S(5187) [2591+73+9=61+2593+19] 
5(9855)+S (9856) +S (9857) =S (9858) +5 (9859)+S(9860) [73+1 1+9857=53+9859+29] 


Only the first sextuplet was found by M. Bencze’s in [3]. For a deeper analysis 
of these type of relationships, see [6, 8}. 


4.2 An example of a Smarandache partial perfect additive 
sequence 


Let {a,}, n > 1, be a sequence constructed in the following way: 
a, = a2 =]; 
Gopi = O41 — 1; 
Q2p4+2 = G@prit i. 


The following Maple procedure defines a,,. 


> a:=proc(n) 

> option remember: 

> aif G1) or (n=2) then return 1: 

> elif type(m, odd) then return a((n-1)/2+1)-1: 
> else return a((n-2)/2+1)+1: 

> fi: 

> 
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Tn [3] the first 26 terms of the sequence are presented as being 
> A:=1,1,0,2,-1,1,1,3,-2,0,0,2,1,1,3,5,-4,-2,-1,1,-1,1,1,3,0,2: 


One easily concludes, as mentioned in (7|, that starting from the thirteenth term 
the above values are erroneous. The correct values are obtained with the help 
of our procedure: 


> seq(a(i) ,i=1..26); 


11,09) 29.4159)5-2,0,0,2 029438 1.214 a Pe eg 


We prove, for 1 <p < 5000, that {a,} isa Smarandache partial perfect additive 
sequence, that is, it satisfies the relation 


Oy + Gg +++ + Op = App + Appa +++ + aay. (1) 
This is accomplished by the following Maple code: 
> sppasproperty:=proc(n) 


> local SPPAS, p; 

> SPPAS:=[seq(a(i) ,i=t..n)]; 

> for p from 1 to iquo(n,2) do 

> if evalb(add(SPPAS[il, i=1..p)<>add(SPPAS [i] , i=pti..2*p)) 
> then return false; 

> pas ie 

> od; 

> return true; 

> end proc: 


> sppasproperty (10000) ; 


true 
(elapsed time: 11.4 seconds) 


We remark that the erroneous sequence A does not verify property (1). For 
example, with p = 8 one gets: 


> add(A(il ,isi..8)<>add (a [iJ ,1i=9..16); 
8 £10 


5 Other Smarandache Definitions and Conjec- 
tures 
The Smarandache prime conjecture share resemblances (a kind of dual assertion) 


with the famous Goldbach’s conjecture: “Every even integer greater than four 
can be expressed as a sum of two primes”. 
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5.1 Smarandache Prime Conjecture 


In [3, 17, 16] the so called Smarandache Prime Conjecture is formulated: “Any 
odd number can be expressed as the sum of two primes minus a third prime 
(not including the trivial solution p = p+ gq — q when the odd number is the 
prime itself)”. 

We formulate a strong variant of this conjecture, requiring the odd number 
and the third prime to be different (not including the situation p= k + q— p), 
that is, we exclude the situation addressed by Goldbach’s conjecture (where the 
even integer 2p is expressed as the sum of two primes k and q). 

The number of times each odd number can be expressed as the sum of two 
primes minus a third prime, are called Smarandache prime conjecture numbers. 
It seems that none of them are known (cf. [3]). Here we introduce the notion 
of strong Smarandache n-prime conjecture numbers: the number of possibilities 
that each positive odd number can be expressed as a sum of two primes mi- 
nus a third prime, excluding the trivial solution and imposing our requirement 
that the odd number and the third prime must be different, using all possible 
combinations of the first 1 primes. 

Given n, the next procedure determines such numbers for all positive odd 
integers less or equal than lim. 


> spcn:=proc(lim, n) 

> local y, z, i, primos, num, mat: 

> mat:=array(1..lim, 1..2,[seq({‘?°, O01, i=1..Lim)]): 
> primos:=seq(ithprime(i), i=1..n); 

> for i from 1 to n do 

> for y in [primos[i..n]] do 

> for z in [primos] do 

> num:=primos{ijt+y-z; 

> if (num=1 and num<=lim and type(num, odd) and 
> z<>primos[i] and 2<>y and z<>num) then 

> if mat(num, 2]=0 then mat(num, 1]:=[primos[i], y, zl: 
> fi: 

> mat(num, 2]:=mat(num, 2]+1; 

> fi: 

> od: 

> od: 

> od: 

> for i by 2 to lim do 

> if mat{i, 2]=0 then printf£("%d=? (0 possibilities)\n", i): 
> else printf (“4d=/d+%d-%d (4d possibilities) \n", i, 
> op(matfi, 1]), matfi, 2]): 

> fi: 

> od: 

> evaim(mat): 

> end proc: 
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All positive odd numbers less or equal than 19 can be expressed according to 
the conjecture, using only the first six primes.” 


> spen(19,6): 


1=2+2-3 (6 possibilities) 
3=5+5-7 (3 possibilities) 
5=3+13-11 (2 possibilities) 
7=5+5-3 (2 possibilities) 
9=3+11-5 (7 possibilities) 
11=3+13-5 (3 possibilities) 
13=6+11-3 (2 possibilities) 
15*5+13-3 (5 possibilities) 
17=7+13-3 (3 possibilities) 
19=11+11-3 (3 possibilities) 


(elapsed time: 0.0 seconds) 


As expected, if one uses the first 100 primes, the number of distinct possibilities, 
for which each number can be expressed as in our conjecture, increases. 


> spen(19,100): 


1=2+2-3 (1087 possibilities) 
=5+5-7 (737 possibilities) 
5=3+13-11 (1015 possibilities) 
7=3+17-13 (1041 possibilities) 
9=3+11-5 (793 possibilities) 
41=3+13-5 (1083 possibilities) 
13=3+17-7 (1057 possibilities) 
15=3+17-5 (770 possibilities) 
17=3+19-5 (1116 possibilities) 
19=3+23-7 (1078 possibilities) 
(elapsed time: 1.8 seconds) 


How many odd numbers less or equal to 10000 ey the conjecture?? 
> SPCN1: =spen(10000, 600) : 
(elapsed time: 30m59s) 


> n:=0: for i by 2 to 10000 do if SPCN1i(i,2]>0 then n:=nt1; fi; od: n; 


4406 


Using the first 600 primes, only 4406 of the 5000 odd numbers verify the con- 
jecture. And if one uses the first 700 primes? 


2¥or each number, only one of the possibilities is showed. 


3In the follow spen procedure calls, we removed from its definition the last for loop (spen 
without screen output). 
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> SPCN2:=spcn(10000, 700): 
(elapsed time: 49m34s) 


> n:=0: 
> for i by 2 to 10000 do if SPCN2[i,2]>0 then n:=nt1; fi; od; 
> 13 


5000 


Using the first 700 primes, all the odd numbers up to. 10000 verify the con- 
jecture. We refer the readers interested in the Smarandache prime conjecture 
to ({14]. 


5.2 Smarandache Bad Numbers 


“There are infinitely many numbers that cannot be expressed as the difference 
between a cube and a square (in absolute value). They are called Smarandache 
Bad Numbers(!)” — see [3]. 


The next procedure determines if a number n can be expressed in the form 
n= |z* ~ y?| (ie, if it is a non Smarandache bad number), for any integer x 
less or equal than Smee. The algorithm is based in the following equivalence 


n=|e-yY| @& yHVei-n V y=Ve3 tn. 


For each x between 1 and tmac, we try to find an integer y satisfying y = 
ve —nory = V2 +n, to conclude that 7 is a non Smarandache bad number. 


> nsbn:=proc(n,xmax) 


> local x, x3: 

> for x to xmax do 

> xXS1=x°3; 

> if issqr(x3-n) and x3<>n then return n[x, sqrt(x3-n)]; 
> elif issqr(x3+n) then return n{x, sqrt(x3+tn)]; fi; 

> od: 

> yveturn n['?‘, ‘?'] 

> end proc: 


F. Smarandache (16] conjectured that the numbers 5, 6, 7, 10, 13, 14,... are prob- 
ably bad numbers. We now ask for all the non Smarandache bad numbers which 
are less or equal than 30, using only the + values between 1 and 19, We use 
the notation nz, to mean that n= [zt — y’|. For example, lo3 means that 
1 = [23 — 37} = [8 - 9}. 


> NSBN:=map(nsbn, [$1..30],19); 
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NSBN ‘= [12,3, 23,5, 31,2, 42,2, 52,7, 67,2, 72,1, 81,3, 93,6, 107,2, 
113,4, 1213.47, 1317,70, 142,7, 151,4, 162,7, 172.5, 183.3, 195,12, 206,14, 
212,27, 223,7, 233.2, 241.5, 255,10, 263,1, 272,2, 280,6, 29,2, 3019.83] 


As proved by Maohua Le in [11], we have just shown that 7 and 13 are non 
Smarandache bad numbers: 7 = |2° — 1] and 13 = |173 — 70?|. The possible 
Smarandache bad numbers are: 


> select (n~>evalb(op(1,m)=‘?'), NSBN): 


(52,2, 62,7, 102,2, 14,2, 1622, 219.7, 27,2, 292 9} 


Finally, we will determine if any of these eight numbers is a non Smarandache 
bad number, if one uses all the z values up to 10°. 


> map(nusbn, (5,6,10,14,16,21,27,29] ,1078); 


(52,7, 62,2, 107.2, 147, 162 2, 212 9, 277,7, 29.7] 
{elapsed time: 14h30m) 


From the obtained result, we conjecture that 5,6, 10,14, 16, 21,27, and 29, are 
bad numbers. We look forward to readers explorations and discoveries. 
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Palindrome Studies 
(Part D 


The Patindrome Concept aad Its Applications to Prime Numbers 


Henry Ibstedt 
Glimminge 2036 
280 60 Broby 
Sweden 


Abstract: This article originates from a proposal by M. L. Perez of American 
Research Press to carry out a study on Smarandache generalized palindromes [1]. The 
prime numbers were chosen as a first set of numbers to apply the development of 
ideas and computer programs on. The study begins by exploring regular prime 
number palindromes. To continue the study it proved useful to introduce a new 
concept, that of extended palindromes with the property that the union of regular 
palindromes and extended palindromes form the set of Smarandache generalized 
palindromes. An interesting observation is proved in the article, namely that the only 
regular prime number palindrome with an even number of digits is 11. 


1. Regular Palindromes 


. 


Definition: A positive integer is a palindrome if it reads the same way forwards and 
backwards. 


Using concatenation we can write the definition of a regular palindrome A in the form 
A=X)X7X3...Mp..-X3XQX] OF X[X7K3...XpXp.. -X3X2K] 


where x, € {0, 1, 2, ...9} for k=1, 2, 3, ...n, except x: #0 


Examples and Identification: The digits 1, 2, ..., 9 are trivially palindromes. The 
only 2-digit palindromes are 11, 22, 33, ... 99. 

Of course, palindromes are easy to identify by visual inspection. We see at once that 
5493945 is a palindrome. In this study we will also refer to this type of palindromes as 
regular palindromes since we will later define another type of palindromes. 


As we have seen, palindromes are easily identified by visual inspection, something we 
will have difficulties to do with, say prime numbers. Nevertheless, we need an 
algorithm to identify palindromes because we can not use our visual inspection 
method on integers that occur in computer analysis of various sets of numbers. The 
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following routine, written in Ubasic, is built into various computer programs in this 
study: 


10 'Palindrome identifier, Henry Ibstedt, 031021 
20 input " N";N 

30 s=n\10 :r=res 

40 while s>0 

50 s=s\10 :r=10*rt+res 

60 wend 

70 print n,r 

80 end 


This technique of reversing a number is quite different from what will be needed later 
on in this study. Although very simple and useful it is worth thinking about other 
methods depending on the nature of the set of numbers to be examined. Let’s look at 
prime number palindromes. 


2. Prime Number Palindromes 


We can immediately list the prime number palindromes which are less than 100, they 
are: 2, 3,5, 7 and 11. We realize that the last digit of any prime number except 2 must 
be L, 3, 7or9. A three digit prime number palindrome must therefore be of the types: 
1x1, 3x3, 7x7 or 9x9 where xs{0, 1, ..., 9}. Here, numbers have been expressed in 
concatenated form. When there is no risk of misunderstanding we will simply write 
2x2, otherwise concatenation will be expressed 2_x 2 while multiplication will be 
made explicit by 2-x-2. 


In explicit form we write the above types of palindromes: 101+10x, 303+10x, 
707+10x and 909+10x respectively. 


A 5-digit palindrome axyxa can be expressed in the form: 
a_000_a+x-1010+y-100 where ae{1, 3, 7, 93, xe{0, 1, ..., 9} and ye{0, 1, ..., 9} 


This looks like complicating things. But not so. Implementing this in a Ubasic 
program will enable us to look for which palindromes are primes instead of looking 
for which primes are palindromes. Here is the corresponding computer code (C5); 


10 "Classical 5~digit Prime Palindromes (C5) 
20 ‘October 2003, Henry Ibstedt 

30 dim V(4),U(4} 

40 for I=1l to 4 :read V(I):next 

50 data 1,3,7,9 

60 T=10001 

70 for I=1 to 4 

80 U=0:'Counting prime palindromes 

90 A=V(I)*T : 
100 for J=0 to 9 
110 B=A+LO10*T 
120 for K=0 to 9 
130 C=B+1L00*K 

140 if nxtprm(C-1)=C then print C :inec U 
150 next :next 
160 U(L)=U 
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170 next 
180 for I=1 to 4 :print U{I):next 
190 end 


Before implementing this code the following theorem will be useful. 
Theorem: A palindrome with an even number of digits is divisible by 11. 


Proof: We consider a palindrome with 2n digits which we denote x, x2, ... Xp. Using 
concatenation we write the palindrome 


A=X1X2... XaXo.--X2Xi 
We express A in terms of x1, X2, ... X, in the following way: 


A=x1 (10! +1) +x9(107°7+10)+x5(10°" +107) ..xq( 102+ 10") 
or 


A= 5° x, (0 +108) (1) 


k=l 
We will now use the following observation: 


10°-1=0 (mod 11) for g=0 (mod 2) 
and 
104+1=0 (mod 11) for g=1 (mod 2) 


We re-write (1) in the form: 


A= })x,(10°"™* +1+10*" $1) where the upper sign applies if k=1 (mod 2) and 
k=l 


the lower sign if k=0 (mod 2). 
From this we see that A=0 (mod 11) for n=0 (mod 2). 


Corollary: From this theorem we learn that the only prime number palindrome with 
an even number of digits is 11. 


This means that we only need to examine palindromes with an odd number of digits 
for primality. Changing a few lines in the computer code C5 we obtain computer 
codes (C3, C7 and C9) which will allow us to identify all prime number palindromes 
fess than 10'° in less than 5 minutes. The number of prime number palindromes in 
each interval was registered in a file. The result is displayed in table 1. 


Table 1. Number of prime number palindromes 








Number of 
Number palindromes 
of of type 
digits Dassecd i Biiies 3 Prati 7 eee 9 Total 
3 5 4 4 2 15 
5 26 24 24 19 93 
7 190 172 155 15] 668 



































9 1424 1280 1243 1225 5172 
Table 2. Three-digit prime number palindromes 
(Total 15} 
Interval Prime Number Palindromes 
100-199 
300-399 | 313 353 373 383 
700-799 | 727 757 787 797 
900-999 929 
Table 3. Five-digit prime number palindromes 
{Total 93) 
10301 10501 10601 11311 11411 12427 12721 12821 13331 
13831 13931 14341 14741 15451 15551 16061 16361 1656] 
16661 17471 17971 18181 18481 19391 19891 19991 
30103 30203 30403 30703 30803 31013 31513 32323 32423 
33533 34543 34843 35053 35153 35353 35753 346263 36563 
37273 37573 38083 38183 38783 39293 
70207 70507 70607 71317 71917 72227 72727 73037 73237 
73637 74047 74747 75557 76367 76667 77377 77477 77977 
78487 78787 78887 79397 79697 79997 


90709 91019 93139 93239 93739 94049 94349 94649 94849 
PAPAD 95959 96269 96469 96769 97379 97579 97879 98389 


98689 


SSS ee 


Table 4. Seven-digit prime number palindromes 








(Totat 648) 
1003001 1008001 1022201 1028201 103530) 1043401 1055501 
- 1065601 1074701 =1082801 1085801 1092901 109390) 1114111 
1120211) = 1123211 1126211 =: 1129211 «1134311 «1145411 «1150511 
1160641 1163611) 1175711 «1977717 «1178711)— 1180811 ~—-:1183811 
1190911) == -1193911) 1196911) 1201021 »=— 1208021 1212121 )-1215121 
1221221 1235321 1242421 1243421 1245421 1250521 1253521 
1262621 = 1268621 = 1273721 1276721 =: 1278721 += 1280821 ~=—«128182] 
1287821 =1300031 1308031 1311131 1317131 1327231 1328231 
1335331 1338331 =—-:134343T =1360631 1362631 «13463631 ~—s«41371731 
1390931 1407041 1409041 141114] 1412141 1422241 1487341 
144744] 1452541 1456541 1461641 1463641 1464641 1469641 
1489841 1490941 1496941 1508051 1513151 152025} 1532351 
1542451 1548451 1550551 1551551 1556551 1557551 1565651 
1579751 1580851 1583851 1589851 1594951 1597951 1598951 
1609061 1611161 1616161 1628261 1630361 1633361 1640461 
1646461 1654561 1657561 1658561 1460661 16707611 684861 
1688861 1695961 1703071 1707071 =1712171 =+1714171 «1730371 
1737371 1748471 «1755571 «1761671 =—-1764671=—«1777771 ~=—«1793971 
1805081 = 1820281 =182328] 1824281 182628] 1829281 1831381 
1842481 1851581 1853581. 1856581 1865681 1876781 1878781 
1880881 1881881 1883881 1884881 1895981 1903091 190809] 
V9I7I91 1924291 1930391 =—«1936391 «1941491: 1951591 1952891 
T9S8591 1963691 1968691 =: 1969691 «1970791 1976791 1981891 
1984891 1987891 (1988891 1993991 1995991 =: 1998991 
3001003 3002003 3007003 30161038 3026203 3064603 30654603 
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1062601 
1704 
1153811 
1186811 
1218121 
1257521 
1286821 
1333331 
1374731 
144444] 
1486841 
153535] 
1572751 
1600061 
1643461 
1685861 
1734371 
1802081 
1832381 
1879781 
1909091 
1957591 
1982891 


3072703 


3073703 3075703 
3127213 3135313 
3187813 3193913 
3223223 3228223 
3258523 3260623 
3291923 3293923 
3321233 3329233 
3365633 3368633 
3424243 3425243 
3449443 3452543 
3503053 3515153 
3569653 3586853 
3618163 3621263 
36808463 36898643 
3722273 3728273 
3768673 3769673 
3799973 3804083 


3083803 
3140413 
3196913 
3233323 
3267623 
3304033 
3331333 
3380833 
3427243 
3460643 
3517153 
3589853 
3627263 
3698763 
3732373 
3773773 
3806083 


3842483 
3878783 
3931393 
3991993 


3853583 3858583 
3893983 3899983 
3938393 3942493 
3994993 3997993 


7014107 7035307 
7073707 =7079707 
7VI4ZI17 7115117 
7155517 7156517 
7226227 = 7246427 
7276727 = 7278727 
7327237 =7347437 
7392937 7401047 
7452547 =—7461647 
7493947 = 7507057 
7562657 = =7564657 
7619167 7622267. 
7666667 7668667 
77\S177 7718177 
7738577 = 7764677 
7794977 = 7807087 
7843487 7850587 
7891987 7897987 
7T94IAP7? = 7943497 
7985897 7987897 
9002009 9015109 
9049409 9067609 
9109019 =9110119 
9IFA7I9 = 9179719 
9217129 = 9222229 
9277729 9280829 
9332339 9338339 
9414149 9419149 
9477749 9492949 
9547459 = 9556559 
PEQ1069 9602069 
9634369 9645469 
97III79 «= 9714179 


7036307 
7082807 
7118117 
7158517 
7249427 
7291927 
7352537 
7403047 
7466647 
7508057 
7576757 
7630367 
7669667 
7722277 
V7L2777 
7819187 


7856587 


7913197 
7T9APAD7 
7996997 
9024209 
9073709 
9127219 
9185819 
9223229 
9286829 
9351539 
9433349 
9A939 49 
9558559 
9604049 
9650569 
9724279 


3089803 
3155513 
3198213 
3236323 
3272723 
3305033 
3337333 
339 1933 
3439343 
34664643 
3528253 
3590953 
3635363 
3708073 
3743473 
3774773 
3812183 
3863683 
3713193 
3946493 
3998993 
7041407 
7084807 
7129217 
7159517 
7250527 
7300037 
7354537 
7409047 
74727 47 
7518157 


7586857 


7632367 
76/4767 
7729277 
TT7ATT7 
7820287 
7865687 
TP 6197 
7957597 


9037309 
9076709 
9128219 
9196919 
9230329 
9289829 
9357539 
9439349 
9495949 
9561659 
9610169 
9657569 
9727279 


27 


3091903 
3158513 
3211123 
3241423 
3283823 
3307033 
3343433 
3392933 
3441443 
3470743 
3541453 
3591953 
3643463 
3709073 
3746473 
3781873 
3814183 
3864683 
3916193 
3948493 


7046407 
7087807 
7134317 
7177717 
7256527 
7302037 
7362637 
7415147 
7475747 
7519157 
7592957 
7644467 
7681867 
7733377 
7718777 
7821287 
7867687 
7930397 
7938597 


9042409 
9078709 
9134319 
F199919 
9231329 
9318139 
9375739 
9440449 
9504059 
9577759 
9620269 
9670769 
9732379 


3095903 
3160613 
3212123 
3245423 
3285823 
3310133 
3353533 
3400043 
3443443 
3479743 
3553553 
3594953 
3646463 
3716173 
3762673 
3784873 
3826283 
3867683 
3918193 
3964693 


7057507 
7093907 
7136317 
7190917 
7257527 
7310137 
7365637 
7434347 
7485847 
7521257 
75949 57 
7654567 
76909 67 
7742477 
7782877 
7831387 
7868687 
7933397 
7960697 


9043409 
9091909 
9149419 
9200029 
9255529 
9320239 
9384839 
944G449 
9514159 
9583859 
9624269 
9686869 
9733379 


3103013 
3166613 
3218123 
3252523 
3286823 
3315133 
3362633 
3411143 
3444443 
3485843 
3558553 
3601063 
3670763 
3717173 
3763673 
3792973 
3829283 
3869683 
3924293 
3970793 


7065607 


7096907 
7IAIAT7 
7\94917 
7261627 
7314137 
7381837 
7436347 
7486847 
7527257 
7600067 
7662667 
7693967 
7747477 
7783877 
7832387 
7873787 
7935397 
7977797 


9045409 
9095909 
9169619 
9209029 
9269629 
9324239 
9397939 
9451549 
9526259 
9585859 
9626269 
9700079 
9743479 


3106013 
3181813 
3222223 
3256523 
3288823 
3319133 
3364633 
3417143 
3447443 
3487843 
3563653 
3607063 
3673763 
3721273 
3765673 
3793973 
3836383 
3871783 
3927293 
3983893 


7069607 
7100017 
7145417 
7215127 
7267627 
7324237 
7388837 
7439347 
7489847 
7540457 
7611167 
7665667 
7E94967 
7730577 
T7IIAOTT 
7838387 
7884887 
7938397 
7984897 


9046409 
9103019 
9173719 
9212129 
9271729 
9329239 
9400049 
94707 49 
9529259 
9586859 
9632369 
9709079 
9749479 


97352579 
9782879 
9818189 
7888889 
9919199 
9938399 


9754579 
9787879 
9820289 
9889889 
9921299 
9957599 


9758579 
9788879 
9822289 
9894989 
9923299 
9965699 


9762679 
9795979 
9836389 
9902099 
9926299 
9978799 


9770779 
9801089 
9837389 
9907099 
9927299 
9980899 


9776779 
9807089 
9845489 
2908099 
9931399 
PPB 1899 


9779779 
9809089 
9852589 
9916199 
9932399 
9989899 


9781879 
9817189 
9871789 
9918199 
9935399 





Of the 5172 nine-digit prime number palindromes only a few in the beginning and at the end 
of each type are shown in table 5. 


Table Sa. Nine-cigit prime palindromes of type ]__] 


100030001 100050001 
100404001 = 100656001 
101030101 101060101 
101343101 101373101 
101616101 101717101 
101949101 101999101 
102272201 102343201 
102676201 102686201 
103060301 103161301 
103333301 103363301 
195878591 195949591 
196333691 196363691 
197030791 = 197060791 
197202791 197292791 
197616791 197868791 
19808089} 198131891 
19845489] 198565891 
198919891 19903099] 
199242991 199323991 
199515991. 199545991 


- 300020003 
300313003 
300868003 
301434103 
301969103 
302333203 
302555203 
303050303 
303565303 
303979303 


394191493 
394767493 
395717593 
396202693 
396919693 
397666793 


300080003 
300565003 
300929003 
301494103 
302030203 
302343203 
302646203 
303121303 
30361 6303 
304050403 


39421 2493 
395202593 
395727593 
396343693 
396929693 











(Total 1424) 
100060001 100111001 100131001 100161001 
100707001 100767001 100888001 100999001 
101141101 101171101 701282101 101292101 
101414101 101424101 10147410] 101595101 
101777101 10183810? 101898107 101919101 
102040201 102070201 102202201 102732201 
102383201 102454201 102484201 102515201 
102707201 102808201 102838201 103000301 
103212301 103282301 .103303301 103323301 
103464301 103515301 103575301 103696301 
195979591 196000691 196090691 194323691 
196696691 196797691 1946828691 196878691 
197070791 197090791 197111791 197121791 
197343791 197454791 197525791 197606791 
197898791 197919791 198040891 198070891 
198292891 198343891 198353891 198383891 
198656891 198707891 198787891 19887889) 
199080991 = 199141991 199171991 199212991 
199353991 199363991 199393991 199494991 
199656991 199767991 199909991 199999991 
Table So. Nine-digit prime palindromes of type 33 
{Total 1280) 
300101003 300151003 300181003 300262003 
300656003 300808003 300818003 300848003 
300959003 301050103 301111103 301282103 
301555103 301626103 301686103 301818103 
302070203 302202203 302303203 302313203 
302444203 302454203 302525203 302535203 
302676203 302858203 302898203 302909203 
303161303 303272303 303292303 303373303 
303646303 303757303 303878303 303929303 
304090403 304131403 304171403 304191403 
394333493 394494493 394636493 394696493 
395303593 395363593 395565593 395616593 
395868593 395898593 3940704693 3946191493 
396454693 396505693 396757693 3946808693 
397141793 397242793 397333793 397555793 
378040893 398111893 398151893 398232893 


397909793 
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398252893 398363893 398414893 398474893 398616893 398666893 

398676893 398757893 398838893 398898893 399070993 399191993 

399262993 399323993 399464993 399484993 399575993 399595993 
399616993 399686993 399707993 399737993 399767993 399878993 


Table Sc. Nine-digit prime palindromes of type 7__7 
{Total 1243) 








700020007 700060007 700090007 700353007 700363007 700404007 
700444007 700585007 700656007 700666007 700717007 700737007 
700848007 700858007 700878007 700989007 701000107 701141107 
7OVISIIOZ §=701222107 701282107 701343107 701373107 701393107 
701424107 701525107 701595107 701606107 7014636107 701727107 
701747107 701838107 701919107 701979107 701999107 702010207 
702070207 702080207 702242707 702343207 702434207 702515207 
702575207 702626207 702646207 702676207 702737207 702767207 
702838207 702919207 702929207 702989207 703000307 708060307 
703111307 703171307 703222307 703252307 703393307 703444307 


795848597 795878597 796060697 796080697 796222697 796252497 
796353697 796363697 796474697 796494697 7946515697 7966346697 
796666697 796707697 796717697 796747697 796848697 796939697 
797282797 =—797363797 =797393797 797444797 =797525797 797595797 
797816797 = 797828797 797898797 797939797 797949797 798040897 
798181897 798191897 798212897 798292897 798373897 798383897 
798454897 798535897 798545897 798646897 798674897 798737897 
798797897 798818897 798838897 798919897 798989897 799050997 
FIIIVIP9F §=799131997 799323997 799363997 799383997 799555997 
799636997 799686997 799878997 799888997 799939997 799959997 








Tables d. Nine-digit prime palindromes of type ?__? 
(Total 1225} 





900010009 0005000? 900383009 900434009 900484009 900505009 
900515009 900565009 90075700? 900808009 900838009 900878009 
700919009 900929009 901060109 901131109 901242109 901252109 
901272109 901353109 901494109 901585109 901606109 901626109 
901656109 901686109 901696109 901797109 901929109 901969109 
» 902151209 902181209 902232209 902444209 902525209 902585209 
902757209 902828209 902888209 903020309 903131309 903181309 
903292309 903373309 903383309 903424309 903565309 903614309 
903646309 903727309 903767309 903787309 903797309 903878309 
903979309 904080409 904090409 904101409 904393409 904414409 


PPAIEPADD 995070599 995090599 995111599 995181599 995303599 
995343599 995414599 995555599 995696599 995757599 995777599 
296020699 996101699 996121699 996181699 996249699 996464699 
996494699 = 996565699 996626699 996656699 996684699 9946808699 
996818699 996878699 9969294699 996949699 996989699 997030799 
P9FVIN799 «997393799 997464799 997474799 997555799 997737799 
997818799 997909799 997969799 998111899 998121899 998171899 
998202899 998282899 998333899 998565899 9986646899 998757899 
998898899 998939899 998979899 999070999 999212999 999272999 
P9PABAI9D —PIDASAIDP — 999SB599PP __99PPETEIPF _999LBSIP9P 999727999 
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An idea about the strange distribution of prime number palindromes is given in 
diagram 1. In fact the prime number palindromes are spread even thinner than the 
diagram makes believe because the horizontal scale is in interval numbers not in_ 
decimal numbers, i.e. (100-200) is given the same length as (1.1-10° -1.2-10°). 





| 


Distribution of Prime Palindromes 

















Number of palindromes 








Intervals as defined 





Ls 
Diagram | 
Intervals 1-9: 3-digit numbers divided into 9 equal intervals, 
Intervals 11-18: 4-digit numbers divided into 9 equal intervals 
Intervals 19-27: 5-digit numbers divided into 9 equal intervals 
Intervals 28-36: 6-digit numbers divided into 9 equal intervals 
Intervals 37-45: 7-digit numbers divided into 9 equal intervals 


3. Smarandache Generalized Palindromes 


Definition: A Smarandache Generalized Palindrome (SGP) is any miteger of the form 
X|X2X3..-Ng...X3X2X1 OF XpX7XKq...XqXq...X3X2X1 

where Xi, X2, X3,...X, are natural numbers. In the first case we require n>l since 

otherwise every number would be a SGP. 


Briefly speaking x, € {0,1,2, ...9} has been replaced by x; & N (where N is the set of 
natural numbers). 


Addition: To avoid that the same number is described as a SGP in more than one 
way this study will require the x, to be maximum as a first priority and n to be 
maximum as a second priority (cf. examples below). 


Interpretations and examples: Any regular palindrome (RP) is a Smarandache 
Generalized Palindrome (SGP), i.e. {RP} c {SGP}. 

3 isa RP and also a SGP 

123789 is neither RP nor SGP 

123321 is RP as well as SGP 
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123231 is not a RP but itisa SGP 1 23 23 1 

The SGP 334733 can be written in three ways: 3_3_ 47 3 3, 3_3473_3 and 33 47 33. 
Preference will be given to 33_47 33, (in compliance with the addition to the 
definition). 

780978 is a SGP 78_09_78, ic. we will permit natural numbers with leading zeros 
when they occur inside a GSP. 


How do we identify a GSP generated by some sort of a computer application where 
we can not do it by visual inspection? We could design and implement an algorithm to 
identify GSPs directly. But it would of course be an advantage if methods applied in 
the early part of this study to identify the RPs could be applied first followed by a 
method to identify the GSPs which are not RPs. Even better we could set this up in 
such a way that we leave the RPs out completely. This leads to us to define in an 
operational way those GSPs which are not RPs, let us call them Extended 
Palindromes (EP). The set of EPs must fill the condition 


{RP} u {EP}={GSP} 


4, Extended Palindromes 


Definition: An Extended Palindrome (EP) is any integer of the form 

Xp XQX3...My..-XgXQRy OF X)X2X3-..XqXq---X3X2K] 
where Xj, X2, X3,...X_, are natural numbers of which at least one is greater than or equal 
to 10 or has one or more leading zeros. x; is not allowed to not have leading zeros. 
Again x; should be maximum as a first priority and n maximum as a second priority, 


Com puter Identification of EPs 


The number A to be examined is converted to a string S of length L (leading blanks 
are removed first). The symbols composing the string are compared by creating 
substrings from left L; and right Ry. If L; and R, are found so that L; = R, then A is 
confirmed to be an EP. However, the process must be continued to obtain a complete 
split of the string into substrings as illustrated in diagram 2. 





Diagram 2 
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Diagram 2 illustrates the identification of extended palindromes up to a maximum of 
4 elements. This is sufficient for our purposes since a 4 element extended palindrome 
must have a minimum of 8 digits. A program for identifying extended palindromes 
corresponding to diagram 2 is given below. Sincc we have Li=R,y we will use the 
notation Z, for these in the program. The program will operate on strings and the 
deconcatenation into extended palindrome elements will be presented as strings, 
otherwise there would be no distinction between 690269 and 692269 which would 
both be presented as 69_2 (only distinct elements will be recorded) instead of 69 02 
and 69 2 respectively. 


Comments on the program 
It is assumed that the programming in basic is well known. Therefore only the main 
structure and the flow of data will be commented on: 


Lines 20 — 80: Feeding the set of numbers to be examined into the program. In the 
actual program this is a sequence of prime numbers in the interval a;<a<ay. 


Lines 90 — 270: On line 130 A is sent off to a subroutine which will exclude A if it 
happens to be a regular palindrome. The routine will search sub-strings from left and 
right. If no equal substrings are found it will return to the feeding loop otherwise it 
will print A and the first element Z, while the middle string S, will be sent of to the 
next routine (lines 280 — 400). The flow of data is controlled by the status of the 
variable u and the length of the middle string. 


Lines 280 — 400: This is more or less a copy of the above routine. S, will be analyzed 
in the same way as S in the previous routine. If no equal substrings are found it will 
print S; otherwise it will print Zz and send S) to the next routine (lines 410 — 520). 


Lines 410 — 520: This routine is similar to the previous one except that it is equipped 
to terminate the analysis. It is seen that routines can be added one after the other to 
handle extended palindromes with as many elements as we like. The output from this 
routine consists in writing the terminal elements, ic. S) if A is a 3-element extended 
palindrome and Z, and S; if A is a 4-element extended palindrome. 


Lines 530 ~ 560: Regular palindrome identifier described earlier. 


10 "EPPRSTR, 031028 

20 input "Search interval al to a2:";Al1,A2 
30 A=Al 

40 while A<A2 

50 A=nxtprm (A) 

60 gosub 90 

70 . wend 

80 end 

90 S=stx (A) 

100 M=len(S} 
110 if M=2 then goto 270 
120 S=right(S,M-1) 

130 U=O0:gosub 530 

140 if U=1 then goto 270 
150 Tl=int { (M-1)/2) 

160 U=0 
170 for I=l to Il 
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180 if left(S,2I)=right(S,I) then 


190 :Z21=lLeft(s,TI) 

200 2ML=M-1-2*1:Sl=mid(S,I+1,M1) 
210 :U=1 

220 endif 


230 next 

240 if U=0 then goto 270 
250 print A;" ";21; 

260 if M1>0 then gosub 280 


270 return 
280 I2=int (M1/2) 
290 U=0 


300 for J=l1 to 12 
310° Lf left (S1,7)=right(S1,J) then 


320 :Z2=left(S1,J) 
330 >M2=M1-2*7:S2=mid(S1,J+1,M2) 
340 :U=1 


350 endif 
360 next 


370 if U=0 then print " ";Sl:goto 400 
380 print " ";22; 

390 if M2>0 then gosub 410 else print 
400 return 

410 T3sint (M2/2) 

420 ,U=0 


430 for K=l to I3 
440 Lf left (S2,K)=right(S2,K) then 
450 :23=lLeft (S2,K) 


460  :M3=M2~2*K:S3=mid(S2,K+1,M3) 

470 7U=1 

480 endif 

490 next 

500 if U=0 then print " ";S2:goto 520 
510 print " ";23 75" "783 

520 return 

530 t="" 


540 for I=M,to 1 step ~1:T=T+mid(S,I,1):next 
55.0 if T=S then U=1:'print “a=";a;"is a RP" 
560 return 


5. Extended Prime Number Palindromes 


The computer program for identification of extended palindromes has been 
implemented to find extended prime number palindromes. The result is shown in 
tables 7 to 9 for prime numbers < 10’. In these tables the first column identifies the 
interval'in the following way: 1 — 2 in the column headed x 10 means the interval 1-10 
to 2:10. EP stands for the number of extended prime number palindromes, RP is the 
number regular prime number palindromes and P is the number of prime numbers. As 
we have already concluded the first extended prime palindromes occur for 4-digit 
numbers and we see that primes which begin and end with one of the digits 1, 3, 7 or 
9 are favored. In table 8 the pattern of behavior becomes more explicit. Primes with 
an even number of digits are not regular palindromes while extended prime 
palindromes occur for even as well as odd digit primes. It is easy to estimate from the 
tables that about 25% of the primes of types 1...1, 3...3, 7...7 and 9...9 are extended 
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prime palindromes. There are 5761451 primes less than 10°, of these 698882 are 
extended palindromes and only 604 are regular palindromes. 


Table 7, Extended and regular palindromes 
Intervals 10 -100, 100 - 4000 and 1000 -10G00 














































































x 10 E P x1 E 
4-2 0 { 4 1-2 0 
2-3 0 2 2-3 0 
3-4 0 2 3-4 0 
4-5 0 3 4-5 ) 
5-6 0 2 5-6 0 
6-7 0 2 6-7 0 
7-8 0 3 7-8 0 
8-9 0 2 8-9 0 
9-10 ) 1 | 9-10 0 2 14 
Table 8. Extended and regular palindromes 
Intervals 10° -10° and 10° -— 10° 
x 10° EP RP P| x10 EP P 
1-2 242 26 1033 1-2 2116 8392 
2-3 42 983 2-3 64 8013 
3-4 230 24 958 3-4 2007 7863 
4-5 iS] 930 4-5 70 7678 
5-6 10 924 5-6 70 7560 
6-7 9 878 6-7 69 7445 
7-8 216 24 » 902 7-8 1876 7408 
8-9 10 876 8-9 63 7323 
9-10 203 19 879 9-10 1828 7224 
Table 9. Extended and regular palindromes 
Intervals 10° -10° and 10° ~ 10’ 
0 x 10’ EP P 
2 70435 1-2 156409 606028 
3 739 67883 2-3 6416 587252 
4 16943 172 — 66330 3-4 148660 575795 
5 687 65367 4-5 6253 567480 
6 725 64336 5-6 6196 560981 
7 688 63799 6-7 6099 555949 
8 16133 155 63129 7-8 142521 551318 
-9 694 62712 + 8-9 6057 547572 
151 62090 9-10 














544501 


We recall that the sets of regular palindromes and extended palindromes together 
form the set of Smarandache Generalized Palindromes. Diagram 3 illustrates this for 
5-digit primes. 
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Extended and Regular 5-digit Prime Palindromes 











Number of palindromes 





1 2 3 4 5 6 7 8 9 
(10000-99999) divided into 9 intervals 








Diagram 3. Extended palindromes shown with blue color, regular with red. 


Part II of this study is planned to deal with palindrome analysis of other number 
sequences, 
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Abstract 


In this paper we have constructed two chains of semifields. All semifields in the 
chains are Smarandache semifields. Every member of the chain is an extension 
semifield of Ordered equilateral Integral triangles with Zero triangle such that it is a 
semivector space over R/ 


Key words: Ordered integral triangle, Zero triangle, Equilateral integral triangle 
Smarandache semiring, Smarandache semifield, Smarandache semivector space. 


1. Introduction 


Recently there has been an increasing interest in the study of Smarandache semirings 
and associated structures. We propose to construct two chains of infinite Smarandache 
semifields by defining Equilateral triangles. 
An ordered integral triangle as defined in [1] is a triplet (a,b,c) where (a,b,c) are 
positive integers satisfying a>b>c,b+c>a. 
Let us consider a set R! ={(a,b,c)/ab,ce I’,azb2c,b+c>atU{0} where 
0 =(0,0,0). We shall call 0 as a Zero triangle. 
We define the sum + and the product - of triangles as 
(4,,5,,¢,) + (a,,b,,€,) = (a, + @,,0,+b,,¢,+¢,) 
and 
(4,,5,,¢,)(@,,2),¢,) = (a,b,c) 
where 
a= aa, —(hc,+¢,b,) 
b= aa, —(ac, +c¢,a,) 
c =2a,a, —(a,b, +b,a,) 
where 
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(1) 


(2) 


Yaa, =aa,+bb, +¢,¢, 
itis not difficult to see that; 
i) (R/,+) is a commutative semigroup with identity (0,0,0). 
ii) (R’,-) is a semigroup (in fact a monoid) 
ii) Multiplication distributes over addition. 
iv) (,1,D is the multiplicative identity. 
v) Commutativity holds for multiplication. 
Thus, (R/,+,-) is a commutative semiring. 
Also, 
vi) (4,,),,¢,) + (a,,4,,¢,) = (0,0,0) > a, =a, =b, =b, =c, =, =0 
Thus, (R/,+,-) is a strict commutative semiring with unity (1,1,1). See [2]. 
vii) Let x.y =0 where x,yeR'. Then x=0 or y=0 
We conclude that 
2 Al (R/,4,-) is a semifield. 
A triplet (a,6,c) where (a,,c) are positive rational numbers satisfying 
a2b>c,b+e>da is called an ordered rational triangle. . 
Consider the following set 
Re ={(4,5,c)/a,b,ce O,a2b>c,b+c> a} {0} where 0 is a zero triangle. Then, 
it can be verified that (R°,+,.) is a strict commutative semiring with unity (1,1,1). 
Also, R® is without zero divisors. 
Thus, 
2 A2 (R®,4,.) is a semifield. 
A triplet (a,b,c) where (a,b,c) are positive real numbers satisfying 
azb2c,b+c>da is called an ordered real triangle. 
Consider the set 
R® = {(a,b, ca,b,ce R*,azb2zc,b+c> a} {0} where 0 is a zero triangle. Then, 
it can be verified that (R*,+,.) is a strict commutative semiring with unity (1,1,1). 
Also, R* is without zero divisors. 
Thus, . 
® A3 (R*,4,.) is a semifield. 
Consider the set, 
R, = {(4,6,c)/a,b,ce R*,a2b>c}U{0} where 0 is a zero triangle. Then, it can be 
verified that (R,,+,.) is a strict commutative semiring with unity (1,1,). 
Also, R, is without zero divisors. 


Thus, 
2 A4 (R.,4,, is asemifield. 

Result: From Al, A2, A3 and A4 we obtain a chain of semifields as 
2. (A) RDRED RP DR DR. 


Where R! is areal equilateral triangle defined in (A7) 
Ordered equilateral triangles lead us to a new chain of semifields. A triplet (a,a,a) 
where aé R” is called an ordered equilateral real triangle. 
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Consider the following set 
Re ={(a,a,alae R*}WU{0} where 0= (0,0, 0). 
Then, (R“,+,.) is a strict commutative semiring with unity (1,1,1) and is without zero 
divisors. 
Thus, 
: AS (R2,+4,.) is a semifield. 
Similarly, triplet (a,a,a) where ae Q” is called an ordered equilateral rational 
triangle. 
Consider the following set 
Re ={(aa,alae Qu {0} where 0 = (0,0,0). 
Then, (R2,+,.) is a strict commutative semiring with unity (1,1,1) and is without zero 
divisors. 
Thus, 
° AG (R2,+,.) is a semifield. 
Similarly, a triplet (a,a,a) where aeJ* is called an ordered equilateral Integral 
triangle. 
Consider the following set 
Ri, = {(a,a,aylac I*} {0} where 0 =(0,0,0). . 
Then, (R/.,+,.) is a strict commutative semuring with unity (1,1,1) and is without zero 


e472 


divisors. 


Thus, 
> A7 (Ri ,+,.) is a semifield. 

Result: From Al, A2, A5, A6 and A7 we obtain a chain of semifields as 
e (B) BRR Re aR 


2. Some Observations 


1. Members of ordered equilateral triangles act as scalar multiples for every 
semifield in the chain. 


E.g. let (a,a,a)eR* and (x,y,z) eR... Then 
(a, a,a)(x, y,Z) = (ax, ay, az) = a(x, y, z). 
Thus, multiplication by (a,a,a)<¢ R* amounts to component wise 
multiplication. Hence, we call (a,a,a) a magnifier. 
2. There is a chain of magnifiers 
RRS RE 
Every semifield in the chains (A) and (B) is of characteristic 0. 
Every semiring except R/, in chains (A) and (B) is a Smarandache semiring. 
Every semifield in the chains (A) and (B) is an extension semifield of Ri 


R'is a prime semifield as it has no proper subsemifield. 


All the members in the chains are semivector spaces over the semifield Ri 
All the semifields in the chains (A) and (B) are Smarandache semi fields 
because they contain 4 as a proper subset where A is 
a. A={(0,0,0),(p, p, p),(2p,2p,2p),...(rp,rp,rp)} which is isomorphic 
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with A = {0, p,2p...7p..} which is a k-semi algebra [2]. 
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On Numbers That Are Pseudo-Smarandache And 
Smarandache Perfect 


. Charles Ashbacher 
Charles Ashbacher Technologies 
Box 294 
Hiawatha, [A 52233 


In a paper that is scheduled to be published in volume 31(3) of Journal of Recreational Mathematics, 
entitled “On A Generalization of Perfect Numbers” [1], Joseph L. Pe defines a generalization of the 
definition of perfect numbers. The standard definition is that a number n is perfect if it is the sum of its’ 
proper divisors. 


Pe expands this by applying a function to the divisors. Therefore, a number n is said to be f-perfect if 
k 
n= % f(d) 
i=] 


for f an arithmetical function. 


The Pseudo-Smarandache function is defined in the following way: 


For any integer n> |, the value of the Pseudo-Smarandache function Z(n) is the smallest integer m such 
thatl+2+3+...+mis evenly divisible by n. 


This function was examined in detail in [2]. 


The purpose of this paper is to report on a search for numbers that are Pseudo-Smarandache and 
Smarandache perfect. 


A computer program was written to search for numbers that are Pseudo-Smarandache perfect. It was run up 
through 1,000,000 and the following three Pseudo-Smarandache perfect numbers were found. 
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n=4 factors 1, 2 

n=6 factors 1, 2,3 

n= 471544 factors 1, 2, 4, 8, 58943, 117886, 235772 
This leads to several additional questions: 


a) Are there any other Pseudo-Smarandache perfect numbers? 

b) Ifthe answer to part (a) is true, are there any that are odd? 

c) Is there any significance to the fact that the first three nontrivial factors of the only large number are 
powers of two? 


The Smarandache function is defined in the following way: 


For any integer n > 0, the value of the Smarandache function S(n) is the smallest integer m such that n 
evenly divides m factorial. 


A program. was also written to search for numbers that are Smarandache perfect. It was run up through 
1,000,000 and only one solution was found. 


n= 12 factors - 1, 2,3,4,6 
This also leads to some additional questions: 
d) Are there any other Smarandache perfect numbers? 


e) If the answer to part (a) is true, are there any that are odd? 
f) Is there any significance to the fact that n has the first three nontrivial integers as factors? 
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Abstract. 
The Pseudo Smarandache Functions Z (n ) are defined by David 
Gorski [1 }. 
This new paper defines a new function K(n) where n €N, which is 
a slight modification of Z(n) by adding a smallest natural number 
k. Hence this function is “Near Pseudo Smarandache Function 
(NPSF)”. 
Some properties of K(n) are presented here, separately, according 
to as n is even or odd. A continued fraction consisting NPSF is 
shown to be convergent [3]. Finally some properties of K’(n ) are 


also obtained. 
MS Classification No: 11-XX 


Keywords: Smarandache Functions, Pseudo Smarandache Functions, 


Diphantine Equation, Continued Fractions, Covergence. 


Ll Definition 


Near Pseudo Smarandache Function ( NPSF ) K is defined as 
follows. 
K:N-— N defined by K(n)=m, where m=Sn + k and k 


is the smallest natural number such that n divides m. 


1.2 Following are values of K (n) forn <15 
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For more such values see appendix A 


2.1 Properties 
(i) k=n ifnis odd and n/2 if nis even. 
(a) Let x be odd. | 
Then (n + J) is even and hence (n + 1) /2 is an integer. 
“ 2n =n(n+1)/2, being multiple of n, is divisible by n. 
Hence ndivides Yn + k iff ndivides k i.e. iff kis a multiple 


of n. However, as kis smallest k =n. 


(bd) Letn ie bien 
Then Sn + k=n(n+1)/2 + k = n*7/2+ n/2+k 
As n is even hence n/2 is an integer and n*/2 is divisible by n. 
Hence n divides Zn + k iff ndivides n/2 + k 
Leiffn < n/2+ kor k> n/2. 


However , ask is smallest k = n/2. 
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(ii) 


(iii ) 


(iv) 


i) 


(vi ) 


K(n)=n(n+3)/2 ifnisodd and K(n)}= u(n+2) /2 
ifn is even. 


K(n)=Sn+k= nf(n+1)/2 + & 
If nis odd then k =n and hence K (n) =n(n+3)/2 
If nis even then k =n/2 and hence K (n) RIP! pf! s 


Forall neN; n(n+2)/2 < Kn) < n(n+3)/2 
Weknow K(n) is eithern(n+2)/2 Or n(n+3)/2 
depending upon whether 7 is even or odd. 


Hence forall neN; n(n+2)/2 < Kin) < n(n+3)/2 


Forall ne N; K(n) > n. 
As K(n) >n(n+2)/2=n + n?/2>n 
Hence K(n) > n forall neN. 


K is strictly monotonic increasing function of n. 
letm<n -.m+I< nie. m+ (3-2) < n 
Orm+3<n+2. Som<nand m+3 <n+? 
m(m+3)<n(n+2) 
Or m(m+3)/2 < nf(n+2)/2 
K(m) <K (n) 


Hence K (n) is strictly monotonic increasing function of n. 


K(mt+n) # K(m) + K(n) 
and K(m.n) # K(m). K(n) 
WeknowK(2)=4,K(3)=9,K(5) =20,& K(6) = 24 
SoK(2) + K(3)=4+9=13 &K(2+3)= K(5)= 20 
Hence K (2+ 3) 4K (2)+K(3) . 
AlsoK (2).K (3)= 4.9=36 & K(2.3)=K(6)=24 
Hence K(2.3)#4K(2).K (3) 
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2.2 


(i) 


(il) 


( iii ) 


(iv) 


K(2n+1)—-K(2n) = 3n+2 
K(2n+1)=(2n+1)(2n+4)/2= 2n?7+5n+2 


K(2n)= 2n(2n+2)/2 =2n7+ 2n 

Hence K(2n+1)—K(2n) = 3n+2 
K(2n)-— K(2m) = 2(n-m)(n+m+1) 
K(2n) = 2n(2n+2)/2 =2n7+2n 
“K(2n)-—K(2m) =2(n?-m*)+2(n-m) 


Hence K(2n) — K(2m) ~ 2(n—m)(n+m+1) 


K(2n+1)-—K(2n-1) = 4n+3 

K(2n+1 )=(2n+1)(2n+4)/2= 2n7+5n4+2 
K(2n-1 )=(2n-1)(2n+2)/2=2n?+ n-1 
Hence K(2n+1)-K(2n-1) = 4n+3 


K (AD (im fs 2 fae whee 
A+ mM 


m,n areevenand n> im. 


K(n)-K(m) =5 (n+ 2)- 2 (m+2) 
lo 2 
7 + 2n-—m* —2m) 


= 5 (nm? )+2(n—m) } 





(25 )(n+ms2) 


I n+m 
n+m 2 








(n-m) 


(nt+m+2) 


io—- Mm 
= ——~—K (n+m ) 
n+ Mm 
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(v) Let K(n) =m and 


(a) Leta beeven then n.m isa perfect square iff (n+2) / 2isa 
perfect square. 

(b) Let beodd then n.m isa perfect square iff (n+3)/2 isa 
perfect square. 


(c) a.m isa perfect cube iffn =2 or 3. 


(a) IfniseventhenK (n)=m=n(n+2)/2 
alm n?(n+2)/2 Hence if # is even then n.m isa 


perfect square iff (n+2) / 2 isa perfect square. 


(b) Ifnis odd then K(n)=m=n(n+3)/2 
nlm = n?(n+3)/2 Hence if # is odd then n.m isa 


perfect square iff (n+ 3) / 2 isa perfect square. 


(c) Leta beeven and let n = 2p 
Then m=K(n)=K(2p)=2p/2(2p +2) 
ta. m=(2p).p.2(pt+l)=(2p).(2p).(pt1) 
1m. m isa perfect cube iff p+1=2p 
ie. ff p=J ie. iffn= 2 


Let n be odd and let n=2 p- 1 

Then m=K(n)= K(2p—-1) = (2p—1)(2p—1+3 )/2 
ie Oo ee a eae 

7n.m=(2p-1).(2p-1). (p+ 1) 

in. m isa perfect cube iff p+1 =2p-1 

Le. iff p=2ie. iffn= 3 

.. n=2and n= 3 are the only two cases where n .m isa 


perfect cube. 


Verification :~K(2)=4 & 2.4=8 =2? 
K(3)=9 & 3.9=27 = 3? 
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2.3 Ratios 


(i) 


(ii) 


(ili) 


K(n) 


oe if n is odd. 
K(n+1) n+l 





Asnisodd ..n+/] iseven.Hence K(n) =n(n+3)/2 


and K(nt+1) = (nt+1)(n+1+2)/2 


(n+ 1) (n+3) /2 


K(n) _ on 


—_ = ifn is odd. 
Kfn+i) n+] 





Hence 


K(n) n(n +2) 


= > _ ifn is even. 
K(n+1) (n+1)(n+4) 


As niseven ..n+]isodd.Also K(n) =n(n+2)/2 and 


K(nt+1) = (nt+]1)(n+1+3)/2 = (n+ 1)(n+4) /2 


Hence ate) = eRe A if 7 is even. 
K(n+1) (n+1)(n+4) 
K(2n) on 





K(2n+2)) n+2 
K(2n) = 2n(2n+2)/2=2n(n+1) 
K(2n+2) =(2n+2)(2n+4) /2 = 2(n+1)(n+2) 


K(2n) on 
K(2n+2) n+2 





Hence 


2.4 Equations 


(i) 


(ii) 


Equation K(n) = n has no solution. 

WeknowK(n) =n(n+2)/2 OR n(n+3)/2 
“K(n) =n if n(n+2)/2 =n OR n(nt+3)/2=n 
Le. ff m=0 OR n= —J which is not possible as n € N. 


Hence Equation K(n) = n has no solution. 


Equation K(n) = K( n+1J1) has no solution. 
If nis even (orodd) then n+ 1 isodd (or even) 
Hence K(n) = K(n+1) 


iff n(n+2)/2 =(n+1)(n+4)/2 
47 


(iii) 


(iv) 
(a) 


(b) 


OR n(n+3)/2 = (n+1)(n+3)/2 
Le. iff n(n+2) =(nt+I1)(n+4) 
OR n(n+3)= (nt+1)(n+3) 
Leff n?+2n =n?+5n+4 OR n?4+3n = n2+4n43 
Le iff 3n+4=0 OR n+3=0 
Le iff 7 =—4/3 OR n=—3 which is not possible as n & N. 


Hence Equation K(n) = K(n+1 ) has no solution. 


Equation K(n) = K( n+2) has no solution. 
If nis even (or odd) then n+ 2 is even (orodd) , 
Hence K(n) = K(n+2) 
if n(n+2)/2 = (n+2)(n+4)/2 
OR n(n+3)/2 =(n+2)(n+5)/2 

ie. iff n(n+2) = (n+2)(n+4) 

| OR n(n+3)= (n+2)(n+5) 
ie iff n?+2n = n?+6n+8 OR n?+3n=n?+7n+10 
Leiff 4n+8=0 OR4n+]0=0 
ie iff m =-—2 OR n=—5/2 which is not possible as n & N. 


Hence Equation K(n) = K( n+ 2) has no solution, 


To find 7 for which K(n) = n? 

Leta beeen 

Then K(n) =n? iffn(n+2)/2 = pn? 
ie. iffn?+2n =2n? Or n(n-2)=0 
Le. iffn= 0 orn = 2. Hence n = 2 is the only 


even value of for which K(n) = n? 


Let n be odd. 

Then K (n) =n? iffn(n+3)/2 = n? 
Le. iffn?+3n =2n? Or n(n-3)=0 
Le. ifn= 0orn = 3. Hence n = 3 is the only 


odd value of n for which K(n) = n? 


So 2 and 3 are the only solutions of K(n) = n? 


48 


2.5 Summation and product 
(i) For n odd © K(2n) - 2 K(2n-1) = K(n) 
SK(2n) = En(2n+2)=2Fn(n+1)= 25 (n’ +n) 
EK(2n-1) =Z(2n—-1)(2n+2)/2n 
= (2n-I)(n+1) =Z (2n? +n-) 
“EK (2n)—~ EK(2n-1) =Z(n+1) =n(n+1)/2 +n 
=n(n+3)/2=K/(n) 
Hence for n odd 2 K(2n)- 5 K(2n-1) = K(n) 


(ii) >, K(a™)- K(a)+K(a*)+K(a*) +...+K(a") 
m= 


= afa"-—1) 


a? —1) (a"*'+3a+2) if a is even 


= 4d) py 5 4a43) if a is odd 
2(a? —1) 


(a) Leta is even. Then 


> K(a") = K(a)+ K(a?) + K(a*) +... .+K(a") 


m=1 


i 


a(at+2)/2 + a? (a?+2)/2+ a?(ai+2)/2 
Pike <a fa” 22079 | 
(a/2 + a)t+f(a/2 + a&)+ 


(2/2 + aye... t+fa"/2 + a!) 
=(1/2) fa? +a* + ao +... +a”? 
+ fa oe a ee ae 


=(1/2) fa? + (a*)* + (a*)} +...+ (a7)" 3} 
2 





+ fa ta* +a? t+... +a"} 
an n 
ple 39 (a Le a(a"—-1) 
2 a’ =] a-l 
a (a" Ifa" +1) | a(a"—1) 
2 (a-l)(a+]) a-l 


e(at a) aed) 
2(a-1) (a+T) 


_ aa" —l) [oisanzes? | 


2(a~1) (atl) 
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ara =4) not 
So fa 4 3089 
2(a? =1) ¢ ane 
Hence K(a) + K(a*) + K(a*) +... +K(a") 
oe (a +3a+2) if a is even 
26a? —1) 


(b) Leta@is odd. Then 


D Ka") =K(a)+K(a?)+K(a?) +... +K(a") 


m=! 


=a(at+3)/2 + a?(a?+3)/2+ ar(ai+3)/2 


Bie ae Ga hay ese oO 
= (Ifa + 3arai + 3a’ +a! 

+ Zae+...ta™ + 3a’; 
=(1/2) fa’ +at + ab +... +a™} 
+fata’?+ai+.., +a"; 
=(1/2) { fa? + (a7)? +...+ (a?)"J 
+3f{f(a +a? +a? 4+... +2a")} 
1 a" =] 3a fa" —J] 
“5 fe Gaps een 


. aa"—-I) ja (arth), 3 
2(a-—1) (atl) , 


_ a(a"-1) {eraanser 3 | 


2(a-1) (a+1) 
oe a(a" -1) ne] 
3a? 1) (a""' +4a+3) 
Hence K(a) + K(a’) + K(a*) +... + K(a") 
ata" ~1) 


, (a +4a+3) if a is odd 
2f(a’ -1) 


(ii) DW K(2n) = 2". nt. ( nti)! 
TIK(2n)=T 2n(2n+2)/2 =I 2n(n +1) 
=J2.ln.Uf(n+1) 
yen, (n+l)! 


Hencel] K(2n) = 2”. nl. (n+l)! 
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(iv) IL K(2n-1) = (1/2"). In! in! ( n+l) 
WK (2n-1)=T%1 (2n-1)(2n+2) /2 
=I (2n-l) (n +1) 
=I] (2n-l) (n +1) 
=II (2n-l) W(n +1) 
= (2n-Dl(n+i)! 
=(1/2n). 2n!.n!.(n+1) 


2.6 Inequalites 

(i) (a) — For even numbers a and b > 4; K(a.b)> K(a).K(b) 
Assume that Kfa.b) < Kfa). K(b) 
Le ab(ab+2)/2 < afat2)/2 . b(b+2)/2 
SOer2 2 (at2) . (bt2) 72 
Be. MD SO 2 (a eB) ew 2 age ah ge ae BOY (A) 
Now asaandb>4 soleta=4+h ,bh=4+k forsome 
h,keN.. (A)>>(4+h)(4+k)<(84+2h)+ (8+2k) 
Le. 16 + 4h + 4k + hk < 16+ 2h + 2k 
Leh Qk ee, 6 Gee &. JS at (1) 
Butash,k eN, hence 2h + 2k + hk > 0 
This contradicts (I) Hence if both a and 6 are even and 
a,b>4 then Kf(a.b) > Kfa).K(b) 


(b) For odd numbers a,)>7; K(a.b) > K(a). K(b) 
LetK(a.b) < Kfa). K(b) 
Le ab(ab+3)/2 < af(at+3)/2 . b(b+3)/2 
- @b+3 < (at+3). (b+3) /2 
Le. 2ab+6 < abt+3a+3b+9 
or ab < 3a+3b+ 3 Bos a tay te (B) 
Nowas @,b>7 soleta=7+h, b=7+k forsomeh,keW 
“(BY (7 +hA)(7+ kK) <3 (7 +h) +3 (74k) 43 
ie.49 + 7h+7k + hk < 45+ 3h + 3k 


ie 4 + 4h + 4k + hk <0. . 1... (MD) 
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Buth,k eW hence 4+4h+4k+hk > O 
This contradicts (II) Hence Kfa.b) > Kfa). K(b) 


(c) For a odd,6 evenand a,b>5; K(a.b)> K(a).K(b) 
Let Kfa.b) < Kfa). K(b) 
he ab(abt+2)/2 < afat+3}/2 . b(b+2)/2 
OER? (ars) ef be?) 2 . 
LG, °GR SS Dae Se tek ug es x « wo *C) 
Now a,b>5 soleta=6+h and b=6+k 
forsomeh,k e W 
(Com (6+h) (6+k) < 2(6+h) + 3(6+k) + 2 
ie.36 + 6h + 6k +hkK < 12+ 2h + 18+ 3k +2 
Leah 3k + het ee OF ww &® «2 s w CEE) 
Buh kKeW .. 4h+ 3k + hk +4> 0 
This contradicts (IM) HenceK(a.b) > Kfa). K(b) 


Note :- It follows from (xii) (a) , (b) and (c) that in general if 
a,b>S5 then K(a.b)> Kfa). K(b) 


(ii) If .a>5 then forall neN; K(a") > n K(a) 
Asa>5.tK(a")=K(aaa... ntimes) 
>K(a).K(a).K (a) up ton times 
>{K(a)}" > n K(a) 
Hence ifa > 5 then forall ne N; K(a") > n K(a) 
2.7 Summation of reciprocals. 


nr=aw 


GQ) K(2n) 


is convergent. 


K(2n)=2n(2n+2)/2 = 2nfm+]) 
I _ I 1 


Kr’ 
K(2n) 2n(n+1) ant(i+Y ) 


So series is dominated by convergent series and hence it is 


convergent. . 
2 


vi 


(ii) by K(in-1) is convergent. 


K(2n-1)=(2n-1) (2n+2)/2 = (2n-1) (n+1) 
: 1 


K(Qn=1). (27 —~1T)(n +1) 


T. 
ae oe Cee 
<i/n? 


Hence by comparison test series is convergent. 


( ili ) er K a ) is convergent. 


MWS AC RDI 
1 2 
ee Ane ae es 
K(n) ~ n? (14+ 2/n) — 


l/n? 


Hence series is convergent. 


n= K 
(iv) ie atte is divergent. 


n=l 


Kim) yn+2 ln 
n ~ 2 32 


Hence series is divergent. 





2.8 Limits. 


(i) lim K(2n) 


ao yYo2n 2n 4 
K(2n)=2n(2n+2)/2 = 2n(n+1) 
Z2n =2Fn=n(n+1) 
K(2n)  2n(n+1) | 
ee 2n n(n+1) 


lim > ae a = ae, = 2 


n 
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(ii) 


( iii ) 


(iv) 


fig? eee we Dy 2.3 


ze SY (2n-1) 
K(2n-1)= (2n=1)(2n-14+3)/2 


= (2n-1)(2n+2)/2= (2n-1)(n+1) 


ZS 2n-1 = 2n(n+1)/2—-n=n? 
a ae oe a ai 
ea 


K(2n+1)= (2n+1)(2n+14+3)/2 

= (2n+1)( n+2) 
K(2n-1)= (2n—-1)(2n-1+3)/2 

= (2n-1)(2n+2)/2= (2n-1)(nt+1) 
_K(2n+1)  (2n4+1)(n +2) 
K(2n-1) (2n-1)(n+1) 


Tq 2 
Op me a, SE 
C2 


(2-=)¢144) 
A wn 


K n+ 


lim LZ 
( 2n - 


n> 9 


I 
I 5 = 4 
K(2n+ 2) 
K(2n) 
K(2nt2)= (2n+2)(2n+2+4+2)/2 
=2(n+1)(n+2) 
K(2n)= 2n(2n+2)/2 =2n(n+1) 


BARELY 2 Ln +2) 


lim = 1 


a> @ 


K(2n) 2n(n+1) 
K(2n+2) | z 
oe K(2n) a ee 


je ee Be any 
na K (2n ) 
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2.9 Additional Properties. 
(i) Let C be the continued fraction of the sequence {K(n)} 


K(2) 
C= K(1)+——__-“2___ 
K(3}+— 
Kip ees 
Rie os . 
= K(1)eK@) KA) _K(6) 








K(3)+ K(S)+ K(7)+ 7 


K(2n)  _— 2n’?+2n 


The n™ term Pr => 
Kf(2n+1) 2n*+5n+2 
Hence T, <1 foralln and .: with respect to [3], C is 


convergent and 2 < C < 3, 


(ii) K(2"-1)+1isa triangular number. 
Letx =2n then 
K(2n-1) +1 = K(x-1)41 
= {(x-I)(x+2)/2) 41 
={x?+x}/2 


=x(x+1)/2 which is a triangular number. 


(iti) Fibonacci sequence does not exist in the sequence { K(n) } 
(a) Ifpossible then let K(n) + K(n+1) = K(n+2) for some 


n where nis even. 
2 n(n+2)/2+(n+1)(n+4)/2=(n+2)(n+4)/2 
(na? +2n)+(n?+5n+4) =n? +6n+8 


2 -1l+W17 


n° +n-—-4=0 OR camer ake which is not 
possible as n € N. 
(b) Let K(n)+K(n+1)=K(n+2) for some n where n is odd. 
n(n 43)/24+ (nt 1) (n+3)/2= (n4+2) (nt5)/2 
.. (nt3) (2n+1)=n?+7n+10 
n? =7 OR n= “fF which is not possible as n € N. 


Hence there is no Fibonacci sequence in { K(n)} 


Similarly there is no Lucas sequence in { K(n) } 
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(iv) K(n) > max {K(d) : Where d isa proper divisor of n and n 
is composite }. 
As d is a proper divisor ofn .. d<nand as function K is 
strictly monotonic increasing hence K (d)< K(n). 
So for each proper divisor d we have K (n) > K(d) 
and hence K(n) > max {K(n)} 


(v) Palindromes in { K(n) } 
K (11) =77, K (21) = 252, K (29) = 464, 
K (43) = 989, K (64) = 212 


are only Palindromes forn < 100. 


(vi) Pythagorean Triplet 
We know that (5, 12, 13 ) is a Pythagorean Triplet. 
Similarly (K (5), K(12),K (13) ) isa Linear Triplet because 
K(35) + K(12)= K(13). 


(vii) K(2") = 2"(2"4+2)/2= 27"! 4 2" 
1K (27) =2° +2? =32+8=40 and 40+ 1=41 isprime. 
Similarly K (27) =2’+24 = 128+ 16 =144 and /40 -1= 
139 is prime. 
Hence it is conjectured that K(2")—1 or K(2")+1is 


prime. 


3.1 To find K~ when nis odd 
K(n)=n(n+3)/2 = t ( say) 


Lon =K~'(t) Alsoasn(n+3) /2 = t 


~3+79+8t —3+)9+8t 


2 2 
~34+/94+8! 
OR K'(t,) = gee ny 
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3.2 


3.3 


Note: 


(1) 


(i) 


(i) 
(it) 
(iii) 
(iv) 
(v) 

(vi) 


(vii) 


In the above expression plus sign is taken to ensure that 
K'(t,) EN. 
Also | ae Ge ee EN if .§9 + 8t, isan odd integer. 


and forthis 9+ 8+, should be a perfect square. 


From above two observations we get possible values of t, 


as 2, 9, 20, 35 etc... 


Following are some examples of K"(t,) 

















Following results are obvious. 

K' (t,)=n,=2r-1I 

ty =tr-7 + (4r-1) 

tr = n,gr =(2r-1)q, 

nr = @q,rt+(r-2) 

Llp= Ltp-~y + rin, 

Every ¢-+4; isa triangular number. 


As t;—t,_-) = 4r-] 


2 Second difference DY (1 ,) =4r—1—[4(r-1)-1]=4 
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3.4 To find K7’ when n is even 
K(n)=n(n+2)/2 = t (say) 


1 a =K"'(t)Alsoasn(n+2)/2 = 1 


—24+/448t 
pe OR Ka sae =e: 


2 
OR K'(t,) = ~I1+J1+2t, = n, 
Note: 
(T) In the above expression plus sign is taken to ensure that 
K P(t ON 
(MI) Also K"'(t,) EN iff [1 + 21, isan odd integer. 
and for this first ofall 1+ 2+, should be a perfect square. 
of some odd integer. 


From above two observations we get possible values of ¢, 


as 4, 12, 24, 40 ete. . 


3.5 Following are some examples of K"(t,)_ 





3.6 Following results are obvious. 
(i) K’(t,)=n,=2r 
(li) ¢, =f--; + 4r 
(iii) ot, = npg, = 2r. gq; 
(iv) om, = gy (r=) 
(v) Btp=2tyep + (rtl) a, 
(vi) ¢, =n, [n,-r+ 1] 
(vi) Every t, isa multiple of 4 
(vii) t, = 4p where pis a triangular number. 


(viii) Forr = 8, 1, = 144, n,=16 and q,= 9. So forr=8; t,, n,, andq, 
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are all perfect square. 
(ix) As t,;-t;~; = 4r 


.. Second diffierence D? (t,) =4r —[4(r—-1)] =4 


3.7 Monoid 
Let M={K' (2), K'(4), K'(9), K7(12) ...} be the 
collection of images of K' including both even and odd n. 
Let stands for multiplication. Then (M, ¢) is a Monoid. 
For it satisfies (I) Closure (1) Associativity (IIL ) Identity 
Here identity is K-' (2). 
In fact (M, ¢) isa Commutative Monoid. 
As inverse of an element does not exist in M hence it is not a group. 
Coincidently, Mf happens to be a cyclic monoid with operation + . 
Because K? (9) = fR'(2)7 





References :- 


{1] Ashbacher C: Introduction to Smarandache Functions. 
( Journal of Recreational Mathematics 1996, P. 249 ) 


[2] ‘David Gorski : The Pseudo Smarandache Functions. 
( Smarandache Notion Journal Vol. 12, 2000, P. 140 ) 


[3] Castrillo Jose : Smarandache Continued Fractions. 
( Smarandache Notion Journal Vol. 9, 1998, P. 40 ) 


ttt tee CEPR CCP ee PERCE STEP OVO RPEPCCOL SLE OLeles f fe OY 


59 


Appendix — [A] 





K(n) 





Values of K(n) forn=1To 100 


Ca] me km 
1 


364 
405 


351 13 
378 at 


406 


26 
of 





2 
4 





1 1 


464 
480 
527 
544 
504 
612 
665 
684 
740 
760 
819 
840 
902 
924 
989 
1012 
1080 





31 
16 
33 
17 
13 
37 
19 
20 
21 
22 
45 





1200 














465 
595 
666 
703 
741 
780 
820 











30 
34 
36 
39 











12 
20 
24 
35 
40 
5A 
104 
112 
135 
144 
170 
180 





17 





490 209 





21 
36 
45 
55 
66 
105 
136 
153 
171 





16 
17 
18 





10 





1128 1175 
24 


(1176 


1081 23 1104 


252 
264 
299 


300 312 


—- 1 OO] oO 
oot wy es 
A | NEN 
“= 1 N 1 MO 
NLT OE) N 








1274 
1300 


49 
25 
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7 
29 1740 





1770 | 59 1829 


61 1952 











2016 2079 





















































4704 


4850 











32 2112 
65 Cd 2210 
2345 
34 2380 
69 2484 
35 2520 
71 2627 
36 2664 
| 73 2774 


4900 





5049 


5100 





ON THE k-POWER FREE NUMBER SEQUENCE 


ZHANG TIANPING 


Department of Mathematics , Northwest University 
Xian, Shaanxi, P.R.China 


AssTRACT. The main purpose of this paper is to study the distribution properties 
of k-power free numbers, and give an interesting asymptotic formula. 


1. INTRODUCTION AND RESULTS 


A natural number n is called a k-power free number if it can not be divided by 
any p*, where p is a prime number. One can obtain all k-power free number by the 
following method: From the set of natural numbers (except 0 and 1) 

-take off all multiples of 2* (ie. 2, 24+1, 2442 +), 

-take off all multiples of 3°. 

-take off all multiples of 5*. 

..and so on (take ‘off all multiples of all k-power primes). 

Now the k-power free number sequence is 2, 3, 45,0; 069,10 11) 1213, 14 1517 ax: 
In reference [1], Professor F. Smarandache asked us to study the properties of the 
k-power free number sequence. About this problem, it seems that none had stud- 
ied it before. In this paper, we use the analytic method to study the distribution 

properties of this sequence, and obtain an interesting asymptotic formula. For con- 
"venience, we define w(n) as following: w(n) =r, ifn = p{p$?---p%. Then we 
‘have the following: 


Theorem. Let A denotes the set of all k-power free numbers. Then we have the 
asymptotic formula , 


S> w?(n) = ST +O(zlninz), 


noe 
neA 


where C(k) ts the Riemann zeta-function. 


Key words and phrases. k-power free numbers; Mean Value; Asymptotic formula. 
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2. SEVERAL LEMMAS 


Lemma 1. For any real number x > 2, we have the asymptotic formula 
Se uw(n n)=alninzg+ Ar+O (= ) 
nor eee 
Ss w?(n) = 2(InInz)? +O (clnInz). 


nz 


there Aik (tn (2 = 3) 2) 


Proof. (See reference [2]). 


Lemma 2. Let y(n) is Mobius function, then for any real number x > 2, we have 
the following identity 


S y(nu(n) 1 wd 
dX ae Gs) pea 


Proof. From the definition of ie and p(n), we have 


— u(n)w(n) u(r see Tes ls eben) 1 SS un) 
eres a 25 a sy ier, d, or 
n= p n= 
ee He 1 (n,p)=1 


ee) (ee) eg 


This proves Lemma 2. 





Lemma 3. Let k > 2 is a fixed integer, then for any real number x > 2, we have 
the asymptotic formula 


z(In In 2)? 
S w?(m)p(d) = aes +O(alninz). 
ditm<a 


Proof. From Lemma 1, we have 


>) #(m)u(d) = S> pd) S> wm) 





d*¥n<z d<ak m<az/d* 
#59 
= pa u(d) (5;(n in =) Ol In In =x) 
d<az 
. u(d) _kind\\? 
=a a i (wine + Inia (1 in +O (zInInz) 
d<a 


d 
z (InInz)? =e +0 cloning Ds ue + O(zinInz) 


dink 
z(In In 2)? 
¢(*) 


This proves Lemma 3. 63 


+O(zlnInz). 


Lemma 4. For any real number x > 2, we have the estimate 


Sy w(d)u(d) = O(a). 


dem<a 
Proof. From Lemma 1, we have 


S> w(d)u(d) = De (auld) ST 1= ue wld) [Fe | 


d*m<xr dea maz {dk 


w? : 
= oS <A) | 6 S> w(d)u(d) | = O(a). 


d<ak d<at 
This proves Lemma 4. 


Lemma 5. For any real number x > 2, we have the estimate 


DE (dm) u(d) = O(a). 


d*mcz 


Proof. Assume that (u,v) is the greatest common divisor of u and vu, then we have 


Dd, *(dm)uld) = SI ud) 2 =D ale Dw* [5] 


d*m<ar : dent uld m<a/d* d<at uld 
: = ulm og Te 
pay ES 
“ 
=) +O} S° ula) Sw*(u) | =O(2). 
deat uld 


This proves Lemma 5. 
Lemma 6. For any. real number x > 2, we have the asymptotic formula 


S- w(d)w(m)u(d) = Czining + O(z), 


‘dkm<a 
where C = ees) bier ae 
P 


Proof. From Lemma 1 and Lemma 2 we have 


D2 w(dw(m)u(d) = > w(a\u(d) S> w(m) 





d*¥m<z d<at m<n/d® 
zlInIn Ax x 
= 2) e@uld) (“e+ Z+0(zeg)) 
dsut 
=f = Ou) ? (inta 2 + inn (1- “ae ))* + Az ee +0(—) 
nz 
dean <u2k 

=. w(d)u(d) Ind a 

a=1 d<z 
= Crlning + O(z). 


This proves Lemma 6. 64 


ZHANG TIANPING 


3. PROOF OF THE THEOREM 


In this section, we shall complete the proof of the Theorem. For convenience we 
define the characteristic function of k-power free numbers as follows: 


1, . ifn is a k-power free number; 
u(m) = ; 
0, otherwise. 


From Lemma 3, Lemma 4, Lemma 5 and Lemma 6, we have 


dw (n) = S72 u?(n) Sula) = SD P(ahm)u(a) 


nse nox d*\n dtm<z 
néA 


>) (&(@) + 0(m) ~ w((d,m)))? (a) 


dtm<a 


= ST %m)ula) + SD wad) + SD w(dsm)) ula) 


d*m<z d*n<x dkn<ax 


+2 S” w(d)w(m)u(a) | +0 S- w(d)w(m) 
dkm<n | dktm<a 
_ (Se 
“ein SEC 
_ 2(Inin zc)? 
ee) 


This completes the proof of the Theorem . 


¢ 


+O(x intnz) +2(Calning + O(2)) + O(zInlnz) 


+O(rininz). 
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ON THE k-POWER COMPLEMENT AND 
k-POWER FREE NUMBER SEQUENCE 


ZHU WETYI 


College of Mathematics and Physics Science, Zhejiang Normal University 
Jinhua, Zhejiang, P_R.China 


ABSTRACT, The main purpose of this paper is to study the distribution 
properties of k-power free numbers and k-power complement numbers, and 
give an interesting asymptotic formula. 


1. INTRODUCTION AND RESULTS 


Let & > 2 is a positive integer, a natural number n is called a k-power 
free number if it can not be divided by any p*, where p is a prime number. 
One can obtain all k-power free number by the following method: From 
the set of natural numbers (except 0 and 1) . 

-take off all multiples of 2*(i.e. 2%, g&t1 gk+2 __). 

-take off all multiples of 3*. 

-take off all multiples of 5*. 

...and so on (take off all multiples of all k-power primes). 

For instance, the k-power free number sequence is called cube free sieve 
ifk = 3, this sequence is the following 2, 3, 4, 5, 6, 7,9, 10, 11, 12, 13, 14, 15, 17,--: 

Let n > 2 is any integer, a(n) is called a k-power complement about n 
if a(n) is the smallest integer such that n x a(n) is a perfect k-power, for 
example a(2) = 2*-}, a(3) = 34-1, a(2*) =1,---. 

In reference [1], Professor F. Smarandache asked us to study the prop- 
erties of the k-power free number sequence and k-power complement num- 
ber sequence. About these problems, it seems that none had studied them 
before. In this paper, we use the elementary method to study the dis- 
tribution properties of these sequences, and obtain an interesting asymp 
totic formula. For convenience, we define Q(n) and w(n) as following: 
Q(n) = a1 + a2 +...+a,, w(n) = 7, ifn = pT po? ---p% be the factor- 
ization of n into prime powers. Then we have the following Theorem. 


Key words and phrases. k-power free numbers; k-power complement numbers, Mean 
Value; Asymptotic formula. 
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Theorem. Let A denotes the set of all k-power free numbers. Then for 
any real number x > 2, we have the asymptotic formula 


_ (k-1)ehing x 
py Q(a(n)) = tat ulk)z +0 (=) 


neA 


where ¢(s) is the Riemann zeta-function, u(k) is a constant depending only 
onk. 


2. SEVERAL LEMMAS 


Lemma 1. For any real number x > 2, we have the asymptotic formula 


Sow (n n) = clang + Ar+O (— ae 


noe 


> Qn) =zinhnzg+Br+O (—) . 


nia 


where A = vey (elias) s +), B= a oy 


Proof. (See reference [2]). 
Lemma 2. For any real number xz > 2, we have the asymptotic formula 
Ls w(n) = ¢-*(k)z ning + Até~'(k) + Cr +O (—) ; 

Ing 


nsx 
nea 


Proof. Let (u,v) denotes the greatest common divisor of u and v. Then 
from Lemma 1 we have 


do o(r) = SF a(n) So u@) = S* w(nd*)y(a) = d, Hd) Yo w(nd*) 


We nz d*\in d*n<x d<ak n<z/d* 
ne se 
= >») 2() | a in) rat) eto) 
dak n<2/dak 
=Vuwd) Vw He (dea [F)- Sug 
dak n&a/de dak d<at ald a 


2 - ud) | nn +e +0 (min (. ee))| 


d<xk 


a ye A +O (ats) ~ Sal ot {= 


d<at d<z t ujd 
67 


00 w(u) 
u(d u(d w(djw(d) Awd) ya SS x 
sina) He ds Az es ey MO _ gy MO le 0 (4) 
d=1 d=1, % 
¢- a £ 
‘(k)zlninag + Arc wrote . 
where 
co ud co p(d) d ar(w) 
omy AO yO ae 
d=1 d=1 
This proves Lemma 2. 


Lemma 3. For any real number x > 2, we have the asymptotic formula 


> Q(n) = C-'(k)elninz + Beem ‘(k) + De +0 (5). 


Roz 
neA 


Proof. From Lemma 1, we have 


Dd 2%(n) = $7 OM) YS uo@ = D> Ana*)u(a) = D2 ud) S2 Q(na*) 


nia nic ein Anca i niz/d* 
ned ae ee aoe. Se 
= SY) u@} S2 (Qn) +42(a) 

d<zt n<z/d* 

xr 

= 4 YO 2)+ YD wqea@ [J] 

d<ax z n<gz/d® a 

. z 

= ey u(d) FE Inin +2 aT (min (.aEz))| 

d<ak 

ae ye Hor +0 (at az) 
d<zk 


~einns AO + Be ya +ke wont akg) 


= (-"(k)eluIne + Bac-(k) + D2 +0 (2) 


where 
— Yr HALA) 
Deb = 
a= 
This proves Lemma 3. 


3. PROOF OF THE THEOREM 


In this section, we shall complete the proof of the Theorem. According 
to the definition of k-power complement number and k- ~power free number, 
and applying Lemma 2, 3, we have 


do Q(n x a(n) = & S w(n) = S25 2(n) + S* Q(a(n)) 
n<z na n<z naz 
néAd néA néA néeA 
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OT 


YS (a(n) = & S* w(n) — SZ a(n) 


nc n<z nor 
néA ned neA 


ah [¢-2(e)a nin x + Ax¢~?(&) +Cr+O (—)] 
2 [¢7'(e)rinln 2 + Bac~'(k) + Da + O Gal 


= (eels = ae +u(k)x +O (=) . 
where pASB 
ie) rare +kO~—D 
This completes the proof of the Theorem . 
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On the 80th Problem of F.Smarandache(I) 


He Xiaolin Guo Jinbao 
College of Mathematics and Computer Science, Yanan University,Shaanxi China 716000. 


Abstract Using analytic methold,this paper studies the first power mean 
of a(n) and its generation, and gives a mean value formula,where a(n) is the 
sequence in problem 80 of* only problems not solutions” which was presented 
by professor F.Smarandache. 

Keywords number-theoretic function; mean-value; asymptotic formula 


In 1993,number-theoretic expert F.Smarandache presented 100 unsolved problems in 
(1],it arose great interests for scholars.Among them,the 80th problem is: 

Square root: 0,1,1,1,2,2,2,2,2,3,3,3,3,3,3,3,4,4,4,4,4.4,.4.4,4,5 5,5,5,5,5,5,5,5,5,5,6,6,6,6,6, 
6§,6,6,6,6,6,6,6,7,7,7,7,7, 757,775,757, 05157 )()8,8,° 

Study this sequences. 

We donote the sequence in problem 80 as a(n),it is not difficult to show that a(n) = 


[/n ],where [z] is the maximal integer that is no more than =. 


1. Mean-value about a(n) 


Theorem 1 Let n be a positive integer , and a(n) = [,/7 |,then 


d) a(n) = S°[Vn] = zt os 52+ O(c!) 


noE n<Z 


Proof For an arbitray positive NUMBER z,there must existS positive integer 
N,such that N? <a < (N+ 1)?,s0 we have 


¢ 


D2 a(n) = Dolvn] 


nz noL 
=} Ml+ ST Wilte+ SS [vi] +0(n) 
42<i< 2? 22<7<32 N2<i<a<(N4+1)2 
=3-14+5-1+4---+[(N +41)? —N7].N+0(N) 
= ST (4+ )7+0(N) 
is 
=25° 7+ S°7+4+0(N) 
jSN <n 
at aN(N +1)QN +1) +5N(N 41) +0(N) 
2 


= aw + oN? + O(N) 


2 
=? + se + O(z23) 
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2. Generalized mean-value about a(n) 


Theorem 2 Let n be a positive integer, and a(n) = (n3],then 


¥ a(n) = Sins] = Sed + oa + sat + O(z3) 


n<Z nez 4 


Proof " a(n) = S“[n3] 


nT n<z 


ee [iz] + > ciety > [33] + O(N) 


i8<i<23 Bice N3<i<a<(N+1)3 


=7-1419-2+4---4[(N +1)? -N3]-N +0(N) 


= DiG+)9-F] +0) 


jSN 
=3S0 P4350 74+ S$) 7+ 0(N) 
jen jen jen 


= 3[5N(N +P +3- SN(N +1)(2N +1) + SN(N +1) +0) 


3 5 
= oNtte 
ae: 
= Sa + on + ae + O(r2) 


1 
NP +. WN? + O(N) 


Genarally,we have the following 


Theorem 3 Let n be a positive integer,and a(n) = Iné],then 





» Dal) = Wnt] = ot + 02) 


n<z NeE k+l 
Proof » a(n) = So [nk] 
nea nia 


= (i®) + s> f@e] +--+ S> [i®] + OW) 


1k <ecok ak <ic3k NE<i<r<(N+1)* 
= VIG +1)* - 5*] + 0) 
ISN 
k k\ k 
ee GF+ > pee tS j+ O(N) 
JEN | 4 GSN | 9 go ek 
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If we generaliz it from other view ,we can also have 


Theorem 4 Let n be a positive integer,and b(n) = (a(n))? = [Yn ]*,then 


D Hn) = Diva f= 52? + Sad + O(@) 
nor 


2 
nor 


Proof 5° b(n) = S-[vn}? 


NG nz 


= YMiP+ SY MPte+ YO wiP+ ow 


12<i<2? W<i<3? N?<i<z<({N-+1)? 


=3-145-4+---+[(N +1)? — N*N? + O(N?) 


= SiG+1?-7)7 +0.) 


ISN 
=257 8+ ¥ 7? + 0(N?) 
isn ign ; 


=2-[5N( +1) + aIN(N + D(QN +1)] +0(N) 


soe =n + O(N?) 


2 
a 50 + so + O(z) 
Theorem 5 Let n be a positive integer,and b(n) = (a(n))? = [,/n ]8,then 
Y bn) = Diva = leh + 207+ ofe!) 
NSE mez 
Proof > a(n) => [vn 
NSE nz 
= YY MP+ MS Wiis-.g dS [vi P+ 0(N%) 
1?<i<2? 22-<7<232 N2<i<a2<(N+1)2 


“= 3-14+5-8+---+[(N +1)? — N71N3 + O(N?) 


= SG +1)? - 7717) + (ws) 


JEN 
=25> + YP +0(N%) 
gSN ISN 
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1 1 
= 2. N(N +1) QN + 1(8N? +3N—1) + [SIN + 1)]}? + O(N?) 
ep Opt 3 
= gN at O(N”) 
= za! + oa + O(z?) 
Theorem 6 Let n be a positive integer,and b(n) = (a(n))* = [./n ]* then 


Yon) = iva = oa + oe) 


n<Z nz 


Proof 5— b(n) = >~[vn} 


n<EZ nz 





il 


= SS WifkkFt SO [VifFe---+ s- [vi }F + O(N*) 


<i<2? 2? <i<3? N2<i¢re(N+1)? 


=3-14 45-28 +-.-4((N +1)? — N7IN* + O(N*) 


= S75 +1)? — 7 7* + OWN*) 





ISN 
=2 50 ft SO GF 4 O(N) 
ISN J<N 

NE ‘ 

= 2.—— N&*t 
mre 

= E ie + O(x"t") 
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On the 80th Problem of F.Smarandache(IT) 
He Xiaolin Guo Jinbao 


College of Mathematics and Computer Science, Yanan University,Shaanxi China 716000 


Abstract The main purpose of this paper is to study the first power mean 
of d(a(n)); y(a(n)) and their generations,and a sery of regular result is ob- 
tained,where p(n) is Euler totient funstion,d(n) is divisor function and a(n) 
is the sequence in problem 80 of “only problems not sohitions’ which was 
presented by professor F.Smarandache. 

Keywords number-theoretic function; mean-value; asymptotic formula 


In 1993, professor F.Smarandache presented 100 unsolved problems in [1],it arose great 
interests for scholars.Among them,the 80th problem is: 

Square root: 0,1,1,1,2,2,2,2,2,3,3,3,3,3,3,3,4,4,4,4,4,4,4,4,4,5,5,5,5,5,5,5,5,5,5,5,6,6,6,6,6, 
6,6 ,6,6,6,6,6,6,7,7,7,7,7,7,7,7,7,7,7,050)05148,8)" °° 

Study this sequences. 

We donote the sequence in problem 80 as a(n),it is not difficult to show that a(n) = 


[V7 ],where[z] is the maximal integer that is no more than x. 


1. Mean-value of d(a(n))and it’s generalization 


Theorem 1 Let n be a positive integer,and a(n) = [./71 ],d(n) be divisor func- 
tion, then : 


Ss d(a(n)) = d([/n}) = 5 loge + (20- 5) a+ O(n’) 


nia NST 


Where c is Euler’s constant. 


Proof Se d(a(n)) = a d([/n }) 


ns n<z 
= 3S) d(vi)+ SS divijte-+ YS avil) tow’) 
12?<1<22 BSS Ne<i<a<(N+1)2 


= 8-d(l) +5 -d(2) +--+ [((V +1)? — N7a(W) + O(N) 


= 30 (2) + Daly) +O) 
jen 


[2 


Let A(N) = So d(j) = Nlog N + (2c~1)N +0(N2)™, fj) = 25 4 1,by Abel's 


: I<N 
identity?! we have 


. N 
3 (2 + 1a) = ACN) F(N) - ACF) - [AW Fat 
JEN, 


= [Nlog N + (2c —1)N + O(N2)|(2N + 1) — A(1) f(1) — i [tlog t — (2 — 1)t + O(IN2)] - 2at 
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N N NO 

= IN? log N + 2(2c — 1).N? +. O(N3) — 2[ tlog tat — 2f (2c — 1)tat — 2 f O(t2 )at 
1 1 1 

= 2N? log N — 2(2c — 1)N? + O(N?) — N? log N? + sv ~ 2(2¢ — 1)N? + O(N?) 


3 
2 


= N* log N + (20- 5) N?+O(N2) 


So 
>. da(n)) = > (27 + 1)d(j) + O(N) 
ISN JEN 
= N*log.N + (20 ~ =) N?+0(N!) + ON) 
1 


= grlogz + (20 ~ >) gt O(z*) 


Similarly,we have 
Theorem 2 Let n bea positive integer,and a(n) = [n3], d(n) be divisor function,then 


So d(a(n)) = So a({nd)) = log. i (26 x 3) = + O(2%) 
ns2 NST 


Where c is Euler’s constant. 


Proof S$ d(a(n)) = ¥° d([n 


nz n<r 


tole 


}) 


= SS aiay+ SO asyee+ SD ata) owe) 


B<ic2t B<i<33 Ni<i<r<(N+41)3 


=7-d(1) +19-d(2) +--- + [(N +1)® — N7]d(N) + O(N®) 


= 50 (33 +37 + 1)d(y) + O(N*) 
jSN 


4 2 
Let A(N) = 37 d(j) = Nlog N + (2e— UN + 0(NH)™, fj) = 352 437 41, simi 
jan 
larly , we have 


‘ N 
3 (37? +3) + 1)d(9) = ACN) F(N) - AMF) - [ACF (at 
ign : 
= [N log N+ (2c — 1)N + O(N2)|(3N? +3N +1) — i [tlogt — (2c ~ 1) + O(¢2)](6t + 3)az 
= BN? log N + 3(2e —1)N3 + O(N?) + 3N? log N + 3(2c —1)N? + Niog N+(2c—1)N 


N N Wig N N 
~7(2e — 1)\N — | 6t? log tat — if 6(2c — 1)#24t + O ( i 6iiat | — I 3tlog tdé — / 3(2c ~ 1)tat 
1 1 1 1 1 


Because 
N 2 
i: Bé? log tdt = 2N* log N — =N® +01, 
1 
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N 
| 6(2c ~ 1)#2d¢ = 2(2c ~ 1) N? +o», 
1 
» 3 3 
/ 3t log idt = N° log N - qe + €3, 
1 
So: 


‘ ‘ . 2 
37 (37? + 37 + 1)d(7) = 3N® log N + 3(2c — 1)N3 — 2N3 log N + a — 2(2¢ — 1)N3 + O(N?) 


jen 
= NlogN + (20 - 5) N3 + O(N®) 


As a result,we have 


> d(a(n)) = S> d((n3)) 


GSN ISN 
= $° (37? + 37 + Id(j) + O(N®) 
ISN 


= N° log N + (2-~ 5) N3 + O(N?) + O(N) 
= zrlogr + (2c ~_ 3) a+ O(x8) 


Theorem 3 Let n be a positive integer , and a(n) = [nt],d(n) be divisor func- 


tion, then 
Yo d(a(n)) = So d((nt)) = zolog +O(z) 
nse n<s 
Proof ~ d(a(n)) = S~ d{({nt}) 
noe ’ noe 


= §/ deiy+ SY aeye--+ SS agety+ows 
Lk <icak 2k <i<3k N¥<i<a<(N+1)* 


= (2% — 1)d(1) + (3* — 2*)d(2) +--+ [(W +1)" — Nd(N) + O(N*) 


= S°[G +1* —35*]d(7) + O(N*) 
j<N 
(2 


Let A(N) = S~ d(j) = N log N + (2c—1)N +O(N2). , f(j) =[(j + 1)* —j] then 


JEN 
Yl — Mats) = aan gemy - angen - [" a@s'oat 


jen 
= [Nlog N + (2c —1)N + O(N? )][(N + 1)* — N*] = AI) (1) 
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= [ ftlogé + (2c — Let Olt) (k(t ae 1)k-1 2 kt*)at 


= [N log N + (2c -1)N + owns | : NE) 
i=l I 


N well k—1 
-k f [t log é — 2{2¢ — Het Of )O- teI-1) ag 
: tel I 


k k-i N 
= N* log N — / kt®" log kat + O(N*) 
1 1 : 
k k-1 
= N¥ log N - N* log N + O(N*) 
1 1 


= N* log N + O(N*) 
So 
Ye da(n)) = S~ a((n¥}) 
nse nee 
= S0[G +1)* —5*]dj) + O(N®) 
jENn 


= N* log N + O(N*) + O(N®) 


1 
= ZF log 2 + O(2) 


2. Mean-value of y(a(n)) and it’s generalization 
Theorem 4 Let n be a positive integer,and a(n) = [,/n J, e(n) be Euler totient 


function,then 


Y vla(n)) =X olive) = ye! + fz tog.) 


n<E n<z 


Proof y(a(n)) = Yo vllva]) 


nr RST 


= Y of¥i)t+ SS ofvilte-t PS e([vi }) + O(N) 


12<i<2? 2? <i<3? N?<i<a<(N+1)? 


= 3¢(1) + 5 (2) +-+++ [(N + 1)? — N7\p(N) + O(N) 


= 5° (27 + 1)e(y) + OWN) 
jen 
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Let A(N) = S* fj) = SN? + O(N log NYP, f(7) = 27 +-1,then 
GEN 


N 
3 25+ Ye) = A) F0N) — AQ) sa) = fo aly sat 
isn 7 
= Fas +0(N 1og.)| (2N +1) - ; i ae + Olt log) dat 
= Sn ° + O(N? log N) — Nt + O(N? log N) 
= 4s + O(N? log N) 
Then 
> v([vn)) = 27 + L)e(j) + O(N) 


ne <N 
aa 
= <3N* + O(N? log N) + O(N) 
4 
cs ao? + O(z log z) 


Similarly,we have 


Theorem 5 Let n be a positive integer,and a(n) = [n 3], e(n) be Euler totient 
fanction,then 
1 
>» v(a(n)) = SF y((n3}) = sot! + O(log z) 
aed NSE 
Proof 7 o(a(n)) = So o((n¥)) 
nz nz 


= Yo af+ YS of)t-+ YD vy+owy 


is<i<23 B<i<33 Nici<e2<(N+1)3 


= Te(1) + 9p(2) +--+ (N +1)3 — N3Q(N) + O(N) 


= $7 (37? +37 + Dely) + O(N) 
SN 


Let A(N) = > y(N) = aN + O(N log NY”), f(7) = 39? + 37 + 1,then 
ISN 


YGF? +3) +e) = Aesem) —aays(y ~ [” aws'wat 


jSN 
N 
=(29P4e N log N)| (3N? +3N 4+ 1) - 3 2+ O(tlog2) 6t + 3)dt 
1 1 Lr? 


9 
= 4 4 3 
=a — 59 + O(N” log N) 
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So 
Y o(fé3}) = 7 (87? + 37 + Yy(j) + O(N) 


ne JN 


9 
= aa + O(N? log N) + O(N) 


= sat + O(z log x) 
Theorem 6 Let n be a positive integer,and a(n) = [n=], y(n) be Euler totient 


function,then 





yk 6k ph 
a(n)) = nel) = ———____4 O(z log x 
2.01 (n)) dll }) peat * + Olelogs) 
Proof ~ y(a(n)) = 37 o((n*}) 
= ¥ of )+ SS ope + YS wlity+ow 
Leic2k ak <i<cgk N¥<isr<(N+1)* 
= [G+ 1)* — jy) + O(N) 
JEN 
Let A(N) = 0 pCi) = pN? + O(W log NYP, £5) = 1G -+.)* — 7H],then 
ag 
Sle + yrs) = ae s0w) — ays) — f” awys'wat 
ign ; 
. Ene + O(N log )| (Ww +1)* — NA] — i ‘ 3° + Oltlog | Ki(e + 1)*-! — Yas 
=. SEN + O( Hog iv) — HEAD 3 yes 
So 
d o(a(n)) = > o(fn)) 
RSS nor 
= MIG + 1* —7*]eG) + OW) 
ign 
= epee + O(N* log N) + O(N) 
= mye + O(a log x) 
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Smarandache Concatenated Magic Squares 


Muneer Jebreel Karama 
ssmathhebron@yahoo.com 
SS-Math-Hebron / UNRWA / Field Education Officer / 
Box 19149 / Jerusalem / Israel. 


Abstract: 


In this article, | present the results of investigation of 
Smarandache Concatenate Magic Squares formed from the 
magic squares, and report some conjectures. 


Key words: 


Magic Square, Smarandache Concatenate Magic 
Squares, Smarandache Prime - Concatenate Magic Squares. 


1) Introduction: 


A magic square consists of the distinct positive integers , 1 ,2 
ye, 1 , such that the sum of the n numbers in any horizontal , 
vertical , or main diagonal line is always the same constant, for 
more details see [1],[2],and [3]. 


2) Smarandache Concatenated Magic Squares 
(SCMS): 

SCMS is formed from concatenation of numbers in magic 
squares such that the sum of the n numbers in any horizontal, 
vertical, line is always the same constant, but not necessary main 
diagonal the same constant. 


3) Examples: 


Consider the following magic square (4x4), figure .1 











Figure .1 
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Then we can formed many Smarandache Concatenated Magic 
Squares, 


such as in figure.2 (concatenation the numbers in magic squares 
horizontally) 















1521 | 2120 | 2018 | 1815 
2612 | 1213 | 1323 | 2326 





Figure .2 


Or as in figure.3 (concatenation the numbers in magic squares 
vertically) 











1122 
2218 
1823 
2614 | 1224 2311 


Figure .3 





_ or many concatenation digits such as in figure .4,5 and6. 


191716 | 171622 
152120; 212018 
261213 | 121323 








251114 | 111424 
162219 | 221917 
201815 | 181521 
232612 






































: 


Figure .5 



















1424251114 | 2425111424 | 2511142425 | 1114242511 
1716221917 | 1622191716 | 2219171622 
2018152120 | 1815212018 
2612132326 | 1213232612 


Figure .6 
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4) Conjectures: 


1) There are infinitely many Smarandache Concatenated Magic 
Squares formed from one magic square. 

2) The sum of the n numbers in any horizontal, vertical, line is 
always the same constant , and follow concatenated pattern, 

for example the concatenate pattern in figures 1,2,3,4,5and 6 , 

follow concatenate pattern which is : 74, 7474,747474 

,14747474,7474747474 ..., and soon. 


5) Smarandache Prime - Concatenate Magic 
Squares: is formed from concatenation of only primes numbers in 
magic squares [ see , JRM,30:1,p297] such that the sum of the n 
numbers in any horizontal, vertical, line is always the same 
constant, but not necessary main diagonal the same constant. 


Example : this example found in [JRM,30:1,p297] 










| 053) O71 | 


Figure .7 





Then we can form the following Smarandache Prime - Concatenate 
Magic Squares , Figure.8 and 9 . 


Q83101 
053071 | 071089 
059113 | 113041 


089053 
041059 
Figure .8 


101029083 | 029083101 | 083101029 
053071089 | 071089053 | 089053071 
059113041 | 113041059 | 041059113 


Figure .9 









































The sum of the n numbers in any horizontal, vertical, line is 
always the same constant , and follow concatenated pattern, 

for example the concatenate pattern in figures 7,8, and 9 , follow 
concatenate pattern which is : 213, 213213,213213213 ..., and so 
on. 
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6) Conjectures: 


There are infinitely many Smarandache Prime - Concatenated 
Magic Squares formed from only prime’s magic squares. 


7) Open Question: 

1) Are there Smarandache Prime - Back Concatenated Magic 
Squares? 

2) Are there Smarandache Back Concatenated Magic Squares? 
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PROOF OF FUNCTIONAL SMARANDACHE ITERATIONS 


ZHENG J1]ANFENG 
Shaanxi Financi & Economics Professional College 
Xianyang, Shaanxi, P. R. China 


ABSTRACT: The paper makes use of method of Mathematics Analytic to prove Functional 
smarandache Iterations of three kinds. 


1. Proving Functional Smarandache Iterations of First Kind. 
Kind 1, 


Let f:A-—A bea function, such that f(x)<x forall x, and min {f(x),xe 4} > mo» 

different from negative infinity. 

Let f have p21 fix points: mo S x <<< Xp. [The point x is called fix, if 
f@=x.-l. 

Then: 


SZ1(x) = the smallest number of iterations k such that 
if 


f(f(- f()--)) = constant. 


iterted k times 

Proof: I.When AcQ or ACR, conclusion is false. 

Counterexample: 
Let A=[0,1] with f(x)= x", then f(x)<x, and y,=0, x,=1 are fix points. 

Denote: 4,(x)= f(fC.-f@)--)) » Ap®=f(%), (n=1,2,+). 

nm times 

then 4,(x)=x2 (tel, 2,0"). . 
For any fixed x#0, x#1, assumed that the smallest positive integer k exist, such that 
A,(4)=a (constant), hence, _4,,,(x) = f(4,(*) = f(a)=a, that is to say a be fix point. 
So rie =Oorl, => x=0 or 1, this appear contradiction. If AcZ, let A be set of all 


rational number on [0,1] with f@=x, using the same methods we can also deduce 
contradictory result. 


This shows the conclusion is false where AcQ or ACR. 
Il. when AcZ, the conclusion is true. 


(1). If x=x,> (x, is fix point, 1,--p). Then I(x) = f(x) = x; = Ay). So for any 
positive integer n, 4(x)=x, (i=l-p), > ST1(x) #1. 
ca 


Keywords and phrases. Functional iterations; fix point; Limit. 
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(2). Let x#x, (xis fixed ,i=1,-- p), if F(@)=x, (lp), then S71(x)=1, if 
3 


F(x) #x, but f(x) = 4,4) =x, ( 1l,+p), then ST1(x)=2. In general, for fixed 
f 
positive integer k, if 4)(x)#x,, Ag) # x; 7° Ag (2) x;5 but Ay (x) =x; then 


STM(x) =k. 
f 


(3). Let x# y, (xis fixed), and for Vne N A, 4x, Clore), this case is 

no exist. 

Because x is fix point, mg<---<4,(x)<-+-< 4)(x) < 4,(x)<x. So sequence {A ,(x)} is 
descending and exist boundary, this makes know that { An (x)} is convergent. But, each item 
of {4,(x)} is integer, it is not convergent, this appear contradiction. This shows that 
the case is no exist. 

(4). Let x#x, (x is fixed ,i=l,--- p), if exist the smallest positive integer k such 
that 4,(x)=a ( a#x, ), it is yet unable. Because Agu) = A,(=a , 
Ags) = f(A, ()) = f(Q)=a, this shows that a is fix point , namely, a= y,, this also 
appear contradiction. 

Combining (1), (2), (3) and (4) we have 

S/1(x) = the smallest number of iterations k such that 
ar . 
FSC f(x)-)) = x; (x; is fix point, 1,-«p), 


iterted k times 
This proves Kind 1. 
We easily give a simple deduction. 
Let f:A->A bea function, such that f(x)<x.forallx, and min{ f(x),xe 4} =m» 
different from negative infinity. 
Let f(mo)= mo,» namely, yy is fix point, and only one. 
Then: S/1(x) = the smallest number of iterations k such that 
Fo 2s 
PFC F@)--)) = mo- 
iterted k times 
2. Proving Functional Smarandache Iterations of Second Kind. 
Kind 2, 
let g:A—A be a function, such that g(x)>x for all x, and let b> x. 
Then: ; 
ST2(x,b) = the smallest number of iterations k such that 
g 
a(g(---g(x)--)) 25. 


iterted k times 
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Proof: Firstly, denote: Bi(x)= g(g(---g(x)--)), ( n=l,2,°-). 

I. Let AGZ, for Vx<b, xeZ, assumed that there are not the smallest positive 
integer & such that B,(x)=b,then for V neWN have B,(x)<6, so 

x < Bi(x) < Bo(X) <-++< B(x) <- <b. 

This makes know that { ,(x)} is convergent, but it is not convergent. This appear 
contradiction, then, there are the smallest & such that B,(x) 26. 

II. Let AcQ or ACR. 

(1). For fixed x<h. If g(x)>9(b)>b, then BriG@)2ge(x)>b ( nen ), S72(x,b)=1, 

g 


if g(x)<g(b) but Bo(x)2g()>b, then B,(x)2g(b)>b ( 22), ST2%x,b)=2. In 
& 


general, if Bix) < 2(8) , By(x) < g(b) By (%) < g(h), but B,(x)2 2(6)>b, then 
STI2(x,b) =k. 
g 


(2). For fixed x<b, B (x)<g(b), ( neN ) then 
X < By(x) < By(x) <-++< B, (x) <---< g(d), 
so {B,(x)} is convergent. Let lim B,, (x) = ae B,(x)<g(b) (nen ), b <e(b). 
l). B =g(b). lim B, (+) =h ©. for ¢=g(b)-b>0,4 positive integer k, when n>k such 
that 1B, (x) g(h) <eé. So B,(x)>g(b) ¢=g2(b) (g(b) b)=h. That is to say there are the - 
smallest Asuch that RB (x)>b. 2). bh < g(b).  g(h)> b> “. {B,(x)} does not converge 
at gp). So Jg,>0, for VN, J m, When y,>N, such that B,,)- 8b) 2€,, then, 
By @2a(b)t+eo + By, (x)>b+eo- On the other hand, pi(x)<p ( nEeN ye Se 


By (x)<p then h'+¢, < By (x)<h, but this is unable, This makes know that there is not 


the case. 
By (1) and (2) we can deduce the conclusion is true in the case of A belong to Q or 
R . 
Combining I. and TI., we have: for any fixed x>h there is 
SZ2(x,5) =the smallest number of iterations k such that 
- ; 
g(g(-- g(x) 2b. 


Herted k times 
This proves Kind 2. 
3. Proving Functional Smarandache Iterations of Second Kind. 
Kind 3. 
Let h: AA be a function, such that A(x) < x for all x, and let hb < x. 
Then: 
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SI3(x,b) = the smallest number of iterations k such that 
h 
Ath h{x)--)) <b. 
Na ptaerinne! 


flerted k times 
Using similar methods of proving Kind 2 we also can prove Kind 3, we well not prove 
again in the place. 


We complete the proofs of Functional Smarandache Iterations of all kinds in the place, 
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ON THE INFERIOR AND SUPERIOR k-TH POWER PART 
OF A POSITIVE INTEGER AND DIVISOR FUNCTION 


ZHENG JIANFENG 
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ABSTRACT: For any positive integer n, let a(n) and b(n) denote the inferior and superior k-th power 
part of # respectively. That is, a(n) denotes the largest k-th power less than or equal to n, and b(n) 
denotes the smallest k-th power greater than or equal to n. In this paper, we study the properties of 
the sequences {a(n)} and {b(n)}, and give two interesting asymptotic formulas. 


Xey words and phrases: Inferior and superior k-th power part; Mean value; Asymptotic formula. 


1. INTRODUCTION 

For a fixed positive integer k>1, and any positive integer 7, let a(n) and bf) denote the inferior 
and superior k-th power part of n respectively .That is, a(n) denotes the largest k-th power less than 
or equal to 7, b(n) denotes the smallest k-th power greater than or equal to 7. For example, let K=2 
then a(l)=a(2)=a(3)=1,a(4)=a(5)= +" =a(7)=4, +, b(I)=1, b(2)=b(3)=b(4)=4, b(5)=b(6)= 
= )(8)=8++; let k=3 then a(l)=a(2)= -+-=a(7)=1, a(8)=a(9)= -+-=a(26)=8,---,b(D=1, b(2)=h(3)= - 
=b(8)=8, 6(9)=b(10)=---=b(27)=27---. In problem 40 and 41 of [1], Professor F. Smarandache asks 
us to study the properties of the sequences {a(n)} and {b(n)}. About these problems, Professor 
Zhang Wenpeng [4] gave two interesting asymptotic formulas of the cure part of a positive integer. 
In this paper, we give asymptotic formulas of the k-th power part of a positive integer. That is, we 
shail prove the following: 
Theorem 1. For any real number x>1 , we have the asymptotic formula 


; 1--—-+6 
Tdlaln)) = Fes FA doxln® x4 Axio! 4-4 dy xine + Apx + O(x 2k 
HEX : 


where 4g, 4; *** Ay are constants, especially when k equals to 2, d4p=1; d(n) denotes the 
Dirichlet divisor function, ¢ is any fixed positive number. 

For the sequence {(n)} , we can also get similar result. 
Theorem 2. For any real number x>1, we have the asymptotic formula 


1 
fo: 
100) = Fea “ayxin’ xt Axln’ yang Ay yxlnx+ Ax tO(x 2”) 
kkk 1 k-I Kk 
ASX . 


2. A SIMPLE LEMMA 
To complete the proof of the theorems, we need following 
Lemma 1. For any real number x>1, we have the asymptotic formula 
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(Sy Byelnt x4 Bxin™ x4. ‘+B, Aig oar 


ke ey 
Ue mas 


ASX 
B, are constants, especially when k=2, 4p=/; € is any fixed positive number. 


ae a 


where Bo, By, °° 


Proof. Let s =o +it be acomplex number and f(s) = Sete) 


n=l 


Note that d(n*) << n", So it is clear that //s) is a Dirichlet series absolutely convergent in 
8 


Re(s)>1, by the Euler Product formula [2] and the definition of d(n) we have 


fey = Tp [1+ 2, cle aI ME.) 
P 1g P 








okt kn+1 
+ e-- 


bond 
“Tp 2 ca p”™ 
= 7 s)]] fieu-os] 


aN = ee ee 1 
-oplarts gs So race wae xa 
- p ps p& Is 
k+l s 
= © a5). () 
oe Oss 
where ¢(s) is Riemann zeta-function and I] denotes the product over all primes. 
P 


From (1) and Perron’s formula [3] we have 


vy 1 perghtsy ot atte 
Ya@')= oe reas g(s)= as of 7 i (2) 


mSX 





| 1 
where g(s) is absolutely convergent in REO ne: We move the integration in (2) to 


1 
Re(s) = A +&.The pole at s =1 contributes to 


a(t Bela! x4 Bain x4...4B, xine + B.x, (3) 


where B,, B,.... B, are constants, especially when k = 2,B, =1. 


1 , Lal 
For = So <l1,note that C(s)=C(o+it) < [| 2" Thus, the horizontal integral contributes to 
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ie. x? 
xt fr], (4) 
T 
and the vertical integral contributes to 
are 
d x? In‘ | ; (5) 


1 : e 
On the line Re(s) al &, taking parameter 7 = x?, then combining (2), (3), (4) and (5) we 


have 


2 
ASX a 


k-I 1 
S'd(n*) = as) Byxin* x+ Bxin®'x +--+ Byxt+ qv } 


This proves Lemma 1. 


3. PROOFS OF THE THEOREMS . 
Now we complete the proof of the Theorems. First we prove Theorem 1. 
For any real number x >], Let Mbe a fixed positive integer such that 


M' <x<(M+)), (6) 


then, from the definition of a(n), we have 


Laam=F  Yadla+ Yatacny 


NS m=2 (m-i)* <nem* M* <n<x 


Sy Sdim')+ Sd(mM*) 


msl m* sne(m+ty M* snsx 


=F (Clim! + Com? 4 oe 1d(m*) of y au) 


mal M* sas(M+ty* 


: | 
= k>im*"d¢n') + OM"), (7) 


m=} 
where we have used the estimate d(n)<<n*. 


Let BCy) = De d(n*) , then by Abel’s identity and Lemma 1, we have 


nsy 


5 m*d(m') = M*"B(M) -(k-1) ie yB(y)dy + O01) 


m=1 


7 (Sau In M+ BM Int" 1 +..- “BM 
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1G litre mt rene : 
-- f(y "Boy n't y+ By int ty +--+ Boyt ly 


pots 
vol 2 


k-} 1 
ees (pee ByM* in* M+C,M* in?! M +-0+C,,M'§ +0 M2” |. (8) 
kk! rr 0 1 k-1 


Applying (7) and (8) we obtain the asymptotic formula 


6 


1 
> 4a(n)) = AS 


s k yk ky kel k kaS+e 
BM* in*M+C.M*ln M+--+C, M'+OM ? |, (9) 
WSX 
where y,C,,---,C, ; are constants. 
From (6) we have the estimates 


O<x-~M* <(M+1)! -M* =kM*14C?M'? 4.4] 


k~l 


aM Cet cee ” 
and 


In‘! x 
i 
a x* 


In‘ x= k* In* M+ 





die 
=k* in‘ M+O(x* ). (11) 
Combining (9), (10) and (11) we have 


2 


1 
[: Bt 4 k kel Pate 
> d(a(n)) =a) Agxin* x+ Axin’ x tet Ay_yxinx + Apx + O(x ) 
NS kk! kr : 
where A, equals to By. 

This proves Theorem 1. 

Using the methods of proving Theorem 1 we can also prove Theorem 2. This completes the proof of 
the Theorems. 
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ABSTRACT. In this paper, we study some properties of ten recurrence type Smarandache 
sequences, namely, the Smarandache odd, even, prime product, square product, higher- -power 
product, permutation, consecutive, reverse, symmetric, and pierced chain sequences. 
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1. INTRODUCTION 


This paper considers the following ten recurrence type Smarandache sequences. 


(1) Smarandache Odd Sequence : The Smarandache odd sequence, denoted by {OS(n)}"n=1, 
is defined by (Ashbacher [1]) 


OS(n)=135_ ... (2n—1), n= 1. (1.1) 
A first few terms of the sequence are 
1, 13 135, 1357, 13579, 1357911, 135791113, 13579111315, . 
(2) Smarandache Even Sequence : The Smarandache even sequence, denoted oy {ES(n)}” mts 
is defined by (Ashbacher [1]) 


ES(n)=24...(2n), n>1. (1.2) 
A first few terms of the sequence are 
2, 24, 246, 2468, 246810, 24681012, 2468101214, ..., 
of which only the first is a prime number. 
(3) Smarandache Prime Product Sequence : Let {pa}"n=1 be the (infinite) sequence of primes 
in their natural order, so that p,=2, po=3, p3=5, pa=7, ps=11, pe=13, .... 
The Smarandache prime product sequence, denoted by {PPS(n)}*n-1, is defined by 
(Smarandache [2]) 
~ PPS(n)=pip2...Patl, n21. (1.3) 
(4) Smarandache Square Product Sequences : The Smarandache square product sequence of 
the first kind, denoted by {SPSi(n)}* n=1, and the Smarandache square product sequence of 
the second kind, denoted by {SPS2(n)}*,=1, are defined by (Russo [3]) 
SPS 1(n)=(1)(2?)...(n?)+ 1=(n!)*+1, n= 1, (1.4a) 
SPS2(n)=(1?) (2?)...(n?)}-1=(n!)*-1, n=l. (1.4b) 
A first few terms of the sequence {SSPi(n)}”,=1 are 
SPS1(1)=2, SPS1(2)=5, SPS1(3)=37, SPS1(4)=577, SPSi(5)=14401, 
SPS1(6)=518401=13x39877, SPS1(7)=25401601=101x251501, 
SPS1(8)=1625702401=17x95629553, SPS1(9)=13 1681894401, 
of which the first five terms are each prime. 
A first few terms of the sequence {SPS2(n)}*,= are 
SPS2(1)=0, SPS2(2)=3, SPS2(3)=35, SPS2(4)=575, SPS2(5)=14399, 
SPS2(6)=5 18399, SPS2(7)=25401599, SPS2(8)= 1625702399, SPS2(9)=131681894399, 
of which, disregarding the first term, the second term is prime, and the remaining terms of 
the sequence are all composite numbers (see Theorem 6.3). 
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(5) Smarandache Higher Power Product Sequences : Let m (>3) be a fixed integer. The 
Smarandache higher power product sequence of the first kind, denoted by, 
{HPPSi(n)}",=1, and the Smarandache higher power product sequence of the second kind, 
denoted by, HPPS2(n)}",=;, are defined by 

HPPS1i(n)=(1")(2")...n™ +1 =(n!)"+1, n> 1, (1.5a) 
HPPSa(n)=(1™)(2")...(n™)—-1=(ny™=1, n> 1. (1.5b) 

(6) Smarandache Permutation Sequence : The Smarandache permutation sequence, denoted 

by {PS(n)}"n=t, is defined by (Dumitrescu and Seleacu [4]) 


PS(n)=135...(2n—1)(2n)(2n—2)...42, n= 1. (1.6) 
A first few terms of the sequence are 
12, 1342, 135642, 13578642, 13579108642, .... 
(7) Smarandache Consecutive Sequence : The Smarandache consecutive sequence, denoted 
by {CS(n)} ner, is defined by (Dumitrescu and Seleacu [4]) 


CS(n)=123...(n—1)n, n21. (1.7) 
A first few terms of the sequence are 
1, 12, 123, 1234, 12345, 123456, .... 
(8) Smarandache Reverse Sequence : The Smarandache reverse sequence, denoted by, 
{RS(n)}"n-1, is defined by (Ashbacher [1]) 


RS(n)=n(n—1)...21, n21. (1.8) 
A first few terms of the sequence are 
1, 21, 321, 4321, 54321, 654321, . 
(9) Smarandache Syaimetvic Sequence: The Smarandache symmetric sequence, denoted by 
{SS(n)}"y=1, is defined by (Ashbacher [1]) 
1,11,121, 12321, 1234321, 123454321, 12345654321, . 
Thus, 





SS(n)=12...(n—-2)(n—1)(n—2)...21, n23; SS(1)=1, SS(2)=11. (1.9) 
(10) Smarandache Pierced Chain Sequence : The Smarandache pierced chain pean: 
denoted by {PCS(n)},<1°, is defined by (Ashbacher [1]) 

101, 1010101, 10101010101, 101010101010101, ..., (1.10) 
which is obtained by successively concatenating the string 0101 to the right of the 
preceding terms of the sequence, starting with PCS(1)=101. . 

As has been pointed out by Ashbacher, all the terms of the sequence {PCS(n)}y=1" is 
divisible by 101. We thus get from the sequence {PCS(n)}y=1", on dividing by 101, the 
sequence {PCS(n)/101},=1°. The elements of the sequence {PCS(n)/101} p+!” are 

1, 10001, 100010001, 1000100010001, .... (1.11) 
Smarandache [5] raised the question : How many terms of the 
sequence {PCS(n)V/101},=:° are prime? . 

In this paper, we consider some of the properties satisfied by these ten Smarandache 
sequences in the next ten sections where we derive the recurrence relations as well. 
For the Smarandache odd, even, consecutive and symmetric sequences, Ashbacher [1] 
raised the question : Are there any Fibonacci or Lucas numbers in these sequences? 
We recall that the sequence of Fibonacci numbers, {F(n)},-1”, and the sequence of 
Lucas numbers {L(n)}n=1", are defined by (Ashbacher [1]) 
F(0)=0, FO)=1; F(n+2)=F(n+1)+F(n), n20, (12) 
L(O)}=2, L(1)=1; L(n+2)=L(n+1)+L(n), n20, (1.13) 
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Based on computer search for Fibonacci and Lucas numbers, Ashbacher conjectures 
that there are no Fibonacci or Lucas numbers in any of the Smarandache odd, even, 
consecutive and symmetric sequences (except for the trivial cases). This paper confirms the 
conjectures of Ashbacher. We prove further that none of the Smarandache prime product and 
reverse sequences contain Fibonacci or Lucas numbers (except for the trivial cases). 

For the Smarandache even, prime product, permutation and square product sequences, 
the question is : Are there any perfect powers in each of these sequences? We have a partial 
answer for the first of these sequences, while for each of the remaining sequences, we prove 
that no number can be expressed as a perfect power. We also prove that no number of the 
Smarandache higher power product sequences is square of a natural number. 

For the Smarandache odd, prime product, consecutive, reverse and symmetric 
sequences, the question is : How many primes are there in each of these sequences? For the 
Smarandache even sequence, the question is : How many elements of the sequence are twice 
a prime? These questions still remain open. 

In the subsequent analysis, we would need the following result. 

Lemma 1.1 : 3\(10"+10"+1) for all integers m,n>0. 

Proof : We consider the following three possible cases separately : 

(1) m=n=0. In this case, the result is clearly true. 

(2) m=0, n2=1. Here, 
10™+10"+1=10"+2=(10"—1)+3, 

and so the result is true, since 3|10°-1=9(1+10+107+...+10""'). 

(3) m21, n=1. In this case, writing 
10"+10°+1=(10"-1)+(10"-1)+3, 

we see the validity of the result. 0 


2.SMARANDACHE ODD SEQUENCE {OS(n)}";<1 


The Smarandache odd sequence is the sequence of numbers formed by repeatedly 
concatenating the odd positive integers, and the n-th term of the sequence is given by (1.1). 
For any n2=1, OS(n+1) can be expressed in terms of OS(n) as follows : For n2>1, 


OS(nt1)=135 ...(2n—1)(2n+1) 
=10°OS(n)+(2n+1) for some integer s>1. (2.1) 
More precisely, 
s=number of digits in (2n+1), 
Thus, for example, OS(5)=(10)OS(4)+7, while, OS(6)=(102)0S(5)+11. 
By repeated application of (2.1), we get 
OS(n+3)=10° OS(n+2)+(2n+5) for some integer sz] 
=10°(10' OS(n+1)+(2n+3)}+(2n+5) for some integer t21 (2.2a) 
=10°"[10" OS(n)+(2n+1)]+(2n+3)10°+(2n+5) for some integer u21, (2.2b) 
so that 


stttu stt 


OS(n+3)=10 
where s=t2u>1. 
Lemma 2.1 :3| OS(n) if and only if 3 | OS(n+3). 
Proof: For any s, t with s>t21, by Lemma 1.1, 
3 | ((2n+1)10°"+(2n+3)1 05+ (2n+5) }=(2n+1)(10 41 0541) +(1 05+2). 
The result is now evident from (2.3). 0 


OS(n)+(2n+1)10°'+(2n+3)1 0°+(2n+5), (2.3) 
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From the expression of OS(n+3) given in (2.2), we see that, for all n=1, 
OS(n+3)=10°" OS(n+1)+ (2n+3)(2n+5) 


=10°" OS(n)+ (2n+1)(2n+3)(2n+5). 

The following result has been proved by Ashbacher [1]. 
Lemma 2.2: 3| OS(n) if and only if 3 [n. In particular, 3 | OS(@Gn) for all n=1. 

In fact, it can be proved that 9/OS(3n) for all n21. 

We now prove the following result. 
Lemma 2.3: 5|OS(5n+3) for all n>0. 
Proof : From (2.1), for any arbitrary but fixed n20, 

OS(5n+3)=10° OS(5n+2)+(10n+5) for some integer s>1. 

The r.h.s. is clearly divisible by 5, and hence 5 | OS(5n+3). 
Since n is arbitrary, the lemma is established. 7 

Ashbacher [1] devised a.computer program which was then run for all numbers from 
135 up through OS(2999)=135...29972999, and based on the findings, he conjectures that 
(except for the trivial case of n=1, for which OS(1)=1=F(1)=L(1)) there are no numbers in the 
Smarandache odd sequence that are also Fibonacci (or, Lucas) numbers. In Theorem 2.1 and 
Theorem 2.2, we prove the conjectures of Ashbacher in the affirmative. The proof of the 
theorems relies on the following results. 
Lemma 2.4 : For any n21, OS(n +1)>10 OS(n). 
Proof: From (2.1), for any n21, 

OS(n+1)=10° OS(n)+(2n+1)>10° OS(n)>10 OS(n), 
where s21 is an integer. We thus get the desired inequality. 0 
Corollary 2.1 : For any n=1, OS(n+2)—OS(n)>9[OS(n+1)+OS(n)]. 
Proof: From Lemma 2.4, 
OS(n+1)-OS(n)>9 OS(n) for all n=1. (2.4) 
Now, using the inequality (2.4), we get 
OS(n+2)—OS(n)=[OS(n+2)}-OS(nt1)]+[OS(n+1)}-OS(n)]>9[OS(n+1)+OS(n)], 
which establishes the lemma. 0 
Theorem 2,1 : (Except for n=1,2 for which OS(1)=1=F(1)=F(2), OS(2)=13=F(7)) there are 
no numbers in the Smarandache odd sequence that are also Fibonacci numbers. 
Proof : Using Corollary 2.1, we see that, for all n21, 
OS(n+2)-OS(n)>9[OS(n+1)+OS(n)]>OS(n+1). (2.5) 
Thus, no numbers of the Smarandache odd sequence satisfy the recurrence relation (2.10) 
satisfied by the Fibonacci numbers. 0 
By similar reasoning, we have the following result. 

Theorem 2.2 : (Except for n=1 for which OS(1)=1=L(2)) there are no numbers in the 
Smarandache odd sequence that are Lucas numbers. 





Searching. for primes in the Smarandache odd sequence (using UBASIC program), 
Ashbacher [1] found that among the first 21 elements of the sequence, only OS(2), OS(10) 
and OS(16) are primes. Marimutha [6] conjectures that there are infinitely many primes in the 
Smarandache odd sequence, but the conjecture still remains to be resolved. 

In order to search for primes in the Smarandache odd sequence, by virtue of 
Lemma 2.2 and Lemma 2.3, it is sufficient to check the terms of the forms OS(3n+1), n21, 
where neither 3n+1 nor 3n—1 is of the form 5k+3 for some integer k>1. 
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3. SMARANDACHE EVEN SEQUENCE {ES(n)}%,-, 


The Smarandache even sequence, whose n-th term is given by (1.2), is the sequence of 
numbers formed by repeatedly concatenating the even positive integers. 
We note that, for any n>1, 


ES(n+1)=24 ...(2n)(2n+2) 
=10° ES(n)+(2n+2) for some integer s>1. 3.1) 
More precisely, 
s=number of digits in (2n+2). 
Thus, for example, ES(4)=2468=10 ES(3)+8, while, ES(5)=246810=10? ES(4)+10. 
From (3.1), the following result follows readily. 
Lemma 3.1: For any n=1, ES(n+1)>10 ES(n). 
Using Lemma 3.1, we can prove that 
ES(n+2)-ES(n)>9[ES(n+1)+ES(n)] for all n21. (3.2) 
The poof is similar to that given in establishing the inequality (2.1) and is omitted here. 
By repeated application of (3.1), we see that, for any n=1, 
ES(n+2)=1 0! ES(n+1)+(2n+4) for some integer t=] 
=! oT 0" ES(n)+(2n+2)]+(2n+4) for some integer u>1 
=10"" ES(m)+(2n+2)10'4(2n+4), 
so that 
ES(n+3)=10° ES(n+2)+(2n+6) for some integer s>1 
=10°[10' ES(n+1)+(2n+4)]+(2n+6) 
=10°" ES (n)+(2n+2)10°'+(2n+2)10°+(2n+6), (3.3) 
for some integers s, t and u with s>t2u>1. 
From (3.3), we see that 


ES(n+3)=10°" ES(n+1)+(2n+4)(2n+6) 


=10°™" ES(n)+(2n+2)(2n+4)(2n+6). 
Using (3.3), we can prove the following result. 
Lemma 3.2: If3| ES(n) for some n21, then 3 | ES(n+3), and conversely. 
Lemma 3.3 : For all n21, 3 | ESGn). 
Proof : The proof is by induction on n. Since ES(3)=246 is divisible by 3, the lemma is true 
for n=1. We now assume that the result is true for some n, that is, 3 | ES(3n) for some n. 
Now, by Lemma 3.2, together with the induction hypothesis, we see that 
ESGn+3)=ES(3(n+1)) is divisible by 3. Thus the result is true for n+1.0 
Corollary 3.1 : For all n21, 3| ES(3n-1). 
Proof : Let n (21) be any arbitrary but fixed integer. From (3.1), 
ES(3n)=10° ES(3n—1)+(6n) for some integer s>1, 
Now, by Lemma 3.2, 3 | ES(3n). Therefore, 3 must also divide ES(3n—1). 
Since n is arbitrary, the lemma is proved. 1 
Corollary 3.2 : For any n>1, 3 4 ESGn +1). 
Proof : Let n (21) be any arbitrary but fixed integer. From (3.1), 
ES(3n+1)=10°ES(3n)+(6n+2) for some integer s>1. 
Since 3 | ES@Gn), but 3 does not divide (6n+2), the result follows. 0 
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Lemma 3.4: 4| ES(2n) for all n>1, 
Proof : Since 4 | ES(2)=24 and 4 | ES(4)=2468, we see that the result is true for n=1,2. Now, 
from (3.1), for n=1, 
ES(2n)=10° ES(2n-1)+(4n), 
where s is the number of digits in (4n). Clearly, s>2 for all n=3. Thus, 4|10° if n23, and we get 
the desired result. 0 
Corollary 3.3 : For any n>0, 4 f ES(2n+1). 
Proof : Clearly the result is true for n=0, since ES(1)=2 is not divisible by 4. For n=1, from 
(3.1), 
ES(2n+1)=10° ES(2n)+(4n+2) for some integer s>1. 
By Lemma 3.4, 4| ES(2n). Since 44 (4n+2), the result follows. 6 
Lemma 3.5 : For all n>1, 10| ES(5n). 
Proof: For any arbitrary but fixed n>1, from Gel), 
ES(Sn)=10° ES(S5n—1)+(10n) for some integer s>1. 

The result is now evident from the above expression of ES(5n). 0 
Corollary 3.4 : 20/ES(10n) for all n= 1. 
Proof : follows by virtue of Lemma 3.4 and Lemma 3.5. OC 

Based on the computer findings with numbers up through 
ES(1499)=2468...29962998, Ashbacher [1] conjectures that (except for the case of 
ES(1)=2=F(3)=L(0)) there are no numbers in the Smarandache even sequence that are also 
Fibonacci (or, Lucas) numbers. The following two theorems establish the validity of 
Ashbacher’s conjectures. The proofs of the theorems make use of the inequality (3.2) and are 
similar to those used in proving Theorem 2.1. We thus omit the proof here. 
Theorem 3.1 : (Except for ES( 1)=2=F(3)) there are no numbers in the Smarandache even 
sequence that are Fibonacci numbers. 
Theorem 3.2 : (Except for ES(1)=2=L(0)) there are no numbers in the Smarandache even 
sequence that are Lucas numbers. . 

Ashbacher [1] raised the question: Are there any perfect powers in ES(n)? The 
following theorem gives a partial answer to the question. 
Theorem 3.3 : None of the terms of the subsequence {ES(2n-1)}",,-; is a perfect square or 
higher power of an integer (>1). 
Proof : Let, for some n=1, 





ES(n)=24 ...(2n) =x? for some integer x>]. 
Now, since ES(n) is even for all n>1, x must be even. Let x=2y for some integer y>1. Then, 

ES(n)=(2y)*=4y2, 
which shows that 4| ES(n). 

Now, ifn is odd of the form 2k—1, k>1, by Corollary 3.3, ES(2k-1) is not divisible by 

4, and hence numbers of the form ES(2k-1), k21, can not be perfect squares. By same 
reasoning, none of the terms ES(2n-1), n>1, can be expressed as a cube or higher powers of 
an integer. 1 . 
Remark 3.1 : It can be seen that, if n is of the form kx10°+4 or kx10°+6, where k (1<k<9) 
and s (21) are integers, then ES(n) cannot be a perfect square (and hence, cannot be any even 
power of a natural number). The proof is as follows : If 

ES(n)=x’ for some integer x>1, C) 
then x must be an even integer. The following table gives the possible trailing digits of x and 
the corresponding trailing digits of x*: - 
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Trailing digit of x Trailing digit of x’ 





OOD F NO 





Since the trailing digit of ES(kx10°+4) is 8 for all admissible values of k and s, it follows that 
the representation of ES(kx 10°+4) in the form (*) is not possible. By similar reasoning, if n is 
of the form n=kx105+6, then ES(n)=ES(kx10°+6) with the trailing digit of 2, cannot be 
expressed as a perfect square (and hence, any even power of a natural number). Thus, it 
remains to consider the cases when n is one of the forms (1) n=kx10°, (2) n=kx10°+2, 
(3) n=kx10°+8 (where, in all the three cases, k (1<k<9) and s (21) are integers). Smith [7] 
conjectures that none of the terms of the sequence {ES(n)}*,.. is a perfect power. 


4. SMARANDACHE PRIME PRODUCT SEQUENCE {PPS(n)}°,- 


The n-th term, PPS(n), of the Smarandache prime product sequence is given by (1.3). 
The following lemma gives a recurrence relation in connection with the sequence, 
Lemma 4.1: PPS(n+1)=pps PPS(n)-(pnvi-1) for all n=1. 
Proof : By definition, 
| PPS(n+1)=pipe .-.PaPatit1=(pips..-Pa+])pnei—Pavi tl, 
which now gives the desired relationship. 0 
From Lemma 4.1, we get 
Corollary 4.1: PPS(n+1)}-PPS(n)=[PPS(n)~1](pari—1) for all n21. 
Lemma 4.2 : (1) PPS(n)<(p,)""' for all n2=4, (2) PPS(n)<(pa)"* for all n=7, 
~ (3) PPS(n)<(p,)"> for all n210, (4) PPS(n)<(py+1)"” for all n>3, 
(5) PPS(n)<(py+1)"? for all n26, (6) PPS(n)<(ppsi)”? for all n>9, 
Proof : We prove parts (3) and (6) only, the proof of the other parts is similar. 
To prove part (3) of the lemma, we note that the result is true for n=10, since 
PPS(10)=646969323 1 <(pj9)’=297=17249876309. 
Now, assuming the validity of the result for some integer k (210), and using Lemma 4.1, we 
see that, 
PPS(k+1)=pxe1 PPS(KQ)H peei- 1) <p PPS(k) 
<pk+i(Px)”> (by the induction hypothesis) 
<(Pk+1)(Pae1)” =(Pee)™, . 
where the last inequality follows from the fact that the sequence of primes, {pa} "y=1, is 
strictly increasing in n (21). Thus, the result is true for k+1 as well. 
To prove part (6) of the lemma, we note that the result is true for n=9, since 
PPS(9)=223092871<(pjo)°=29°=594823321. 
Now to appeal to the principle of induction, we assume that the result is true for some integer 
k (29). Then using Lemma 4.1, together with the induction hypothesis, we get 
PPS(K+1)=pe+1 PPS(k)-(piri—1)<peet PPS(K)<pxei (Prot) 2=(pee) 2. 
Thus the result is true for k+1. 
All these complete the proof by induction. 0 
Lemma 4.3 : Each of PPS(1), PPS(2), PPS(3), PPS(4) and PPS(5) is prime, and for n>6, 
PPS(n) has at most n—4 prime factors, counting multiplicities. 
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Proof : Clearly PPS(1)=3, PPS(2)=7, PPS(3)=31, PPS(4)=211, PPS(5)=2311 are all primes. 
Also, since 

PPS(6)=3003 1=59x509, PPS(7)=51051 1=19x97x277, PPS(8)=9699691=347x27953, 
we see that the lemma is true for 6<n<8. 

Now, if p is a prime factor of PPS(n), then p>py+1. Therefore, if for some n29, PPS(n) 
has n-3 (or more) prime factors (counted with multiplicity), then PPS@2e) 
contradicting part (6) of Lemma 4.2. 

Hence the lemma is established. 

Lemma 4.3 above improves the earlier results (Prakash [8], and Majumdar [9]). 

The following lemma improves a previous result (Majumdar [10]). 

Lemma 4.4 : For any n>1 and k>1, PPS(n) and PPS(nt+k) can have at most k-1 number of 
prime factors (counting multiplicities) in common. 
Proof : For any n>1 and k>1, 

PPS(nt+k)—PPS(n)=p1p2...Pa(Pr+iPn+2---Pnek~1). (4.1) 
If p is a common prime factor of PPS(m) and PPS(ntk), since p=pp+x, it follows from (4.1) 
that p | (Pa+tPn+2--.Patk-1). Now if PPS(n) and PPS(ntk) have k (or more) prime factors in 
common, then the product of these common prime factors is greater than (park), which can 
not divide pa+iPnt2---Pn+k—-1<(Patio* 

This contradiction proves the lemma. 0 
Corollary 4.2 : For any integers n (21) and k (21), if all the prime factors of Pn+iPn+2---Patk--l 
are less than ppt, then PPS(n) and PPS(n+k) are relatively prime. 

Proof : [f p is any common prime factor of PPS(n) and PPS(n+k), then pj( Pn+tPn+2---Pntk-1). 
Also, such p>pnix, contradicting the hypothesis of the corollary. Thus, if all the common 
prime factors of PPS(n) and PPS(n+k) are less than Pnik, then (PPS(n),PPS(n+k)=1. 0 

The following result has been proved by others (Prokash [8] and Majumdar [10}). 
Here we give a simpler proof. 

Theorem 4.1: For any n>1, PPS(n) is never a square or higher power of an integer (>1). 
Proof : Clearly, none of PPS(1), PPS(2), PPS(3), PPS(4) and PPS(5) can be expressed as 
powers of integers (by Lemma 4.3). 
Now, if possible, let for some n>6, 
PPS(n)=x' for some integers x (>3), £ (22), (*) 
Without loss of generality, we may assume that € is a prime (if £ is a composite number, 
letting £=pr where p is prime, we have PPS(n)=(x')P=N?, where N=x'), By Lemma 4.3, €<n4 
and so £ cannot be greater than p,-; (£2pn-4 => t>n-4, since py>n for all n=1). Hence, & must 
be one of the primes pj, po,..., Pn-s. Also, since PPS(n) is odd, x must be odd. Let x=2y+1 for 
some integer y>0. Then, from (*), 
PiP2-.-Pr=(2y+1)'—1 
£ £ 
=(2y)"+( )(2y)"M+..4() (2y). (**) 
| {-1 
If £=2, we see from (s?): 4| P1P2...Pn, Which is absurd. On the other hand, for €23, since 
t| P1P2.--Pn, it follows from (**) that £ | y, and consequently, 07 | P1P2---Pn, Which is impossible. 

Hence, the representation of PPS(n) in the form (*) is not possible. ( 

Using Corollary 4.1 and the fact that PPS(n+1}-PPS(n)>0, we get 

PPS(n+2)-PPS(n)=[PPS(n+2)}-PPS(n+1)]+[PPS(n+1)-PPS(n)] 
>[PPS(n+1)~1](ppi2—1) 
>2[PPS(n+1)-1] for all n>1. 
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Hence, 
PPS(n+2)—PPS(n)>PPS(n+1) for all n>. (4.2) 

The inequality (4.2) shows that no elements of the Smarandache prime product 
sequence satisfy the recurrence relation for Fibonacci (or, Lucas) numbers. This leads to the 
following theorem. 
| Theorem 4.2 : There are no numbers in the Smarandache prime product sequence that are 
Fibonacci (or Lucas) numbers (except for the trivial cases of PPS(1)=3=F(4)=L(2), 
PPS(2)=7=L(4)). 


5. SMARANDACHE SQUARE PRODUCT SEQUENCES {SPSi(n)}*y=1, {SPS2(n)}%y-1 


The n-th terms, SPSi(n) and SPS2(n), are given in (1.4a) and (1.4b) respectively. 
In Theorem 5.1, we prove that, for any n>1, neither of SPSi(n) and SPS2(n) is a square of an 
integer (>1). To prove the theorem, we need the following results. 
Lemma 5.1: The only non-negative integer solution of the Diophantine equation x?-y7=1 is 
x=1, y=0. 
Proof : The given Diophantine equation is equivalent to (x—y)(x+y)=1, where both x-y and 
x+y are integers. Therefore, the only two possibilities are 
(1) x-y=l=xty, (2) x-y=—-l=xty, 
the first of which gives the desired non-negative solution. 2 
Corollary 5.1: Let N (>1) be a fixed number. Then, 
(1) The Diphantine equation x?-N=1 has no (positive) integer solution x, 
(2) The Diophantine equation N-y=1 has no (positive) integer solution y. 
Theorem $5.1: For any n21, none of SPSi(n) and SPS2(n) is a square of an integer (1). 
Proof: If possible, let 
SPSi(n)=(n !)?+1=x? for some integers n=1, x>1. 
But, by Corollary 5.1(1), this Diophantine equation has no integer solution x. 
Again, if 
SPS2(n)=(n !)?-1=y? for some integers n>1, y>1, 
then, by Corollary 5.1(2), this Diophantine equation has no integer solution y. 
All these complete the proof of the theorem. 0 
In Theorem 5.2, we prove a stronger result, for which we need the results below. 
Lemma 5.2 : Let m (22) be a fixed integer. Then, the only non-negative intéger solution of 
the Diophantine equation x*+1=y" is x=0, y=1. 
Proof : For m=2, the result follows from Lemma 3.1. So, it is sufficient to consider the case 
when m>2. However, we note that it is sufficient to consider the case when m is odd; if m is 
even, say, m=2q for some integer q>1, then rewriting the given Diophantine equation as 
(y")?-x=1, we see that, by Lemma 5.1, the only non-negative integer solution is y*=1, x=0, 
that is x=0, y=l, as required. 
So, let m be odd, say, m=2q+1 for some integer q21. Then, the given Diophantine 
equation can be written as 
ay Gy ey eect), oo 
From (***), we see that x=0 if and only if y=1, since ytyt +. +1>0. 
Now, if x#0, from (***), the only two possibilities are 
(1) y-l=x, yy" + 1x, 
But then y=x+1, and we are led to the equation (X+1 (xt 1 POE H(XtLYP42=0, which is 
impossible. . 
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(2) y-1=1, yy? tL =x”, 
Then, y=2 together with the equation 
oer, (5.1) 
But the equation (5.1) has no integer solution x (>1). To prove this, we first note that any 
integer x satisfying (5.1) must be odd. Now rewriting (5.1) in the following equivalent form 
(x1) +1)=2(2"-1)(2+1), 
we see that the |.h.s. is divisible by 4, while the r.h.s. is not divisible by 4 since both 2°1 and 
2°+1 are odd. 
Thus, if x#0, then we reach to a contradiction in either of the above cases. This 
contradiction establishes the lemma. () 
Coralary 5.2: Let m (22) and N (+0) be two fixed integers. Then, the Diophantine equation 
N*+1 =y™ has no integer solution y. 
Corollary 5.3 : Let m (22) and N (+1) be two fixed integers. Then, the Diophantine equation 
x’+1=N" has no (positive) integer solution x. 
Lemma 5.3 : Let m (22) be a fixed integer. Then, the only non-negative integer solutions of 
the Diophantine equation x 2_y "=] are (1) x=1, y=0; (2) x=3, y=2, m=3. 
Proof : For m=2, the lemma reduces to Lemma 5.1. So we consider the case when m2>3. 
From the given Diophantine equation, we see that, y=0 if and only if x=+1, giving the 
only non-negative integer solution x=1, y=0. To see if the given Diophantine equation has 
any non-zero integer solution, we assume that x#1. 
If m is even, say, m=2q for some integer q21, then Roy" Sx Gy SL, which has no 
integer solution y for any x>1 (by Corollary 5.1(2)). 
Next, let m be odd, say, m=2q+l for some integer g21. Then, ey S|. that is, 
(xD ay", 
We now consider the following cases that may arise : 
(1) x-1=1, xtl=y?") 
Here, x=2 together with the equation y 
(2) x-l=y, x+1=y*4, 
Rewriting the second equation in the equivalent form (y*-1)(y*+1)=x, we see that (y4+1) |x. 
But this contradicts the first equation x=y+1 if q>1, since for q>1, yitl>ytl=x. 
If q=1, then 
(y-L(y+ =x = y~1=1, yt 1=x, 
so that y=2, x=3, m=3, which is a solution of the given Diophantine equation. 
(3) x~1=y' for some integer t with 2<t<q, q22 (so that xt lay hy, 
In this case, we have 


*a*!--3, which has no integer solution y. 


Demy (Lay), 
Since x does not divide y, it follows that 

1+y70"=Cx for some integer C21, 
Thus, 

2x=y'(Cx) > Cy'=2. 
If C2, then y=1, and the resulting equation x*=2 has no integer solution. On the other hand, 
if C#2, the equation Cy'=2 has no integer solution. Thus, case (3) cannot occur. 

All these complete the proof of the lemma. 0 

Corollary 5.4 : The only non-negative integer solution of the Diophantine equation x-y*=] 
is x=3, y=2. 
Corollary 5.5 : Let m (>3) be a fixed integer. Then, the Diophantine equation x’*~y™=1 has 
x=1, y=0 as its only non-negative integer solution. 
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Corollary 5.6 : Let m (>3) and N (>0) be two fixed integers. Then, the Diophantine equation 
x’_N™=] has no integer solution x. 
Corollary 5.7 : Let m (23) and N (>1) be two fixed integers with N#3. Then, the Diophantine 
equation N*-y"=1 has no integer solution. 
We are now in a position to prove the following theorem. 
Theorem 5.2 : For any n=1, none of the SPSi(n) and SPS3(n) is a cube or higher power of an 
integer (>1), 
Proof : is by contradiction. Let, for some integer n=1, 
SPS, (n)=(n!)*+1=y™ for some integers y>1, m>3. 
By Corollary 5.2, the above equation has no integer solution y. 
Again, if for some integer n>1, 
SPS2(n)=(n!)"-1=2° for some integer z>1, s>3, 
we have contradiction to Corollary 5.7.0 

The following result gives the recurrence relations satisfied by SPSi(n) and SPS,.(n). 

Lemma 5.4 : For all n21, 

(1) SPS\(n+1)=(n+1)’SPS;(n)-n(n+2), 

(2) SPS2(n+1)=(n+1)°SPS2(n)+n(n+2). 
Proof : The proof is for part (1) only. Since 

SPS\(n+1)=[(at])!?+1=(n+1)?[(n!)?41 J (nt 1241, 
the result follows. 0 
Lemma 5.5: For all n>1, 

(1) SPS:(n+2)-SPS|(n)>SPS,(n+1), 
(2) SPS2(n+2)-SPS2(n)>SPS2(n+1). 
Proof : Using Lemma 5.4, it is straightforward to prove that 
SPS (n+2)-SPS (n)=SPS2(nt+2)-SPS,(n)=(n!)7 ((n+1)°(n+2)*-1]. 
Some algebraic manipulations give the desired inequalities. 0 

Lemma 5.5 can be used to prove the following results. 

Theorem 5.3 : (Except for the trivial cases, SPS|(1)=2=F(3)=L(0), SPS)(2)=5=F(5)) there are 
no numbers of the Smarandache square product sequence of the first kind that are Fibonacci 
(or Lucas) numbers. 

Theorem 5.4 : (Except for the trivial cases, SPS2(1)=0=F(0), SPS2(2)=3=F(4)=L(2)) there are 
no numbers of the Smarandache square product sequence of the second kind that are 
Fibonacci (or Lucas) numbers. 

The question raised by Iacobescu [11] is : How many terms of the sequence 
{SPS)(n)}*, = are prime? 

The following theorem, due to Le [12], gives a partial answer to the above question. 
Theorem 5.5 : If n (>2) is an even integer such that 2n+1 is prime, then SPSi(n) is not a 
prime. 

Russo [3] gives tables of values of SPSi(n) and SPS2(n) for 1<n<20. Based on 
computer results, Russo [3] conjectures that each of the sequences {SPS1(n)}"y-1 and 

{SPS2(n)}",=1 contains only a finite number of primes. 





6. | SMARANDACHE HIGHER POWER PRODUCT — SEQUENCES 
{HPPS1(n)}"n=1, {HPPS2(n)} "ne 


The n-th terms of the Smarandache higher power product sequences are given in (1.5). The 
following lemma gives the recurrence relation satisfied by HPPS;(n) and HPPS2(n). 
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Lemma 6.1 : For all n=1, 
(1) HPPS \(n+1)=(n+1)"HPPSj(n)-[(nt1)"+1 fs 
(2) HPPS2(n+1)=(n+1)"HPPS2(n)+[(nt1)"41 J. 
Theorem 6.1: For any integer n>1, none of HPPPSj(n) and HPPS,(n) is a square of an integer 
(>1). 
Proof: If possible, let 

HPPS |(n)=(n!)"+1=x? for some integer x>1,. 
This leads to the Diophantine equation x?(nl)™=I, which has no integer solution x, by virtue 
of Corollary 5.6 (for m>3). Thus, if m>3, HPPS,(n) cannot be a square of a natural number 
(>1) for any n>1. 

Next, let, for some integer n>2 (HPPS2(1)=0) 

HPPS)(n)=(n!)"—1=y" for some integer yel. 
Then, we have the Diophantine equation y+1=(n!)", and by Corollary 5.3, it has no integer 
solution y. Thus, HPPS2(n) cannot be a square of an integer (>1) for any n2>1. 0 
The following two theorems are due to Le [13,14]. 
Theorem 6.2: If m is not a number of the form 2° for some €21, then the sequence 
{HPPS,(n)}",=1 contains only one prime, namely, HPPPS|(1)=2. 
Theorem 6.3: If both m and 2™-] are primes, then the sequence {HPPS3(n)}*,-1 contains 
only one prime, HPPS2(2)= 2"—-1: otherwise, the sequence does not contain any prime. 
Remark 6.1 : We have defined the Smarandache higher power product sequences under the 
restriction that m>3, and under such restriction, as has been proved in Theorem 6.1, none of 
HPPS}(n) and HPPS(n) is a square of an integer (>1) for any n=1. However, if m=3, the 
situation is a little bit different : For any n=1, HPPS2(n)=(n!)°—1 still cannot be a perfect 
square of an integer -D, by virtue of Corollary 5.3, but since HPPS,(n)=(n!)°+1, we see that 
HPPS)(2)=(2!)?+1=3°, that is, HPPS,(2) is a perfect square. However, this is the only term of 
the sequence {SPPS,(n)}*,=; that can be expressed as a perfect square. 


7. SMARANDACHE PERMUTATION SEQUENCE {PS(n)}%se1 


For the Smarandache permutation sequence, given in (1.6), the question raised (Dumitrescu 
and Seleacu [4]) is : Is there any perfect power among these numbers? 

Smarandache conjectures that there are none. In Theorem 7.1, we prove the 
conjecture in the affirmative. To prove the theorem, we need the following results. 
Lemma 7.1 : For n>2, PS(n) is of the form 2(2k+1) for some integer k>1. 
Proof: Since for n=>2, 


PS(n)=135...(2n—1)(2n)(2n-2)...42, (7.1) 
we see that PS(n) is even and after division by 2, the last digit of the quotient is 1. 0 
An immediate consequence of the above lemma is the following. 
Corollary 7:1 : For n>2, 2° | PS(n) if and only if £=1. 
Theorem 7.1: For n21, PS(n) is not a perfect power. 
Proof: The result is clearly true for n=1, since PS(1)=3x2" is not a perfect power. The proof 
for the case n>2 is by contradiction. 
Let, for some integer n>2, 
PS(n)=x! for some integers x>1, 22. 
Since PS(n) is even, so is x. Let x=2y for some integer y>1. Then, 
PS(n)=(2y)=2" y', 
which shows that 2° | PS(n), contradicting Corollary 7.1. 0 
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To get more insight into the numbers of the Smaradache permutation sequence, we 
define a new sequence, called the reverse even sequence, and denoted by {RES(n)}*,=1, as 
follows : 


RES(n)=(2n)(2n—2)...42, n21. (7.2) 
A first few terms of the sequence are 
2, 42, 642, 8642, 108642, 12108642, .... 
We note that, for all n>1, 


RES(nt1)=(2n+2)(2n)(2n-2)... 42 
=(2n+2)10°+RES(n) for some integer s>n, (7.3) 
where, more precisely, 
s=number of digits in RES(n). 
Thus, for example, 
RES(4)=8x10°+RES(3), RES(5)=10x10*+RES(4), RES(6)=12x 10°+RES(5). 


Lemma 7.2 : For all n>1, 4| [RES(n+1)-RES(n)]. 
Proof : Since from (7.3), 

RES(n+1}-RES(n)=(2n+2)10° for some integer s (2n=1), 
the result follows. 0 
Lemma 7.3 : The numbers of the reverse even sequence are of the form 2(2k+1) for some 
integer k20. 
Proof : The proof is by induction on n. The result is true for n=l. So, we assume that the 
result is true for some n, that is, 

RES(n)=2(2k+1) for some integer k>0. 
But, by virtue of Lemma 7.2, 

RES(n+1)}-RES(n)=4k' for some integer k'>0, 
which, together with the induction hypothesis, gives, 

RES(n+1)=4k'+RES(n)=4(k+k')+2. 

Thus, the result is true for n+1 as well, completing the proof. 0 
Lemma 7.4: 3|RES(3n) if and only if 3 | RES(3n-1). 
Proof: Since, 
RES(3n)=(6n)10°+RES(3n—1) for some integer s=n, 

the result follows. 0 : 


By repeated application of (7.3), we get successively 
RES(n+3)=(2n+6) 1 0°+RES(n+2) for some integer s=n+2 
=(2n+6)10°+(2n+4)10'+RES(n+1) for some integer t2n+1 
=(2n+6)10°+(2n+4)10'+(2n+2)10"+RES(n) for some integer u>n, (7.4) 
so that, 
RES(n+3)-RES(n)=(2n+6)10°+(2n+4)10'+(2n+2)10", (7.5) 
where s>t>u2n21. 


Lemma 7.5 ; 3|[RES(n+3)-RES(n)] for all n21. 
Proof: is evident from (7.5), since 
3 | (2n+6)10°+(2n+4)10°+(2n+-2)10" 
=10"[(2n+6)(10°"+10"+1)—2(108"42)]. 0 
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Corollary 7.2 :3|RESGn) for all n>1. 

Proof : The result is true for n=1, since RES(3)=642 is divisible by 3. Now, assuming the 
validity of the result for n, so that 3] RES(3n), we get, from Lemma 7.5, 
3 | RES(3n+3)=RES(3(n+1)), so that the result is true for n+1 as well. 

This completes the proof by induction. 0 
Corollary 7.3 : 3| RES(3n—1) for all n>1. 

Proof : follows from Lemma 7.4, together with Corollary 7.2. 0 

Corollary 7.4 : For any n20, 3 t RES(3nt1). 

Proof : Clearly, the result is true for n=0. For n>1, from (7.3), 
RES(3n+1)=(6n+2)10°+RES(3n) for some integer s>3n. 

Now, 3 | RES(3n) (by Corollary 7.2) but 3 ¢ (6n+2). Hence the result. [ 

Using (7.4), we that, for all n>1, 

RES(n+2)-RES(n) 

=[RES(n+2)-RES(n+1)]+[RES(n+1)~RES(n)] 

=[(2n+4)10'~1 ]JRES(n+1)+{(2n+2)10"-1]RES(n), (7.6) 
where t and u are integers with t»-u>n+1. 

From (7.6), we get the following result. 

Lemma 7.6: RES(n+2)}-RES(n)>RES(n+1) for all n21. 

PS(n), given by (7.1), can now be expressed in terms of OS(n) and RES(n) as 
follows : For any n2=1, 

PS(n)=10° OS(n)+RES(n) for some integer s>n, (7.7) 
where, more precisely, 
s=number of digits in RES(n). 

From (7.7), we observe that, for n>2, (since 4| 10° for s2n=2), PS(n) is of the form 
4k+2 for some integer k>1, since by Lemma 7.3, RES(n) is of the same form. This provides 
an alternative proof of Lemma 7.1. 

Lemma 7,7 +3 | PS@Qn) for all n=1. 
Proof : follows by virtue of Lemma 2.2 and Corollary 7.2, since 
PS(3n)=10° OS(3n)+RES(3n) for some integer s>3n. 0 
Lemma 7.8: 3|PS(n) if and only if 3 | PS(n+3). 
Proof: follows by virtue of Lemma 2.1 and Lemma 7.5. 0 
Lemma 7.9 : 3 | PS(3n-2) for all n=1. ; 
Proof : Since 3 | PS(1)=12, the result is true for n=1. To prove by induction, we assume that 
the result is true for some n, that is, 3 | PS(3n—2). But, then, by Lemma 7.8, 3 | PSGn-1), 
showing that the result is true for n+] as well. 0 
Lemma 7.10: For all n21, PS(n+2)—PS(n)>PS(n+1). 
Proof: Since 
PS(n+2)=10° OS(n+2)+RES(n+2) for some integer s>n+2, 
PS(n+1)=10' OS(n+1)+RES(n+1) for some integer t2n+1, 
PS(n)=10" OS(n)+RES(n) for some integer u2n, 
where s>t>u, we see that a 
PS(n+2)-PS(n)=[10° OS(n+2)-10" OS(n)}+[RES(n+2)-RES(n)] 
>10°[OS(n+2)-OS(n)]+[RES(n+2)-RES(n)] 
>10' OS(n+1)+RES(n+1)=PS(n+1), 
where the last inequality follows by virtue of (2.4), Lemma 7.6 and the fact that 10°>10'. o 
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Lemma 7.10 can be used to prove the following result. 
Theorem 7.] : There are no numbers in the Smarandache permutation sequence that are 
Fibonacci (or, Lucas) numbers. 
Remark 7.1 : The result given in Theorem 7.1 has also been proved by Le [15]. Note that 
PS(2)=1342=11x122, PS(3)=135642=111x1222, PS(4)=13578642=1 1 11x 12222, 
as has been pointed out by Zhang [16]. However, such a representation of PS(n) is not valid 
for n25. Thus, the theorem of Zhang [16] holds true only for 1<n<4 (and not for 1<ns9). 


8. SMARANDACHE CONSECUTIVE SEQUENCE {CS(n)}*)=; 


The Smarandache consecutive sequence is obtained by repeatedly concatenating the positive 
integers, and the n-th tem of the sequence is given by (1.7). 
Since 


CS(n+1)=123...(n—1)n(n+1), n=, 
we see that, for all n=1, 
CS(n+1)=10° CS(n)+(n+1) for some integer s>1, CS(1)=1. (8.1) 
More precisely, 
s=number of digits in (n+1). 
Thus, for example, CS(9)=10 CS(8)+9, CS(10)=10? CS(9)+10. 
From (8.1), we get the following result :; 
Lemma 8.1 : For all n21, CS(n+1)-CS(n)>9 CS(n). 
Using Lemma 8.1, we get, following the proof of (2.1), 
CS(n+2)-CS(n)>9[CS(n+1)+CS(n)] for all n=1. (8.2) 
Thus, 
CS(nt+2)-CS(n)>CS(n+1), n=1. (8.3) 


Based on computer search for Fibonacci (and Lucas) numbers from 12 up through 
CS(2999)=123...29982999, Asbacher [1] conjectures that (except for the trivial case, 
CS(1)=1=F(1)=L(1)) there are no Fibonacci (and Lucas) numbers in the Smarandache 
consecutive sequence. The following theorem confirms the conjectures of Ashbacher. 
Theorem 8.1 : There are no Fibonacci (and Lucas) numbers in the Smarandache consecutive 
sequence (except for the trivial cases of CS(1)=1=F(1)=F(2)=L(1), CS(3)=123= L(10)). 

_ Proof : is evident from (8.3). 
Remark 8.] : As has been aannted out by Ashbacher [1], CS(3) is a Lucas number. However, 
CS(3)4#CS(2)+CS8(1). 
Lemma 8.2: Let 3|n. Then, 3| CS(n) if and only if 3 | CS(n-1). 
Proof : follows readily from (8.1). 0 
By repeated application of (8.1), we get, 
‘CS(n+3)=10° CS(n+2)+(n+3) for some integer s21 
-=10°[10' CS(n+1)+(n+2)}+(n+3) for some integer t21 
=10°"[10" CS(n)+(n+1)]+(n+2)10°+(n+3) for some integer u=1 
=10°"™" CS(n)+(n+1)10°'+(n+2)10°+(n+3), (8.4) 














where s2>tou21. 
Lemma 8.3 :3| CS(n) if and only if 3 | CS(n+3). 
_Proof : follows from (8.4), since 
3)[(n+1)10°°+(n+2) 1 0°+(n+3)]=[(n+1)(105+-105+1)+(105+2)]. 0 
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Lemma 8.4: 3 | CS@Gn) for all n=1. 
Proof : The proof is by induction on n. The result is clearly true for n=1, since 3 | CS(3)=123. 
So, we assume that the result is true for some n, that is, we assume that 3 | CS@Gn) for some n. 
But then, by Lemma 8.4, 3 | CS(3n+3)=CS(3(n+1)), showing that the result is true for n+1 as 
well, completing induction. 0 
Corollary 8.1 +3 | CS(3n-1) for all n>1. 
Proof : From (8.1), for n21, 
CS(3n)=10° CS(3n-1)+(3n) for some integer s>1. 
Since, by Lemma 8.4, 3|CS(3n), the result follows. 0 
Corollary 8.2 :3 4 CS(3n+1) for all n=0. 
Proof : For n=0, CS(1)=1 is not divisible by 3. For n21, from (8.1), 
CS(3n+1)=10° CSGn)+(3n+1), 
where, by Lemma 8.4, 3 | CS(3n). Since 34 (3n+1), we get desired the result. 0 
Lemma 8.5: For any n=1, 5 | CS(5n). 
Proof: For n=1, from (8.1), 
CS(5n)=10° CS(Sn--1)+(5n) for some integer s=1. 
Clearly, the r.h.s. is divisible by 5. Hence, 5 | CS(5n). 0 





For the Smarandache consecutive sequence, the question is : How many terms of the 
sequence are prime? Fleuren [17] gives a table of prime factors of CS(n) for n=1(1)200, 
which shows that none of these numbers is prime. In the Editorial Note following the paper 
of Stephan [18], it is mentioned that, using a supercomputer, no prime has been found in the 
first 3,072 terms of the Smarandache consecutive sequence. This gives rise to the conjecture 
that there is no prime in the Smarandache consecutive sequence. This conjecture still remains 
to be resolved. We note that, in order to check for prime numbers in the Smarandache 
consecutive sequence, it is sufficient to check the terms of the form CS(3n+1), n>1, where 
3ntl is odd and is not divisible by 5. 


‘ 


9. SMARANDACHE REVERSE SEQUENCE {RS(n)}?p=1 


The Smarandache reverse sequence is the sequence of numbers formed by concatenating the 
increasing integers on the left side, starting with RS(1)=1. The n-th term of the sequence is 
given by (1.8). 

Since, 


RS(@+1))=(nt+1)n(v-1)...21, n= 1, 
we see that, for all, n>1, 

RS(n+1)=(n+1)10°+RS(n) for some integer s>n (with RS(1)=1) (9.1) 
More precisely, 

s=number of digits in RS(n). 
Thus, for example, 

RS(9)=9x 10°+RS(8), RS(10)}=1 0x10°+RS8(9), RS(11)=11x 10° '+RS(10). 
Lemma 9.1 : For all n=1, 4| [RS(n+1)-RS(a)], 10 | [RS(n+1)-RS(n)]. 
Proof : For all n21, from (9.1), 

RS(n+1)-RS(n)=(n+1)10° (with s2n), 
where the r.h.s. is divisible by both 4 and 10.0 
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Corollary 9.1 : For all n=2, the terms of {RS(n)}"y= are of the form 4k+1. 
Proof : The proof is by induction of n. For n=2, the result is clearly true (RS(2)=21=4x5+1). 
So, we assume the validity of the result for n, that is, we assume that 
RS(n)=4k+! for integer k21. 
Now, by Lemma 9.1 and the induction hypothesis, 
RS(n+1)=RS(n)+4k'=4(k+k'}+1 for some integer k'>1, 
showing that the result is true for n+1 as well. 0 
Lemma 9.2 : Let 3|n for some n (22). Then, 3 | RS(n) if and only if 3| RS(n-1). 
Proof : follows immediately from (9.1). 0 
By repeated application of (9.1), we get, for all n=1, 
RS(n+3)=(n+3)10°+RS(n+2) for some integer s>n+2 
=(n+3)10°+(n+2)10'+RS(nt+1) for some integer ten+! 
=(n+3)10°+(n+2)10'+(n+1)10"+RS(n) for some integer u>n, (9.2) 





where s>t>u. Thus, 
RS(n+3)=10"[(n+3)10°"+(n+2)10°"+(n+1)]+RS(n). (9.3) 
Lemma 9.3 :3|[RS(n+3)-RS(n)] for all n21. 
Proof: is immediate from (9.3). 0 
A consequence of Lemma 9.3 is the following. 
Corollary 9.2 : 3| RSGn) if and only if 3| RS(n+3). 
Using Corollary 9.2, the following result can be established by induction on n. 
Corollary 9.3 +3 | RS@Gn) for all n=1. 
Corollary 9.4: 3|RS(3n-1) for all n21. 
Proof : follows from Corollary 9.3, together with Lemma 9.2. 0 
Lemma 9.4: 3.4 RS(3n+1) for all n20. 
Proof: The result is true for n=0. For n=1, by (9.1), 
RS(3n+-1)=(3n+1)10°+RS(3n). 
This gives the desired result, since 3 | RS(3n) but 3 4 (3n+1). 0 
The following result, due to Alexander [19], gives an explicit expression for RS(n) : 
i-] 
> (1+Llog j.)) 
n jql 
Lemma 9.5 : For all n21, RS(n)=1+>, i* 10 
~ 4=2 
In Theorem 9.1, we prove that (except for the trivial cases of 
RS(1)=1=F(1)=F(2)=L(1), RS(2)=21=F(8)), the Smarandache reverse sequence contains no 
Fibonacci and Lucas numbers. For the proof of the theorem, we need the following results. 
Lemma 9.6 : For all n=1, RS(n+1)>2RS(n). 
Proof : Using (9.1), we see that 
~ RS(n+1)=(n+1)10°+RS(n)>2RS(n) if and only if RS(n)<(nt1)10%, 
which is true since-RS(n) is an s-digit number while 10° is an (s+1)-digit number. 0 
Corollary 9.5 : For all n=1, RS(n+2)-RS(n)>RS(n+1). 
Proof: Using (9.2), we have 
RS(n+2)-RS(n)=[RS(n+2)—RS(n+1)]+[RS(n+1)—RS(n)] 
=[(n+2)1 0'-(n+ 1)10°}+2[RS(n+1)-RS(n)] 
>2[RS(n+1)-RS(n)] 
>RS(n+1), by Lemma 9.6. 
This gives the desired inequality. 0 
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Theorem 9.1: There are no numbers in the Smarandache reverse sequence that are Fibonacci 
or Lucas numbers (except for the cases of n=1,2). 

Proof: follows from Corollary 9.5.0 

For the Smarandache reverse sequence, the question is : How many terms of the sequence are 
prime? By Corollary 9.2 and Corollary 9.3, in searching for primes, it is sufficient to consider 
the terms of the sequence of the form RS(3n+1), where n>1. In the Editorial Note following 
the paper of Stephan [18], it is mentioned that searching for prime in the first 2,739 terms of 
the Smarandache reverse sequence revealed that only RS(82) is prime. This led to the 
conjecture that RS(82) is the only prime in the Smarandache reverse sequence. However, the 
conjecture still remains to be resolved. Fleuren [17] presents a table giving prime factors of 
RS(n) for n=1(1)200, except for the cases n=82,136,139,169. 


10. SMARANDACHE SYMMETRIC SEQUENCE {SS(n)}"pa1 


The n-th term, SS(n), of the Smarandache symmetric sequence is given by (1.9), 
The numbers in the Smarandache symmetric sequence can be expressed in terms of the 
numbers of the Smarandache consecutive sequence and the Smarandache reverse sequence as 
follows : For all n23, 

$S(n)=10° CS(n-1)+RS(n-2) for some integer s>1, (10.1) 
with SS(1)=1, SS(2)=11, where more precisely, 

s=number of digits in RS(n—2). 
Thus, for example, $S(3)=10 CS(2)+RS(1), SS(4)=10? CS(3)+RS(2). 


Lemma 10.1 :3| SS(3n+1) for all n21. 
Proof : Let n (21) be any arbitrary but fixed number. Then, from (10.1), 
SS(3n+1)=10° CS(3n)+RS(3n-1). 
Now, by Lemma 8.4, 3| CS(3n), and by Corollary 9.4, 3] RS(3n-1). Therefore, 3 | SS(3n+1). 
Since n is arbitrary, the lemma is proved. 0 
Lemma 10.2: For any n21, (1) 34 SS(3n), (2) 3 4 SS(n+2). 
Proof : Using (10.1), we see that 
SS@n)=10° CSGn-1)+RS(3n-2), n21. 
By Corollary 8.1, 3 | CSGn-1), and by Lemma 9.4, 3 { RS(Gn-2). Hence, CS(3n) cannot be- 
divisible. by 3. . 
Again, since 
SS(3n+2)=10° CS(3n+1)+RSGn), n=1, 
and since 3 4 CS(n+1) (by Corollary 8.2) and 3 | RSGn) (by Corollary 9.3), it follows that 
SS(3n+2) is not divisible by 3. 0 








Using (8.3) and Corollary 9.5, we can prove the following lemma. The proof is 
similar to that used in proving Lemma 7.10, and is omitted here. 
Lemma 10.3 : For all n21, SS(n+2)-SS(n)>SS(n+1). 

By virtue of the inequality in Lemma 10.3, we have the following. 
Theorem 10.1 : (Except for the trivial cases, SS(1)=1=F(1)=L(1), SS(2)=11=L(5)), there are 
no members of the Smarandache symmetric sequence that are Fibonacci (or, Lucas) numbers. 

The following lemma gives the expression of SS(n+1)-SS(n) in terms of CS(n)-CS(n-1). 
Lemma 10.4 : SS(n+1)-SS(n)=10°"'[CS(n)-CS(n-2)] for all n23, where 
s=number of digits in RS(n—2), s+t=number of digits in RS(n—1). 
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Proof : By (10.1), for n23, 
SS(a)=10° CS(n-1)+RS(n-2), SS(n+1)=10°"t CS(n)+RS(n-1), 


so that 
SS(n+1)-SS(n)=10°[10' CS(n)-CS(n-1)]+[RS(n-1)-RS(n-2)] 
=10°[10°'CS(n)-CS(n—1)+(n—1)] (by(9.1)). (*#**) 
But, 
1, if 2<n-1<9 
e{ =number of digits in (n—1). 


m+1, if 10"<n—1<10™*'~1 (for all m>1) 
Therefore, by (8.1) 
CS(n-1)=10' CS(n-2)+(n—1), 
and finally, plugging this expression in (****), we get the desired result. 0 
We observe that SS(2)=11 is prime; the next eight terms of the Smarandache 
symmetric sequence are composite numbers and squares : 
SS8(3)=121=117, SS(4)=12321=(3x37Y=11 17, 
SS(5)=1234321=(11x101)?=1111, SS(6)=123454321=(41%271)=11111 
SS(7)=1234565432 1=(3x7x 1 1x13x37YS1 11111, 
SS(8)=1234567654321=(239x4649y"=1 1111117, 
SS(9)=12345678765432 1=(1 1xlOL0101)°=111111117, 
SS(10)=1234567898765432 1=(9x37x333667)"=(111x1001001=11 11111117. 
For the Smarandache symmetric sequence, the question is : How many terms of the 
sequence are prime? The question still remains to be answered. 


11. SMARANDACHE PIERCED CHAIN SEQUENCE {PCS(n)} nai 


In this section, we give answer to the question posed by Smarandache [5] by showing that, 
starting from the second term, all the successive terms of the sequence {PCS(n)/101},=1", 
given by (1.11), are composite numbers. This is done in Theorem 11.1 below. 


We first observe that the elements of the Smarandache pierced chain sequence, {PCS(a) Joe” 5 
satisfy the following recurrence relation : 
PCS(n+1)=10* PCS(n)+101, n>2; PCS(1)=101. . ; (1.1) 
Lemma 11.] : The elements of the sequence {PCS(n)},=1” are 
101, 101(10*+1), 101(10%+10*+1), 101(10!7+108+104+1), .. 
and in general, 
PCS(n)=101[10%" +104 +, 4+10441], 21. (11.2) 
Proof : The proof of (11.2) is by induction on n. The result is clearly true for n=1. So, we 
assume that the result is true for some n. 
Now, from (11.1) together with the induction hypothesis, we see that 
PCS(ri+1)=10* PCS(n)+101 
=10*[101010%°- P4104 +, +104+1)]}+101 
=101(10°" +104" 9+.. +104+1), 
which shows that the result is true for n+1. 0 
It has been mentioned in Ashbacher [1] that PCS(n) is divisible by 101 for all n21, and 
Lemma 11.1 shows that this is indeed the case. Another consequence of Lemma 11.1 is the 
following corollary. 
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Corollary 11.1 : The elements. of in sequence {PCS(nV/101},=;" are 
1, x+1, x°+x+1, xO+x 7x41, 
and in general, 
PCS(n)/101=x" 1 +x" 74. +1, n> 1, . (11.3) 
where x=10°. . 
Theorem 11.1 : For all n22, PCS(n)/101 is a composite number. 
Proof : The result is true for n=2. In fact, the result is true if n is even as shown below : Ifn 
(24) is even, let n=2m for some integer m (22). Then, from (11.3), 
PCS(2m\/101=x7™ 14x?" xt] 
SOTO eater) 
=(xt1)02"" ce +1) 
that is, PCS(2m)/101=(104+1) [108-941 98, +1, (11.4) 
which shows that PCS(2m)/101 is a composite number for all.m (22). 
Next, we consider the case when n is prime, say n=p, where p (23) is a prime. In this case, 
from (11.3), 
PCS(p)/101=x? MxP A +1 =(xP—-1)/(x—D). 
Let y=10° (so that x=y*). Then, 
pesp) XP-L P-L (yP-1)(y?+1) 


(yt I(y-D) 


{obo tyP 24 FIDE L(yt1 (yh ey? 24... +1} 


{y+1)(Qy-1) 


Oy yy ee) 
that is, PCS(py/101=[10° P07? 419° P+, 110-407-4414, (11.5) 
so that SPC(p)/101 is a composite number for each prime p (23). 
Finally, we consider the case when n is odd but composite. Then, letting n=pr where p is 
the largest prime factor of n and r (>2) is an integer, we see that 
PEC COU 
axPrt pyr ty +] 
sy PtH NXP i ye oo) EL EXPER + xP? +...41)4... 
(xP $xP 24 +1) 
=(xP ta xP Ay LEP Pt, +1] 
that is, PCS(nyY/101=[10%P+108P 4 + PLP P41 O47], (11.6) 
and hence, PCS(n)/101=PCS(pr)/101 is also a composite number. 
All these complete the proof of the theorem. 0 
Remark 11.1 : The Smarandache pierced chain sequence has been studied by Le [20] and 
Kashihara [21] as well. Following different approaches, they have proved by contradiction 
that for n=2, PCS(n)/101 is not prime. In Theorem 11.1, we have proved the same result by 
actually finding out the factors of PCS(n)/101 for all n>2. Kashihara [21] raises the question : 
Is the sequence PCS(n)/101 square-free for n>2? From (11.4), (11.5) and (11.6), we see that 
the answer to the question of Kashihara is yes. 
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ADRIAN VASIU* ANGELA VASIU"* 
* MATH. DEPARTMENT "UNIVERSITY OF ARIZONA” 
TUCSON, ARIZONA, US.A. 
** MATH. DEPARTMENT, ”"BABES-BOLYAI UNIVERSITY” 
CLUJ-NAPOCA, ROMANIA 


ABSTRACT. The fulfilled euclidean plane is the real projective plane IT completed 
with the infinite point of its infinite line denoted II’. This new incidence structure 
is a structure with neighbouring elements, in which the unicity of the line through 
two distinct points is not assured. This new Geometry is a Smarandacheian struc- 
ture introduced in [10] and [11], which generalizes and unites in the same time: 


Euclid, Bolyai Lobacewski Gauss and Riemann Geometries. 


Key words: Non-euclidean Geometries, Hjelmslev-Barbilian Geometry, Smaran- 


dache Geometries, the fulfilled Euclidean plane. 


1. HJELMSLEV-BARBILIAN INCIDENCE STRUCTURES 


When the first Non-euclidean Geometry was introduced by Bolyai and 
Lobacewski even the great Gauss said that people were not prepared to receive 
a new Geometry. Now we know and accept many kinds of new Geometries. In 1969 
Florentin Smarandache had put the problem te study a new Geometry in which the 
parallel from a point to a line to be unique only for some points of points and lines 
‘and for the others: none or more. More general: An axiom is said Smarandachely 
denied if the axiom behaves in at least two different ways within the same space (i.e., 


validated and invalided, or only invalidated but in multiple distinct ways). Thus, a 
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Smarandache Geometry is a geometry which has at least one Smarandachely denied 
axiom. 

Are nowadays people surprise for such new wane and new Geometries? Certaintly 
not. After the formalized theories were introduced in Mathematics, a lot of new 
Geometries could be accepted and semantically to be proved to’be non-contradictory 
by the models created for them as in [1], [2], 3}, (4], (51, [6], [8], [9], (12). 


Definition 1.1. We consider P,D, I the sets which verify: 


(1) PxD=0 


(2) ICPxD 


The elements of P are called points, the elements of D are called lines and J defines 
an incidence relation on the set P x D. (P,D,I ) is called an incidence structure. 
If (P,d) € I we say that the point P & P and the line d € D are incident. 

In the incidence structures introduced by D. Hilbert were accepted the axiom: 

Axiom 1.1. P; € P, dj €D, (P.,d;) € 1, i,j =1,2 imply P, = P or d; = dp. 

In [3] J. Hjelmslev generalized these incidence structures considering (P, D, I) in 
which this axiom is denied, and the uniqueness of a line incident with two different 
points is not assured. 

Definition 1.2. Two distinct points P,,P,) € P of a (P,D,I) are said to be 


neighbouring, denoted P, 0 Py, if there are at least dj, d. € D, dy # dy such that: 


(3) (Pidj)el, i,7 = 1,2. 


An incidence structure (P,D,I) with a neighbouring relation is denoted 


(P,D, I, 0). 


D. Barbilian proved that such incidence structures are consistent, considering in 
[1] a Projective Geometry over a ring. Later such structures were studied in [2], [4] 


[5], [6], [8], [9], (22). 


t 


2. THE FULFILLED EUCLIDEAN PLANE 


The mathematical model for the real projective plane IT is: 
(4) P= {(oX, pY, pZ)| X,Y, Z,p RR, p £0} \ {(0,0,0)} 
where (X,Y, Z) are homogeneous coordinates for a point 


(5) | D' = {{ga, 9b, gel] a,b, c,¢ ER, ¢ £0} \ {[0, 0, 0]} 


is the set of the lines of the Ti plane. 
The incidence between a point M (X,Y, Z) and a line [a, 5, ¢| is defined through 


the condition 
(6) aX +6Y +cZ=0 
The infinite line denoted through [oo] has the equations [0, 0,1] or: 
(7) Z = 0, 
The infinite points of the II plane have homogeneous coordinates of the type: > 
(8) (X,¥,0), X?+¥?+40 


Let we observe that in IT any line has its infinite point - except the infinite line 
[oo]. In this note we introduce it. 

Definition 2.1. The infinite point of the infinite line [co] is 17(0,0, 0) (the unique 
point which were not considered in P” in (4)). 

From (6) and (8) we can see that U (0,0, 0) an infinite point incident with any line 


from D’. 
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Definition 2.2. The real projective plane TI completed with the point 1/(0, 0,0) 
is called the completed real projective plane or the fulfilled euclidean plane, 
denoted I”. 

Definition 2.3. We denote P” := P’U{(0, 0,0)} or P* := P'U{U}. The incidence 


relation 1 c P’ x D’ now we prolonge it at J’, I’ cP” x D’ such that: 


(9) pp = 1 
and 
(10) Ula, VaeD 


3. THE INCIDENCE STRUCTURE WITH NEIGHBOURING OF ORDER & 


Definition 3.1. In an incidence structure (P, D, I, 0) with neighbouring ele- 
ments we define an order of neighbouring of two lines d; € D, i = 1,2. The lines 
d, and dz are called neighbouring of order & if there are exactly k distinct points 


incident with them, that is: 
(11) (a7) es, 4212 j=1,k 


Definition 3.2. An incidence structure (P,D,I,°) in which any two lines are 
neighbouring Saas of order & is called a Hjelmslev Barbilian plane of order &, 

Theorem 3.1. The fulfilled euclidean plane TT" is an incidence structure with 
neighbouring lines Hjelmslev Barbiliab of order tao. 

Proof. Any two lines from TI are incident with exactly one point, IT being a. 
projective plane. In Ti any two lines are incident also with the point U(0,0,9) 
which was not considered in TI, 


If two lines a and 6 from TI are incident with the P point, that is: 


(12) , Pla,b 
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then in IT’ the lines a and b are incident with the two points P and U. Such we have: 
(13) PoU 


that is — after definition 1.2 — P and U are neighbouring points. 


The lines a and 5 of D’ are neighbouring lines of order two: 
(14) a 04 b, 
because we have: 
(15) PLUT'a,b, aX, 


for any two distinct lines from I’. 

If a or @ is the infinite line [oo] then P from (12) is an infinite point. If a and 5 
are different of the line [oo] then P is a propre point of P’. 

In any case a and b are always incident with exactly two points from IT”. Such we 
proved that [1° is a Hjelmslev-Barbilian plane of order two. 


If Il is the real projective plane of a T-euclidean plane we can see that: 
(16) Wee Te 


Definition 3.3. In the real Space we consider a sphere S tangent in P to a I 
_ euclidean plane and let be N the diametral opposite point of P on the S. We define 


the stereographyc projection of the pole N from S to I’: 
(17) f:s-1r 
f(M) := M* where {M'} = NM NTI 


and 


FUN eS, 
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Such through f we obtain a bijection between the all points of S and the points 
of IT. 
Some others applications of Ti we gave in [14] as a transdisciplinary study given 


after the notions given in [7], 
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Resumo 


Dando jus & matemdtica experimental, mostramos como a Maple pode 
ser usado na investigagac matemAética de algumas questdes actualmente sem 
resposta na Teoria dos Nuimeros. A tese defendida 6 que os alunos de um 
curso de Matematica podem facilmente usar o computador como um lugar 
onde se excita e exercita a imaginacao. 


1 Introducao 


, 


Albert Einstein é conhecido por ter dito que “a imaginacio é mais importante 
que o conhecimento”. Se assim é, porqué esperar pelo mestrado ou doutoramento 
para comegar a enfrentar problemas em aberto? Nio é a criatividade prerrogativa 
dos mais novos? Em [3] mostrei como com muito pouco conhecimento é possivel 
debrucar-mo-nos sobre algumas questées actualmente sem resposta na Teoria de 
Computagao. Aqui, e a propésito do ano 2003 ter sido escolhido pela APM como 
9 ano da Matemdtica e Tecnologia, vou procurar mostrar como o computador ¢ um 
ambiente moderno de computacao algébrica, como seja o Maple, podem ser exce- 
lentes auxiliares na abordagem a “quebra-cabecas” que a matematica dos nimeros 
actualmente nos coloca, A minha escolha do sistema Maple prende-se com o facto 
de ser este o programa informatico actualmente usado na cadeira de Computadores 
no Ensino da Matemdtica, no Departamento de Matematica da Universidade de 
Aveiro. Desta maneira os meus alunos serdo prova viva de que basta um semes- 
tre de “tecnologias na educagiéo matemética”, para nos podermos aventurar por 

‘ “mares ainda nao navegados”. O leitor que queira aprender sobre o Maple podera 
comegar por consultar o nosso site de Computadores na Ensino da Matemdtica: 
http: //webct .ua.pt/public/compensmat/ index.html. 


2 Numeros felizes 


Seja n & N um. numero natural com representacao decimal n = de... dp, 04d, <9 
(i= 0,...,k), ¢ denotemos por a(n) a soma dos quadrados dos digitos decimais de 
n a(n) = ao. Dizemos que n 6 um niimero feliz se existir um r € N tal 
que (g0---o¢)(n) =1. Por exemplo, 7 é um mimero feliz (r = 5), 

Secsrseeet ge rieiedl 


T Vvezes 


a(7) = 49, o(49) = 97, o(97) = 130, 7(130) = 10, o(10) = 1; 
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enquanto 2 nao: 


o(2) =4, o(4) = 16, o(16) = 37, o(37) = 58, o(58) = 89, 
o(89) = 145, o(145) = 42, o(42) = 20, o(20) = 4... 


Vamos definir em Maple a funcdo caracteristica Booleana dos niimeros felizes. Comesamos 
por definir a fungio digitos que nos devolve a sequéncia de digitos de uma dado 
numero n 


> digitos := n -> seq(iquo(irem(n,107i),107(i-1)) ,i=1. length (n)): 
> digitos(12345) ; 


5, 4,3,2,1 
A fungao ¢ é agora facilmente construfda 


> sigma := n -> add(i*2,i=digitos(n)): 
> sigma(24) ; 


20 
© processo de composicio da funedo ¢ 6 obtido usando o operador @ do Maple: 


>s := (n,r) -> seq((sigmaG@@i) (n) ,i=1..r): 
> 8(7,5); 


49, 97, 130, 10, 1 
> $(2,9); 
4, 16, 37, 58, 89, 145, 42, 20, 4 


Para automatizarmos o processo de decis&o se um niimero é feliz ou Nao, recorremos 
a alguma programagao. O seguinte procedimento deve ser claro. 


> feliz := proc(n) 
local L, v: 
L:= {}; 
v :% sigma(n): - 
while (not (member(v,L) or v=i)) do 
L := L union {v}: 
v := sigma(v): 
end do: 
if (v = 1) then true else false end if: 
end prac: 


YVVVYVYV YY YY OY 


Podemos agora questionar o sistema Maple acerca da felicidade de um determinado 
numero. 


> feliz(7); 
me 
> feliz(2); 
false 
A lista de todos os niimeros felizes até 100 é dada por 


> select (feliz, [$1..100]); 
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[1, 7, 10, 13, 19, 23, 28, 31, 32, 44, 49, 68, 70, 79, 82, 86,91, 94, 97, 100] 
Concluimos entdo que existem 20 ntimeros felizes de entre os primeiros 100 naturais 
> nops(select (feliz, [$1..100])); 
20 


Existem 143 niimeros felizes nao superiores a 1000; 1442 no superiores a 10000; e 
3038 nao superiores a 20000: 


> nops (select (feliz, [$1..1000])); 
143 

> nops(select (feliz, [$1..10000])); 
1442 

> nops(select (feliz, [$1..20000])); 


3038 


Estas tiltimas experiéncias com o Maple permitem-nos formular a seguinte conjec- 
tura. : 


Conjectura 1. Cerca de um sétimo de todos as mimeros séo felizes, 


Uma questao interessante é estudar niimeros felizes consecutivos. De entre os 
primeiros 1442 numeros felizes podemos encontrar 238 pares de niimeros felizes 
consecutivos (o mais pequeno é 0 (31,32)); 


> felizDezMil := select(feliz, [$1..10000]): 
> nops(select (i->member(i,felizDezMil) and 
member (i+1,felizDezMil) ,felizDezMil)); 


238 


onze ternos de nttmeros felizes consecutivos, o mais pequeno dos quais é0 (1880, 1881, 1882); 


1 


> select (i->member(i,felizDezMil) and 
member (i+1,felizDezMil) and 
member (i+2,felizDezMil) ,felizDezMil) ; 


[1880, 4780, 4870, 7480, 7839, 7840, 8180, 8470, 8739, 8740, 8810} 


dois quaternos de ntimeros -felizes consecutivos, o mais pequeno dos quais é 0 
(7839, 7840, 7841, 7842); 


> select (i—>member(i,felizDezMil) and 
member (i+1,felizDezMil) and 
member (i+2,felizDezMil) and 
member (i+3 ,felizDezMil) ,felizDezMil) : 
(7839, 8739] 


e nenhuma sequéncia de cinco numeros felizes consecutivos. 


> select (i->member(i,felizDezMil) and 
member (iti,felizDezMil) and 
member (i+2,felizDezMil) and 
member (i+3,felizDezMil) and 
member (i+4,felizDezMil) ,felizDezMil) ; 
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(] 


Sabe-se que a primeira sequéncia de cinco nimeros felizes consecutivos comeca com 
oO 44488. 


feliz(44488) and feliz(44489) and feliz(44490) and 
feliz(44491) and feliz(44492); 


true 


E também conhecida uma sequéncia de 7 ntimeros felizes consecutivos, que comeca 
com o ntimero 7399999999999959999999996 (vide {4]). 


3  Sucessdes de Sinavaudache 


Dada uma sucessdo de inteiros {un}, a correspondente sucessio de Smarandache 
{s,} € definida por concatenac&o de inteircs como se segue: 


$1 = Uy, $89 = UyUg, ..., Sp Ty ie 


Estamos interessados na sucesso de Smarandache associada aos niimeros felizes. 
Os primeiros elementos desta sucessao sao: 


1, 17, 1710, 171013, 17101319, 1710131923, 171013192328, 17101319232831,... 


Comegamos por implementar a concatenagao de inteiros em Maple. 


> conc := (a,b) -> a*107length(b) +b: 
> conc(12,345) ; 


12345 


Formando a lista dos nimeros felizes até um certo n, e usando a funcdo conc acima 
definida, a correspondente sucessdo de Smarandache é facilmente obtida. 


> sh := proc(n) 
> local L, R, i: 
> L i= select (feliz, [$1..n]): 
> BR: array(1..nops(L),L): 
> for i from 2 by 1 while i <= nops(L) do 
> R(i] :=cone(R(i-1] , L[i)): 
> end do: 
> return(R): 
> end proc: 
‘Como 


> select (feliz, [$1..31]); 
[1, 7, 10, 13, 19, 23, 28, 31] 
os primeiros 8 valores da sucessio de Smarandache sao entao 
> print (sh(31)); 
, [1,17, 1710, 171013, 17101319, 1710131923, 171013192328, 17101319232831) 


Existem muitas questées em aberto associadas A sucessiio de Smarandache’ dos 
numeros felizes (vide [2]). Umas dizem respeito A existéncia de numeros primos 
na sucessao; outras 4 existéncia de niimeros felizes. Fagamos agora alguma inves- 
tigacao a este respeito. Usando o Maple é facil concluir que de entre os primeiros 
143 termos da sucessio de Smarandache dos nimeros felizes, apenas 3 sao primos. 
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> primos := select (isprime,sh(1000)): 
> nops([seq(primos [i] ,i=1..143)]); 


3 


Se fizermos print (primos) vernos que os trés primos sao $2 = 17, s5 = 17101319 e 
$43 (S43 € um primo com 108 digitos decimais). 


> primos[2], primos[5]; 
17, 17101319 
> length (primos [43] ) ; 
108 


Apenas sio conhecidos estes niimeros primos na sucessio de Smarandache dos 
nimeros felizes. Permanece por esclarecer se eles serao ou no em ntimero finito 
(vide [1]). 

Existem 31 nttmeros felizes de entre og primeiros 143 termos da sucessio de 
Smarandache dos nimeros felizes: 


> shFelizes := select (feliz,sh(1000)): 
> nops([seq(shFelizes [i] ,i=1..143)]); 


31 


Recorrendo ao comando print (shFelizes) vemos que esses niimeros sao 0 $1, $115 
$14) 5307 531) 535) S48, 552) 358, 962, 567, 569; $71, S761 $77) 878, $82) S83, 585, 598, $104; 


$108, $110; 5114, $115, $117, $118, $119, $122, S139 & S14o. A titulo de curiosidade, s149 
tem 399 digitos: 


> length (shFelizes[140]) ; 


399 


Muito existe por esclarecer relativamente A existéncia de numeros felizes consecu- 
tivos na sucessio de Smarandache dos niimeros felizes. Olhando para os resulta- 
dos anteriores vernos que o par mais pequeno de nimeros felizes consecutivos 6 0 
(s30, $31); enquanto o terno mais pequeno é 0 (876, 577, $7g).. Quantos termos con- 
secutivos sio possiveis? E capaz de encontrar exemplos, digamos, de seis niimeros 
felizes consecutivos? Estas e outras questdes estdo em aberto (vide [1]). Ferrammen- 
tas como o Maple sao boas auxiliares neste tipo de investigacdes. Fico A espera de 
algumas respostas da sua parte. 
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Abstract 

The Smarandache Numbers are: 

1,2,3,4,5,3,7,4,6,5,11,4,13,7,5,6,17,6,19,5,7, 11,23,4,10,13,9,7,29,5,31,8,11,17,7,6,37, 
19,13,5,41,7,43,11,6,23,47,6,14,10,17,13,53,9,11,7,19,29,59,5,61,31,7,8,13,11,67,17 
23,7,71, 6,73,37,10,19,11,13,79,6,9,41,83,7, ... 

and defined as the smallest integer m such that n divides m! Finding the exact value of 
a(n) is an open problem, and this paper presents an effective algorithm for 

determining the value of a(n). 


- 


Keywords 
Smarandache functions, factorial, prime numbers 


Introduction 
The process involved is fairly simple, and we need to know the factorisation of n. 
From this factorisation, it is possible to exactly calculate by which m each prime is 
satisfied, i.e. the correct number of exponents appears for the first time. The largest of 
these values gives a(n). 


Satisfying pe 
T 


o satisfy p‘, we find the lowest m such that p* divides m!. 


For example, if we look at 3*=81, then m=9 suffices and is also the lowest possible 
value of m we can achieve. 


We can see that m=9 suffices, as 9!=1.2.3.4.5.6.7.8.9, of which 3,6 and 9 are 
multiples of 3, and 9 happens to be 3*. As 3, 6 and 9 are the first multiples of 3, this 
implies m=9 is minimal. 


The key to finding m lies in the value of k, and with the distribution of 3’s over the 
integers, 


The pattern of divisibility by 3, beginning with 1, is: 
0010010020010010020010010030.... 


For the purpose of the Smarandache numbers, we can remove the 0’s from this, as we 
are only concerned with accumulating enough 3’s. 


(PLP ZIT 2 P38 TOTAL TIS SI 2T I 2T IAL: 
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The pattern present here can be generalized at a basic level to allow us to calculate the 
values of the sums whenever a number appears for the first time. 


This gives us the sub-sequences 1, 112, 112112113, etc..., and we are interested in 
the sums of these, i.e.: 


(B) 1, 4, 13, 40... 

This is the partial sums of 1+3+9+27+..., and this is result of evaluating (3"-1)/2. 
Now we can deduce the value of m from k, where does k appear in B? Our k in the 
example was 4, and this appears as B(2). This means that to reach 3* we need 3 terms 


from A (=3% Dy, and multiplying by 3 gives the answer we require of 9. 


But how about 3°*°? To calculate m for this, we reduce in by as many possible of the 
terms of A. 


A fuller list of A is: 


(pari/gp code) 

three(n)=(3n-1)/2 

for (n=1,8,printl (three(n)",")) 

1,4,13,40, 121,364, 1093, 3280, 

364 is too large, but 121 is Ok. 333-121=212, and again 212-121=91. 
121 ts A(5), so the data collected so far is [2*5] 


Continuing, 91-2*40= 11, and 11-2*4=3, and 3=1*3, thus we have the data [2*5, 2*4, 
252, 3° 1). 


To interpret this data, we just re-apply it to the distribution of 3’s..2*5 means that we 
need 2*3* consecutive multiples of 3 — by this stage we have satisfied 377. 2*4 means 
that we add a further 2*3° multiples of 3, 2*2 means that we add a further 2*3' 
multiples of 3, and finally we add 3*! multiples of 3. 


The whole sum is therefore 2*81+2*27+2*3+3* 1=162+54+6+3=225, and this gives 
us the answer directly: (225*3)! = 675! is the smallest factorial that 3°** divides. 


This can be proven with a small Pari program: 


? for(i=1,2000, iffi!963"333==0, print! (i); break) 
675 


Calculating a(n) 
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Then we need to calculate the m value for each prime and exponent, and a(n) is the 
largest. 


This Pari/GP code performs the necessary calculations 


{ 

findm(x,y)=local(m,n,x1); 

m=0;n=15x1=x-]; 

while (((x*n-1)/x1)<=y,n++):n--; 

while (y>0, 

while (((x*n-1)/x1)<=y,y-=((x*n-1)/x1);m+=(x(n- 1)));n--); 
x*m 


} 


This is the findm(Q) function. n is boosted until larger than necessary, and then 
trummed down one so that is must be less than or equal to y. Then y is decreased by 
the largest possible value of (x“n-1)/(x-1) possible until y=0. m is continually 
incremented throughout this process as appropriate, and the returned value is x*m. 


{ 
smarandache(n)=local(f,fl,ms); 
if (n==1,1, 


ffactor(n);fl=length({[, 1); 
ms=vector(fl,i,0); 

for (=1,fl,ms[i]=findm(f[i, 1],f11,2)); 
vecmax(ms)) 


The smarandache() function returns | ifn is 1, otherwise it creates the ms vector of 
lowest possible m values, and returns the largest value. 


The program results in this data: 


?for (i=1,100,print] (smarandache(i)",")) 
1,2,3,4,5,3,7,4,6,5,11,4,13,7,5,6,17,6,19,5,7,11,23,4,10,13,9,7,29,5,31,8, 11,17, 
7,6,37,19,13,5,41,7,43,11,6,23,47,6,14,10,17,13,53,9,11,7,19,29,59,5,61 Aa Oe 
3,11,67,17,23,7,71,6,73,37,10,19,11,13,79,6,9,41,83,7,17,43,29, 1 1,89,6,13,23,31 
47,19,8,97,14,11,10, 


> 


which give a 100% correlation with the sequence given in the abstract. 


At 100Mhz, it takes about 1 minute to generate the sequence to n=10000. 


Reference: 
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Neil Sloane, The Encyclopaedia of Integer Sequences, Sequence # A002034, 
http://www.research.att.com/cgi- 


bin/access.cgi/as/njas/sequences/eisA .cgi?Anum=A002034 


127 


On Additive Analogues of Certain Arithmetic 


Functions 


Jézsef Sandor 
Department of Mathematics, 


Babes-Bolyai University, 3400 Cluj-N apoca, Romania 


1. The Smarandache, Pseudo-Smarandache, resp. Smarandache-simple functions 


are defined as ([7], (6]) 


S(n) = min{m EN: nimi}, (1) 
2(n) = min {meN: eee (2) 
Sp(n) = min{m © N: p"|m!} for fixed primes p. (3) 


The duals of S and Z have been studied e.g. in [2], [5], (6): 


S.(n) = max{mé€N: m!|n}, (4) 
4,(n) = max {men. minh. ; (5) 


We note here that the dual of the Smarandache simple function can be defined 


in a similar manner, namely by 
Spe(n) = max{m EN: m!|p} (6) 


This dual will be studied in a separate paper (in preparation). 
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2. The additive analogues of the functions S and S, are real variable functions, 
and have been defined and studied in paper [3]. (See also our book [6], pp. 171-174). 
These functions have been recently further extended, by the use of Euler’s gamma 
function, in place of the factorial (see (1]). We note that in what follows, we could 
define also the additive analogues functions by the use of Euler’s gamma function. 
However, we shall apply the more transparent notation of a factorial of a Baste 
integer. 

The additive analogues of S and S, from (1) and (4) have been introduced in [3] 
as follows: 

S(z)=minfmeN: r<ml}, S$: (1c) ->R, (7) 
resp. 


S.(z)=max{meN: ml <z}, S,:[l,oo)>R (8) 


Besides of properties relating to continuity, differentiability, or Riemann integra- 
bility of these functions, we have proved the following results: 


Theorem 1. 
log x 





Sula) ae log log x Ge =F ox) (9) 
(the same for S(z)). - 
Theorem 2. The series 
= i 
—_— 10 
do ay 9) 


ws convergent for a > 1 and divergent fora <1 (the same for S,(n) replaced by 
3. The additive analogues of Z and Z, from (2), resp. (4) will be defined as 


2(2) = min fm €N: og mmr dh. (11) 
2c) = max {m EN: ee < x} (12) 
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In (11) we will assume x € (0, +00), while in (12) ¢ € [1, +00). 


The two additive variants of S,(n) of (3) will be defined as 
P(x) = 5,(x) = min{m €N: p* < m!}; 

(where in this case p > | is an arbitrary fixed real number) 
P,(2) = Sp(x) = max{m EN: m! < p*} 


From the definitions follow at once that 





ee aa (Se ee) for k > 1 
Z.(c) =k & we Aa Gees) 


For x > 1 it is immediate that 
Z.(z) +12 Z(z) > Z,(x) 


Therefore, it is sufficient to study the function Z,(z). 


The following theorems are easy consequences of the given definitions: 


Theorem 3. 


Z,(x) ~ 5V8EFi (r — 00) 


(13) 


(14) 


(15) 


(16) 


(19) 


Theorem 4. 
sa a MS Convergent for a > 2 
S (Z.(n))* 
= 1 
and divergent for a <2. The series ye n(Ztn))® is convergent for all a > 0. 
n=l ‘af 
K(k +1 K+1 2 

Proof. By (16) one can write sia ie Acetic so k?+k—-22 <0 


2 


and k* + 3k +2— 2x > 0. Since the solutions of these quadratic equations are ky. = 


~ltvV8r+l1 —34V8r+1 : 
— > Fesp. ka = mee caer’ and remarking that 
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VY8r+1-3 = 
9 2 


1 < x > 3, we obtain that the solution of the above system of inequalities is: 


ke p eo) if z € (1,3); 
(20) 
be (CEE if 2 € [8, too) 
So, forz > 3 
aes <2, (2) ee (21) 


implying relation (18). 
Theorem 4 now follows by (18) and the known fact that the generalized harmonic 
oO 
d 
ae ‘gent only for @ > 1. 
series 2. 7a 18 convergent only for 
The things are slightly more complicated in the case of functions P and P,. Here 


it is sufficient to consider P., too. 


First remark that 


PAL) =m. SS ae (22) 


logm! log(m +1)! 
logp’ — logp 


The following asymptotic results have been proved in [3] (Lemma 2) (see also 


6], p. 172) 
1 | 1 m log log m! 1 log log m! 1 ( ) (23) 
ogmi~ miogm, — +2 aw ene nn) m— oo 
2 Se eral ’ Jog log(m + 1)! 


By (22) one can write 





log| ! | log log(: 1)! 
mloglogm! om isco mlog x < mloglog(m + 1) =e lees m | 
log m! log m! ~ logm! log m! log m! 
ae log x . 
giving pel -+ 1 (m — oo), and by (23) one gets log 2 ~ logm. This means that: 
Theorem 5. 


log P, (x) ~ log a (z — oo) (24) 


The following. theorem is a consequence of (24), and a convergence theorem 


established in (3): 
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oo Qa 

1 / logl 

Theorem 6. The series S — (SS) 18 convergent fora > 1 and diver- 
n \log P, 


n=] 


gent fora <1. 


1 floglogn\* 
Indeed, by (24) it is sufficient to study the series ~ - Go (where 
n & 


n>ng 


ng € N is a fixed positive integer). This series has been proved to be convergent for 


_@ > 1 and divergent for a < 1 (see [6], p. 174). 
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Recursive Prime Numbers 


% ‘ * ‘<i * 
Sabin Tabirca Kieran Reynolds 
*Computer Science Department, University College Cork, Ireland 


email: {s.tabirca, k. reynolds} @cs.ucc.ie, 


Many researchers study prime numbers for the curiosities that they possess rather than 
the position they occupy at the foundations of Number Theory. This study may be in 
any numbers of areas from applications to multimedia to searching for special or 
unusual primes. It is truly awe inspiring to see how much time can be expended on 
prime numbers without a realistic application. 


In this article, a sequence of prime numbers, called Recursive Prime Numbers, is 
identified before a complete search is undertaken to verify that the sequence is finite 
by finding all existing prime numbers of the specified form. This could be done with 
considerable effort by hand, but here a simple computer program has been used to 
speed the calculations. So now the question. must be answered; what are recursive 
prime numbers. The easiest way to answer that is to say that a prime number is 
recursively prime if the number is prime can be constructed by adding a digit to an 
already recursive prime number. 


1. Recursive Prime Numbers 


The idea of Recursive Prime Numbers arose when asked if it were possible to create 
infinite sequences of prime numbers by adding digits to the end of an existing prime. 


Definition 1. A number is said to be a recursive prime number if it and all of the 
initial segments of the decimal expansion are prime. We can recursively define those 
numbers as follows: 

a) 2, 3, 5, 7 are recursive prime numbers 


b) if agay...d, is a recursive prime number and agay...a,4n,1 is a prime number 


then aga)...AnQy,, is a recursive prime number as well. 


Example 1. 23333 is a recursive prime number since 2, 23, 2333 and 23333 are all 
prime. 


Although, with only a little examination it becomes clear that it is very unlikely that 
such an infinite sequence could be found, still the concept is one that is quite 
interesting and demanded some attention. It is not a difficult task to systematically 
find all prime numbers of this form. Let us consider the following sets of prime 
numbers 


E'(a) = {a}, V a {2,3,5,7} (1) 
L™*\(a) = )0-x+ y:xeL"(a), ye {1,3,7,9}, 10-x+ pis prime} n>] (2) 
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Lia=U LG) Vane 357), (3) 
nz} 
where Z"(a) represents the set of the recursive prime numbers which start with the 
digit a and have n digits. 


We used Java computation to generate the set (a) of all the recursive prime numbers 
that start from the digit a (see Figure 1). The program chooses to use Java’s long type 
as opposed to the reference type, BigInteger. This choice was made to simplify the 
code in the expectation that there would be no need for the increased size provided for 
BigInteger. Similarly, a simple trial division primality test has been used in lieu of a 
more efficient test since the numbers are expected to remain relatively small in all 
cases (see Figure 1). There are many references available for those interested in 
primality testing, [Knuth, ***], [Shallit, 1996], [Romero, 1998]. 


The code creates two queues queueOld and queueNew for the sets L"(a) and L"*"(a) 
respectively. Initially, the queue queueOld contains the digit a. The loop for simulates 
Equation (2) by generating the elements of queueNew from the elements of queueQld 
and the set of last digits. An element prime of queueOld is removed from the queue, 
which is concatenated with the last digits {1, 3, 7, 9}. Ifa prime number is obtained, 
we insert it in the queue queueNew. When all those numbers are composite, we find 
that queueNew is empty, therefore the computation finishes. 


public Vector listRecurs(long a){ 
LinkedList queueOld = new LinkedList(); 
LinkedList queueNew = new LinkedList(); 
Vector primes = new Vector(); 


queueOld.addLast (new Long(a)); // digit is added to queue 
long [] lastDigit = {1, 3, 7, 9}; 


for(int n=1;! queueOld.isEmpty();n++) { 
// generate queueNew for the set L'(a) 


while (! queueOld.isEmpty()) { 
// get an element prime from queueOld 


long prime = ( (Long) queueOld.removeFirst()},longValue(); 
primes.addZlement (new Long(temp)) ; 


// generate all the recursive prime numbers from prime 
for (int i = 0; i< lastDigit.length(); i++) { 
long primeNext = prime * 10 + lastDigifil]; 
if(this.testPrimality (primeNext) ) 
queueNew.addLast (primeNext) ; 


} 

while (! queueNew.isEmpty()}{ 
long nr = ( (Long) queueNew. removeFirst ()).longValue(); 
queueOld.addLast (nr); 

} 


} 


return primes; 
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public Boolean testPrimality(long num) { 


if (this.getLong()==2 | | this.getLong()==3)return isPrime; 
if (this.getLong()%2==0 || this.getLong()%3==0) return isComposite; 
for (int i=5; i<(long) ath.floor(Math.sqrt (this.getLong())); it=4) 
{ if (this.getLong() % i == 0) return isComposite; 
Lit= 2; 


if (this.getLong() % i == 0) return isComposite; 
} ; 


return isPrime; 


} 
Figure 1. Java program to list all recursive prime numbers. 
The following theorem establishes the correctness of our computation. 


Theorem 1. The contents of queueOld before the n-th iteration of the loop for is 
L"(a), therefore the contents of the vector primes is L(a). 
Proof. Induction is used for this proof. 
Since the queue queueOld initially contains only a, we find that the property holds for 
n=1. Suppose that before the n-th iteration the contents of queueOld is Z"(a). In the 
loop for we generate queueNew as follows: 

- for any element prime of queueOld= "(a) and for any lastDigit[i] 

- if prime*10+lastDigit[i] is prime then add it to queueNew 
Therefore, the contents of queueNew will be identical as £"*! (a). At the end of this 
iteration the elements of queueNew are transferred to queueOld therefore before the 
iteration (n+1)-th the contents of queueOld is L”*/(a). 
+ 
The computation relieved that the sets Z”(a) are empty for values n>8. Therefore, each 
digit 2, 3, 5, 7 generates only a finite number of recursive primes. This is detailed in 
the next section. « 


2 
ee ot 
23 29 
eS ee, 
233 239 a 
2333 2339 2393 2399 2939 
23333 23339 we ae 29399 
sles eae pula 
2339933 woe, es 
Bales 29399999 


Figure 2. Recursively constructed prime numbers with starting digit 2. 
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2. Series of Recursive Primes 


In order to gain a better understanding of recursive prime numbers it is necessary to 
view the results for each starting digit separately, beginning with 2. With 2 as a 
starting digit there are only two possible extensions for each number; 3 or 9. This is 
due to the fact that concatenating a | or 7 at any stage causes the number to become 
divisible by 3. The results can be visualised as a tree as in Figure 2. 


Since at any stage there are only two possible digits to add, this case results in a 
binary tree. It is interesting to note that the right child of each of the nodes 29, 239 
and 233 result in long “slender” branches. It is these branches that result in the longest 
sequences for this case, two of which are eight digits long. In total there are 24 primes 
in this tree. As it will be seen later this is the joint largest tree in terms of nodes, and 
shares the same longest sequences with each of the other trees. It is interesting that 
this case, despite its limitation of potential digits, is not limited in size at all. In fact, 
this is the only tree that has two sequences of length 8. 


Unlike the previous case, when the number begins with 3 there are 4 potential digits 
to concatenate to the number at some stages. There are still some limitations. For 
example 3 and 9 result in composite numbers at the first stage but otherwise are 
options at subsequent step. Meanwhile, at the first concatenation | and 7 result in new 
primes but following that any sequence can only have one more of these numbers 
before they become divisible by 3. This tree is not a binary tree, but it very nearly is. 
Only one node, 31, has three children. As can be seen in the following image. 


3 
ee Fee. 
31 37 
ae ae eee, | 9 Se 
311 313 317 373 379 
as aS 3733 3739 «93793 = 3799 


| | a | 


31193. 31379 37337 37339 = 37397 


| | 


373379 37339 


| 


3733799 


37337999 
Figure 3, Recursively constructed prime numbers with starting digit 3. 


This case results in 23 prime numbers, one less than the previous case and also shares 
the eight digit longest sequence. One element that is found in this sequence that is 
absent from the previous example is twin primes. In fact, there are two pairs of primes 
found in this tree; (311, 313) and (37337, 37339). 
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poe - “bos 
5939 


59393 59399 


593933 593993 


5939333 


59393339 
Figure 4. Recursively constructed prime numbers with starting digit 5. 


The case with 5 as the first digit produces the most unusual trees. While the other 
cases result in reasonably broad trees, this case results in a slender tree. Also, the 
other cases result in 23 or 24 primes, but this case results in just 12 primes. As well as 
this, it shares the limitation of potential digits with the first case examined, again 
allowing only 3 and 9 to be concatenated to the number at each stage. Yet 
surprisingly, the longest sequence found is 8, equal to that of all the previous cases. 


7 

ee ee Oa 

71 73 79 

719 : 733 739 #4797 

Pak | 
7193 7331 «47333 7393 
| | | 
71933 73331 73939 
719333 8739391 739393 739397 739399 


7393913 7393931 7393933 
73939133 
Figure 5. Recursively constructed prime numbers with starting digit 7. 


The final case to be examined is the tree rooted at 7. Again there are limitations on the 
use of | and 7 for these numbers. In this case, since the numbers begin with a 7, every 
sequence can contain just one of either | or 7 at any subsequent stage. As with each of 
the trees seen previously, this also shows some interesting characteristics. 


Firstly, it is not a binary tree with two nodes having too many children. The node 7 
has three children while interestingly 73939 has four children, one for each possible 
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digit. This is a unique occurrence in this search. This tree has 24 primes, making it as 
large as the first example and also has a longest sequence of 8 digits. However, 
possibly the most interesting feature of this tree is that it contains five pairs of twin 
primes; (71, 73), (7331, 7333), (739391, 739393), (739397, 739399), and (7393931, 
7393933). 


Conclusions 

This article has proposed a new class of prime numbers called “recursive primes”. 
Using Java computation all the recursive prime numbers have been generated. It has 
been identified only 83 numbers that are recursive primes. Among them 5 pairs of 
twin primes have been found. 
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Smarandache Sequence of Happy Cube Numbers 


Muneer Jebreel, SS-Math-Hebron, UNRWA 
Field Education Officer, Box 19149 
Jerusalem, Israe] 


Abstract : I have studied the Smarandache Happy Cube Numbers and I have got 
some interesting results and facts . I have discovered some Open problems a bout the 
Happy Cube and Smarandache Happy Cube Numbers . 


Keywords : Fixed Happy Cube Number (FHCN) , Cyclic Happy Cube Number 
(CHCN), Consecutive fixed happy cube numbers , General Happy Cube 
Numbers(GHCN), Happy numbers , Fibonacci numbers , Lucas numbers , Pell 
numbers , Smarandache Fixed Happy Cube Numbers (SFHCN), Reversed 
Smarandache Fixed Happy Cube Numbers(RSFHCN), Smarandache Cyclic Happy 
Cube Numbers (SCHCN), Reversed Smarandache Cyclic Happy Cube 
Numbers(RSCHICN), Smarandache General Smarandache Happy Cube 
Numbers(SGHCN), ), Reversed Smarandache General Smarandache Happy Cube 
Numbers(RSGHCN) 


Definition] : A positive integer is called Fixed Happy Cube Numbers (FHCN) in 
case, if you are cubing its digits and adding them together one time you got the same 
number . 

For example , 370 = 3° + 7° + 0°, and , 371 = 33+ 73+ 1 | it follows that 370 
and 371 are both considered as Fixed Happy Cube Numbers (FHCN). 


While it’s worth notably that any permutation of the digits of the(FHCN) doesn’t 
end with the same.integer e.g. 730437 + 7P+03. In this case , the integer called 
unhappy cube . 


So the proposed sequence of the FHCN, is FHCN= { 0,193; 3705371,407 3, 





Open Problems needing answers 
Is the sequence of the proposed FHCN finite or infinite ? 
If it is infinite, what is the next number of 407 ? 
What is the density of FHCN ? 
Is there any sequence of FHCN following a definite mathematical patterns? 
How many primes are there in FHCN ? 


Is there FHCN and Happy Number at the same time ? 
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ve 


1) 
2) 
3) 


4) 


1) 


2) 


Is there relations between FHCN and the following numbers :Happy Numbers, 
Fibonacci Numbers , Lucas Numbers , and Pell Numbers ? 


What about other bases or higher powers of FHCN? 

We have 370 , and 371 consecutive FHCN, are there other consecutive 
FHCN? 

Smarandache Fixed Happy Cube Number ( SFHCN ) 
Definition2 : Smarandache Fixed Happy Cube Number ( SFHCN ) is the number 
formed from FHCN , as a result : 
SFHCN = { 1, 1153, 1153370, 1153370371 , 1153370371407, ... . 

Note the following observations : 

1153 is a prime number. 

1153370 is happy number ( Because 1? +1? +5? +3? +3? +7740? > 9? +4? 
> P47 1743740? > P+? > 1. 


1153370371407 . if we are squaring the digits and adding them together we 
get the number 153 i.e. FHCN. 


Open Problems needing answers 

How many prime numbers are there in SFHCN ? 

How many SFHCN and Happy Numbers are there at the same time ? 

Is there a relationship between SFHCN and FHCN numbers ? 

Are there consecutive SFHCN? 

Reversed Smarandache Fixed Happy Cube Number ( RSFHCN ) 

Definition3 : Reversed Sealeandacke Fixed Happy Cube Number ( RSFHCN ) is the 
number formed from SFHCN , as a result : 


RSFHCN = { 1, 1531, 3701531 , 3713701531, AQTS 7137019315. cca ts 


Note the following observations : 
1.1531, and 3713701531 are bothe prime- RSFHCN . 


2. 3701531 is happy — RSFHCN . 


Open Problems needing answers 





How many prime numbers are there in RSFHCN ? 


How many RSFHCN and Happy Number are there at the same time ? 
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3) 


4) 


1) 
2) 
3) 
4) 
5) 
6) 


7) 


8) 
9) 


Ds 


3. 


Is there a relationship between RSFHCN and SEHCN ? 
Are there consecutive RSFHCN? 


Definition4 : A positive integer is called Cyclic Happy Cube Numbers (CHCN), in 
case , if you are cubing its digits and adding them together many times you got the 
same number . 


For example, 160 > 1°+ 6? +0? >217->234 13473 > 
352 ->33+ 57 +.27 > 160. So 160 is cyclic happy cube numbers , 


Consequently the proposed CHCN,is CHCN= { 35; 133 5. 136. 160,217 944. 
208 SZ IG ASO one te 


Note that the numbers 919, and 1459 are prime numbers ,and the number 55 is 
Fibonacci number. 


Open Problems needing answers 
Is the sequence of the proposed CHCN finite or infinite ? 
What is the next number of 1459 ? If exist ! 
What is the density of CHCN ? 
Are there any sequence of CHCN following a definite mathematical patterns? 
How many primes are there in CHCN ? 
Is there CHCN and Happy Number at the same time ? 


Is there a relations between CHCN and the following numbers : Happy 
Numbers , Fibonacci Numbers , Lucas Numbers , and Pell Numbers ? 


What about other bases or higher powers of CHCN? 


Are there CHCN, 2, 3,4,5,... ete , consecutive CHCN? 
Smarandache Cyclic Happy Cube Number ( SCHCN ) 


Definitions : Smarandache Cyclic Happy Cube Number ( SCHCN ) is the number 
formed from CHCN , 
hence SCHCN = { 55 , 55133, 55133136, 55133136160, ... }. 


Open Problems needing answers 





How many prime numbers are there in SCHCN ? 
How many SCHCN and Happy Number are there at the same time ? 


Is there a relation between SCHCN and CHCN ? 
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4. Are there consecutive SCHCN? 

5. What is the density of SCHCN ? 

6. Is there any sequence of SCHCN following a definite mathematical patterns? 
te How many prime numbers are there in SCHCN ? 

8. Is there SCHCN and Happy Number at the same time ? 


9. Is there a relation between SCHCN and the following numbers : Happy 
Numbers , Fibonacci Numbers , Lucas Numbers , and Pell Numbers ? 


10. What about other bases or higher powers of SCHCN? 
11. Are there SCHCN, 2, 3,4,5 ,... etc , consecutive SCHCN? 
Reversed Smarandache Cyclic Happy Cube Number ( RSCHCN ) 
Definition6 : Reversed Smarandache Cyclic Happy Cube Number ( RSCHCN ) is the 


number formed from SCHCN , 
Consequently, RSCHCN = { 55, 13355 , 13613355 ,16013613355, ... }. 


Qpen Problems needing answers 
1. How many prime numbers are there in RSCHCN ? 
2 How many RSCHCN and Happy Number are there at the same time ? 
3. Is there a relation between RSCHCN and CHCN ? 
4, Are there consecutive RSCHCN? 


5. What is the density of RSCHCN ? 


6. Is there any sequence of RSCHCN following a definite mathematical 
patterns? 
7. How many prime numbers are there in RSCHCN ? 


8. Are there RSCHCN and Happy Number at the same time ? 


9. Is there a relation between RSCHCN and the following numbers : Happy 
Numbers , Fibonacci Numbers , Lucas Numbers , and Pell Numbers ? 


10. What about other bases or higher powers of RSCHCN? 


ll. Are there RSCHCN, 2, 3,4,5,... etc , consecutive RSCHCN? 
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2) 


Definition 7: If there are union between the set of the (FHCN) and (CHCN) , We 
will get the General Happy Cube Numbers (GHCN), namely ; 
GHCN={1, 35,133,136, 153,160,217,244,250,352,370,371,407,919,1459,...}. 
Definition 8 :Smarandache General Happy Cube Numbers ,formed from GHCN i.e. 
SGHCN={1,155,155133,155133136,155133136153,...}. 
Definition 9 : Reversed Smarandache General Happy Cube Numbers , which formed 
from SGHCN , ie. 
RSGHCN={1,551,13355 1,136133551,160153136133551,...}. 
All the above opened questions need answers . 
Curious notes : 

The digit 8 doesn’t appear . So is there happy cube number has in its digits the 
digit 8?, or as I think it is impossible ! 

The sum of the digits of any General Happy Cube Number follows the 
pattern { 1, 10,7,10,9,7,10,10,7,10,10,11,9,19,19,...}. 


Acknowledgment: The author is grateful for Mr. Akram Jawabreh. 
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ON THE DIVISOR PRODUCT SEQUENCES 
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ABSTRACT. The main purpose of this paper is to study the asymptotic property of 
the divisor product sequences, and obtain two interesting asymptotic formulas. 


1. INTRODUCTION AND RESULTS 


A natural number a is called a divisor product of n if it is the product of all 
positive divisors of n. We write it as P(n), it is easily to prove that Py(n) = ne 
where d(n) is the divisor function. We can also define the proper divisor product 


of n as the product of all positive divisors of n but nm, we denote it by pa(n), and 
dim) 


pa(n) =n? —*. It is clear that the P;(n) sequences is 
1, 2,3, 8, 5, 36, 7, 64, 27, 100, 11, 1728, 13, 196, 225, --- - 
The pa(n) sequences is | 
1,1,1, 2, 1,6, 1,8, 3, 10, 1,144, 1, 14, 15, 64, 1,324, 1, 1,400, 21,---. 


In reference {1}, Professor F. Smarandache asked us to study the properties 
of these two sequences. About these problems, it seems that none had studied 
them before. In this paper, we use the analytic methods to study the asymptotic 
properties of these sequences, and obtain two interesting asymptotic formulas. That 
is, we shall prove the following two Theorems. 


Theorem 1. For any real number z > 1, we have the asymptotic formula 


1 1 


Roe 
where C 18 a constant. 


Theorem 2, For any real number x > 1, we have the asymptotic formula 


1 
Sy ———~ = r(x) + (Innz)? + Blninr + Cy + es. 


pa(n) 


nog: 





Inz 
where n(x) is the number of all primes < x , B and Cz are constants. 


Key words and phrases. Divisor products of n; Proper divisor products of n ; Asymptotic 
formula.. 
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2. SOME LEMMAS 
To complete the proof of the theorems, we need following several lemmas. 
Lemma 1. For any real number x > 2, there is a constant A such that 
1 1 
n 


x 
pse 


Proof. See Theorem 4.12 of reference [2]. 
Lemma 2. Let x > 2, then we have 
] 
= =mn2+0+0(1). 
pga 
where C is constant. 
Proof. See reference [4]. 


Lemma 3. Let x > 4,p and gq are primes. Then we have the asymptotic formula 





1 In 
pay — =(Inlns)?+Alning+C; +08 ZY, 
pqsa oe 

where A and C3 are constants. 
Proof. From Lemma’ 1 and Lemma 2 we have 
2 

1 
a Soe (Es 
Pqsr peya? ace? PS VE 

lnp 1 

=2 Inl In(1 —- —— — 
So - 5 (is nz + In( ng) T4405) 


pene 


2 
- Odea n2+0(-)] 


Ese iol ea a.ee po EB pes). 





neve? Inz lInz 3 Ing ning 
olen 

2A —i{lnl In2 
+ aa Oe) (mine +a n +(e) 


pea 
laing 
Inz 





= (Inlnz)? + 2Alning+C3+0/( a 


This proves Lemma 3. 145 


3. PROOF OF THE THEOREMS 


In this section, we shall complete the proof of the Theorems. First we prove 
Theorem 2. Note that the definition of pa(n), we can separate n into four parts 
according to d(n) = 2,3,4 or d(n) > 5. 


; ifn =p, pa(n) = 1; 
ifn = p?, pa(n) = p; 
ifn=pipj or n= p®; pa(n) = pip; or ps 


(») 
25, others, pa(n) = noe’, 


2 
3 
d(n) = Fi 


Then by Lemma 1, 2 and 3 we have 


1 1 1 
Ee eG Pe eS 


nse pse PipjSe pes 2a psa 





n<a,d(n)>5 ™ ? 
Ining 





= n(x) + (InIn x)? + 2AlnIng + C3 + O( )+InInz+ A~ 


Ing 

HOt OSGeo (=) +Cs+0 (=) 
lng xa VE 

ning 

Ing : 





= n(x) + (InInz)?+ Blue + Cy + O( 


This completes the proof of Theorem 2. 


Similarly, we can also prove Theorem 1. Note that the definition of Pa(n), we 
have 


1 1 1 1 1 1 
Ln 23" 2 art Lat Let oa 


Pipj Sz p< piss néa,d(nj>5 ™ ? 





a 
=Inlnz+C;+ O(—). 
Ing 
This completes the proof of Theorem 1, 
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ON THE CUBIC RESIDUES NUMBERS 
AND k-POWER COMPLEMENT NUMBERS 


ZHANG TIANPING 


Department of Mathematics, Northwest University 
Xian, Shaanxi, P.R.China 


ABSTRACT. The main purpose of this paper is to study the asymptotic property of 
the the cubic residues and k-power complement numbers (where k > 2 is a fixed 
integer), and obtain some interesting asymptotic formulas. 


1. INTRODUCTION AND RESULTS 


Let a natural number n = pf -p3? ----p%", then a3(n) = php .. --p®" is called 
a cubic-power residues number, where f; = min(2,a,;),1<i<r; Also let k > 2 is 
a fixed integer, if b,(n) is the smallest integer that makes nb;,(n) a perfect k-power, 
we call b,(n) as a k-power complement number. In problem 64 and 29 of reference 
[1], Professor F. Smarandache asked us to study the properties of the cubic residues 
numbers and k-power complement numbers sequences. By them we can define a 
new number sequences a3(n)b,(n). In this paper, we use the analytic method to 
study the asymptotic properties of this new sequences, and obtain some interesting 
asymptotic formulas. That is, we shall prove the following four Theorems. 


Theorem 1. For any real number z > 1, we have the asymptotic formula 


S > a3(n)by(n) = 


nxn 


k+1 4 
eye hh +1) +0 (att), 


where € denotes any fized positive number, and 


Re +1) =[][ (1+ 522) 


eS eed ee 


Pp 
Ue Pani 
k k—-j+3 k k—-3+3 
TT ee. p 3 
Met N= [11+ Clapenn +L Gr ngenen py 
if k > 3. 


Key words and phrases. cubic residues numbers; k-power complement numbers; Asymptotic 
formula; Arithmetic function . 
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Theorem 2. Let y(n) is the Euler function. Then for any real number x > 1, we 
have the asymptotic formula 


bart 1 
> y(a3(n)b,(n)) = > R*(k +1)+0 (atti+e) 


ae (kK +1)x 
where 
pe+l 1 
R(k+1)= [ites Sais 5 Ne ee ee a ee, 
( ) I p® + 2p> + 2p* + 2p3 + 2p? + 2+ 1 5) 
ifk = 2, and 


R~9+3 k—j+2 k—-j+3 k~j+2 
2 pr i+ pe It3 —» g+ 


P z p 

ss ol tec oe +2) DEE DE pe 
Pp j= J= 

if k > 3. 


Theorem 3. Let a > 0, a(n) = >> d*. Then for any real number x > 1, we have 
dln 
the asymptotic formula 


6r* 1 ‘ 
¥> ca(as(n)be(n)) = toe (ka +1) +0 (att), 
nian 


where 


x 1 Boy 20-1 4a _ 4} 
Rear =[] (14525 (Gare Beaty) 


: D+ \ peetl — (p8(2a+1) — p2atl) (pa — 1) 
if k = 2, and 
aos & (k-j+3)a+1 
Rlka+1) = TL2 pena ee + Cea es Ce 
p re 
f a a 
2, oa en econ 

fk > 3. 


Theorem 4. Let d(n) denotes Dirichlet divisor function. Then for any real number 
xz >i, we have the asymptotic nee 


D7 dlas(n)bx(n)) = FR(1)- f(loge) +0 (23+), 


nz 


where fly) ts a polynomial of y with degree k. and 


ror slp (HEE-3-f) 


P 
if k = 2, and 
k % 
R(1) = roa nee k-j+3 1 
=|] (p+ 1)#41 +h (p+ 1)E+L(pi-l — pi-k- 1) (p+ 1)er2 
ifk > 3. 148 


2. PROOF OF THE THEOREMS 
Tn this section, we shall complete the proof of the Theorems. Let 
oO 
a3(n) by mn 
f(s) =p Sena) 


ns 
n=l 


From the Euler product formula [2] and the definition of a3(n) and by (n) we have 


Oral (1 i o2(P) al) 4 cae) ) 








2 
P oe 
1 2, l p 1 
=I (+ a toe + Sew) 


= ons (+ Ges) 











if k = 2, and | 
2 2 
f(s) a II 1+ a3(p)b,.(p) es a3(p )bx(p )) ee 
p* pe 
P. 
k ; 
2 1 gape pk-5+2 
= Seah: - > petiys 
jJ= 
7 1 {, 2 pe-i+2 BO yk 5+2 
= L1G + pet? —e 14 pk D ibee > piktis — pis 
((s—k) 5 =. pest? Pot 
Se i ns a ere 
cais = ey S (p°-* + lpi le “E+ 1) (per — pit) 
ifk > 3. 
Obviously, we have inequality 
am (1) be (1) u 
ge Om (7) dk 
lemimaxtm)l Smt, Re 








where o > k +1 is the real part of s. So by Perron formula [3] 


Am(n)be(n) 1 feet x t°B(b +00) 
fe Tie, gp E+ 80) as + 0 (Feo 


tO) (2-H (22) min(1, <8) +0 (a--TN) min(1, Te) 


where N is the nearest integer to g, ||x|| = |x — N}. Taking so = 0,b6=k +2, 
T=2?, H(c) =2?, Bio) = ee have 


=a k+24iT Cah 8 che 
Sonn) = Fie fs on TOSI RO eH + OH), 
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nz 


where 


pe +p ) . 
(+ pata tha 2, 
: + 1)(p?* — 1) 


MOE 


To estimate the main term 


R(s)-= eee 


k pr-it? 
ooo ifk > 3. 
‘ps— Pama +e i Rp 1) a : ane 


k 
jaa 


1 K+241T° C(s =" k) oad i 
ae se Rs) —ds + O erate ; 
217 Jaen ¢(2(s — k)) (s) 8 o ) 


we move the integral line from s =k +2+iTtos=k as i +77. This time, the 


function 
C(s — k)x® 
¢(2(s — k))s 


have a simple pole point at s = k +1 with residue etey Rk +1). So we have 


1 Lo a C(s — k)x? R(s)ds 
2am \ Seoo—ir k+24iT k+iir k+i-ir J C(2(s — k))s 


K+1 


f(s) = R(s) 





~ (k+ De) 


We can easy get the estimate 


1 peed tit k+-2-iT pin 
ant \ Japoser k+$—ir aa — k))s 


2 f ((o-k+iT) 
k+3 


¢(2(0 —k +7T)) 
es k+4-iT ¢(s ~ k)x* 
ami ae C(2(e= kya M8 


R(k +1). 








kt? a 
ape a Hee 
ae 





R(s)= 





and 


C(1/2 + it) o* 


dt k+5 +e 
Cheadle 








«f" 
“0 


Note that ¢(2) = x, from the above we have 








6akth 


Ea pert +0 (ane) 


a3(n)bk(n) = 


This completes the proof of Theorem 1. 
Let 


From the Euler product formula [2] and the definition of y(n), 7(n) and d(n), we 
also have 


Als) =T] (: ‘ eat bs euler ole ) itt + 
3 


P 2 2 
Po-P  ,p’-p pr~p 1 
= (14 PoP 4 ( + \x)) 











ps ps 
=) (+3,-.+ (p° =p te) 
cee ay Ll (1+ pas (HGP - S)) 


k-gt2 _ pe-s+1 k pk-5+2 a 


i =: 
fils) = I] f + ps-k pa a v a, - e > plkti)s 
j= 


pis 
§-J+2 _ ps—j+l k pe-it2 — ps-i+l 
t 2% ps 3 + 1) (plkta)s — pss) 


oI) 1 Pp 
rer C(2(s — ky) 7 k)) I] b- ps- k+l +p “pe ps— k 4 1) pis Fir 


if k > 3, 
C(s ~ 2c) pe ~2a (Re (oo2 =p? +pie—] 
= goes aay L(+ pari St Ge mga )) 


ui k = 2, and 











k P 
(s — ka) p> — psake pG-sats _ ps-ka 
fals 1+. +) ~~ ___.-_ 
2 Me Cen iz ka)) yl b+, pe SaIECe + 1)(p% = 1)p® pe (pe— kee + 1) (p* . 1)pis 
a, : pG-jats as ps-ka 
Sq (pF + 1)(p? = 1) (pts = pis) 
fk> 3. 











ets) ( pr 3p? +4 3 il 
. fa(s) = c3(a5) LI 1+ (p> + 1)3 (es ~~ ge) 





if & = 2, and 
7 43 (RELY) (kJ 41)s 
_ Gs) gee) 
f(s) = Ch(2s) I f c (pb yeti 


k : 
' (p 3 1)F+1 (pG— 1)s — pU-k~1)s) (ps + 1)e+1 
j= 
154 





if k > 3. 

By Perron formula [3] and the method of proving Theorem 1, we can obtain 
the other results. Generally we can use the same method to study the asymptotic 
properties of the number sequences an(n)by(n) (where m,k > 2 are fixed integers), 
and obtain some interesting asymptotic formulas. 
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A CONJECTURE CONCERNING THE 
SMARANDACHE DUAL FUNCTION 


Maohua Le 
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Zhanjiang Normal College 
29 Cunjin Road, Chikan 
Zhanjiang, Guangdong 
P.R.China 


Abstract: In this paper we verify a conjecture concerning the 
Smarandache dual function. 


Key words: Smarandache dual function; factorial; gap of primes 


For any positive integers n, let S'(n) denote the greatest positive 
integer m such that n==0 (mod m!). Then S'(#) is called the 
Smarandache dual function. In [2], Sandos conjectured that 

S'((2k- 1 (2k+ 1) Y=g-1, (1) 
Where & is a positive integer, q is the first prime following 24+1. In this 
paper we prove the following result. | 

Theorem. (1) holds for any positive integer k. 

Proof. Since g is a prime with g>2k+1, we have 

(2k ~i}(2k + #0 (mod g). (2) 
es hE 
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It implies that S*((2k-1} (2k +1)!)<q-1. Further, since qg is the least 
prime with g>2k+1, by Bertrand Postulate (see [1, Theorem 418]), we - 


have 

q-=> 2(2k+1). (3) 
Hence, by (3), any prime divisor p of g-1 satisfies 

ps2k-l. (4) 


For any positive integer a and any prime p, let ord,a denote the 
order of p in a. It is a well known fact that | 
ord ,n!= ara (5) 
r=ll P 
where [x] is the Gauss function of x. We now suppose that 
S”((2k ~ (2k + I!))<q-1. Then there exists a prime p sucn that 
ord,(2k-1)!-+ord,(2k+1)!< ord,(q-1)!. . (6) 
Hence, by (5) and (6), we get 


Palceaabea , 
P L P P 


tor a suitable positive integer r. From (7), we get 


~ 


ee 





ph ag 
eaueaae (8) 
ee ae an ee P 


whence we obtain 

. 4k<¢-l. (8) 
It follows that q24k+2, a contradiction with (3). Thus, we get 
S(Qe I) (2k +1) = q~1. The theorem is proved. 
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A NOTE ON THE 29-TH SMARANDACHE’S PROBLEM* 


Liu Honcyan! AND LOU YUANBING2 


1. Department of Mathematics, Xi’an University of Technology 
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2 Department of Mathematics and Physics, Tibet University 
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ABSTRACT. Let n be a positive integer, a,(n) be the k-th complement number of n. 
In this paper, we study the mean value properties of the k-th complement number 
sequences, and give an interesting asymptotic formula. 

Classification Number: 11B37 11B39 


1. INTRODUCTION 


For any positive integer n to find the smallest integer ax,(m) such that naz(n) is 
a perfect k-power(k > 2), we define that a,(m) is the k-th complement number of 
n. Let n= pt ps? ---p%, then a(n) = pep... mr, where a; + 8; = 0(modk) 
and G; <k,i=1,2,:--,m. In problem 29 of [1], Professor F.Smarandach asked us 
to study the properties of the k-th complement number sequences. In this paper, 
we use the analytic methods to study the mean value properties of this sequences, 


and give an interesting asymptotic formula, That is, we shall prove the following: 


Theorem. For any positive number rx > 1, we have the asymptotic formula 


3 ee) eek g(t) +0 (oe8**), 


<z Wax(n)) 
k k-1 2 


is the Dirichlet divisor function, (n) is Euler function, ¢ is any fixed positive 
number. ; 


Especially taking k = 2, we have 
Corollary. For any positive number x > 1, we have the asymptotic formula 


d(as(n)) _. 3 ee 
Zain) (1+ ey) +0 (et). 


nis 


Key words and phrases. complement number; mean value properties: asymptotic formula. 
* This work is supported by the N.S.F. and the P.S.F. of P.R.China. 
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2. PROOF OF THE THEOREM 


In this section, we shall complete the proof of the Theorem. Let 


= = d(a;,(n)) 
_ Do Kactave + b(a%(n))ns 


From the Euler product formula [2] and the definition of a, (n) we have 


jo = So leu 


4(m))n8 
7 _dan(e)) | dax(p)) , —_dlax(p*)) d(ax(o*)) 
=I (2+ get Btoxtahie * acts * © Glaxo) pe * Glag(pe Dyers * ) 
PY, a AE = a) se, 
=i a pp * pip ype Ft dp pete * ) 





1 
= 





1 d(pk~1) . d(p) 
- a ae ‘yp? (1 ay," * peop ®0e ( | 


pe a) d(p k— 2) d(p) 
= ¢(ks) 1+ ———_—_—— elas ae - 
I] +3 7 kas b(p*-?)p? * Spee 1) Tati | 
k-| 7) 
- cool fe seap pip * gape t+ Gye: 


where ¢(s) is Riemann-zeta function. Taking 6 = t+ ae T = 2%, then by Perron 
formula [3] we have 


oa 


BAe well) 
a ad b+iT _ £0) +0 (ak). 


27k b- 





i —o 
Taking a = 3¢ + Toga? We have 


(eho Lo Le)-mbot 


bet TT [t+ Srmigay Repay tel 


: peth-2(p— 1)  pkt-3(p ~ 1) p® (p—1) 


Note that the estimate 


1 a+iT x 
ae f(s)= 


< rere, 
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= 1 
rig 15| <2 <os 
one b+1tT 2 
we have 
S dar(n)) 
ace Pla«(n)) 
1 k k—1 2 - 
J Mea Geigen GSGan 
This completes the proof of the Theorem. 
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ON THE k-FULL NUMBER SEQUENCES 


Xu ZHEFENG 


Department of Mathematics, Northwest University 
XVan, Shaanxi, P.R.China 


ABSTRACT. The main purpose of this paper is to study the asymptotic property 
of the k-full numbers (where k > 2 is a fixed integer), and obtain some interesting 
asymptotic formulas, 


1. INTRODUCTION AND RESULTS 


Pee k > 2 is a fixed integer, a natural number 7 is called a k-power free number 
if p* { n for any prime p. If p | n implies p* | n, we call n as a k-full number. 
In problem 31 of reference [1], Professor F. Smarandache asked us to study the 
properties of the k-power free number sequences. It is clear that there are some 
close relations between k-power free number sequences and k-full number sequences. 
In this paper, we use the analytic method to study the asymptotic properties of 
k-full number sequences, and obtain some interesting asymptotic formulas. That 
is, we shall prove the following six Theorems. 


Theorem 1. For any real number x > 1, we have the asymptotic formula 
6k- alte ( 1 ) L 
n= SET (1+ — 1, _) +0 (at), 
vas (k + 1)r? II (p+ 1)(pk ~ 1) 


nea 
nz 


" where € denotes any fized positive number. 


Theorem 2. Let y(n) is the Euler function. Then for any real number x > 1, we 
have the asymptotic formula 


eos a p- 
Dole) = eel (1+ se 


ale 


P 
+k —p? +p 


=) +O) 


Key words and phrases. k-full number; Asymptotic formula; Arithmetic function. This 
work is supported by the N.S.¥.(10271093) and P.N.S.F of P.R.China. 
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Theorem 3. Let a> 0, aq(n) = $7 d*. Then for any real number x > 1, we have 


d|n 
the asymptotic formula 
se 6k atté {1 pti (pk ~ 1) a (*) + pete + pk —1 
Ta{7) a + 
ea (ka + 13 (or# = 1) (p +1)(pt —1) 
nT 


+O (act#t) : 


Theorem 4. Letd(n) denotes Dirichlet divisor function. Then for any real number 
x > 1, we have the asymptotic formula 


_ 6k-at (2p — 1) Date PP ptt tt — pet 
d(n 1 ; bay 
Dae “IL + (p ua L)Ftl (pk = 1)? Fl og Z) 


nix 





+O (2%) : 
where f(y) is a polynomial of y with degree k. 


Theorem 5. For any real number x > 1, we have the asymptotic formula 


ee _ 6k- xe oo es pe yeaa 
SS cal N)) = He (+ ores) II (4 : 





néA pm palm p(pk = 1) 
nse B<k 
8-1 t LWP ia 
at iy P* ico? p +e 
« TT (1+ Soe t pope + dee | TT (2) 40 (2k). 
pF |lm ixmk j7=0 p(pe = 1) plm p+l 
B>k 


where m is any fixed integer, (m,n) denotes greatest common divisor ofm andn. 


Theorem 6. For any real number z > 1, we have the asymptotic formula 


Y ea((m,n)) = TT (1+ I) (+ fe cae P| 





ned ptm (p + L (pe a 1) p |lm. p(pk a 1) 

nie B<k 

Y = ~k (p (pt = — PP") pk on gtete 
T (1+ Set ory Pe (58) 0) 
B>k 


2. PROOF OF THE THEOREMS 


In this section, we shall complete the proof of the Theorems. For conveniently 
we define a new number theory function a(n) as follows: 
1, -itnea ls 
a(n) == < n,_ if nis a k-full number 


0, if nis not a k-full number 
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It is clear that 


neEA ne 
nz 
Let 
=. a(n) 
Cr a ore 
n=l 


From the Euler product formula (2] and the definition of a(n) we have 


k +1 
so) = TT (2 ee) 


Pp 


-11(: — — =<} 
“T0+ 5e-5) 0+ geeoengecy) 
= Gea 0+ + gy! 


where ¢(s) is Riemann zeta function. Obviously, we have inequality 


pp 


n=1 














1 


1 


ja(n)| <n, 


? 








where o > 1 — z is the real part of s. So by Perron formula (3] 


1 b+iT 


a(n) xt’ B(b + a) 
es nea = ed, 9 [Ot ede +0 (HCFA) 


£0 es mn — ) £0 (« 2~°° H(N) min(1, =p) 


where N is the nearest integer to z, ||z|| = |z - N|. Taking sp = 0,6 = 2+ i 


T=at%, A(x) =2, B(c)= SST: we have 
k 


en 2am 2+4—-iT ¢(2k(s — 1)) 


Ss oe Se See) (a) Eds + Ofer), 


where 





1 
R(s) = II (: ae (pRs—1) 4 1)(ps~t — 3) , 


To estimate the main term 


24EHT he | 3 
A PHT Cs) ay 
Qin Jost ip C(2k(s —1))s 
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we move the integral line from s = 2 ie L+iiTtos=1+ 3 +22. This time, the 


function 
¢(k(s ~ 1))2° 


¢(2k(s — 1))s 


+ . er 1 * . 
have a simple pole point at s =1+ g with residue ert R(1 + i)- So we have 


1 2+¢+iT lt sir 1+3,-iT 24+i-iT baa 
— i: +f +f + tee aa eee 
int 2-h 47 24+44iT VkHT 144-17 ¢(2k(s — 1))s 
k- alts ( 1 ) 
= ae 1+ —-—_-._—_- }.. 
@riem + Gepgicn 
We can easy get the estimate 
1 Ltag+iT 243-47 bg \e8 
aee is +f ees oa)e R(s)ds 
ant \ Jopasir 14¢-i7 J ¢(2k(s — 1))s 


*+8 | C(k(o —144T)) gett 
= fis C(2k(a — 1 Te a T 
and 
ae ae ¢(k(s ~ 1))a° 


T 
foe ile Di aa | 
ant 1+A HiT C(2k(s — 2))s /0 
Note that ¢(2) = a from the above we have 
6k - git ( | 1 ) 1 
ae 1+ ———__— ] + O(a t#t*), 


neEA 
n<z 


f(s) = R(s) 











_tk 





da < 








C(1/2 + tkt) lt 2e 


DF ie gc ghthkte 
C(1+2kt) ft ma 


R(s)ds 














This completes the proof of Theorem 1. 














Let 
=> % fala) = > Sale, - 
tA = = 
fas) = So Zam) f(s) = So 2) 
nea | Za 


From the Euler product formula [2] and the definition of y(n), Go(n) and d(n), we 
also have 


pF k+1 k 1 
ae (+ Se + Shae) TT (1 82 (A )) 


ks 
P p P ps-t 


_ S(k(s— 1) es 
~ 6(2k(s ~ 1) I (: * GOS DG 5) 
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Ces-a)) (ps— a Lp? yr, (4) +p +pre-1) 
fa(s) = a yl? + GREE} 





ore CR+L (ks) vl bs (2p* — 1) para (FEY) pk(k+1—i)s = _) 
3\s } 


CR1(2ks) ) (pks + 1})F+1 (ps = 1)? 





Ta((m, p* Tal((m, pPth 
fa(s) = II (: + ) - iS » +) 





_ ¢(ks) id 4 
- Fm Ul (se53) (+ pera) 
. _Fa(pP) 20") , eel?) 
Testy) MoE SP +p) 
B<k B>k 


and 


fs(s) = )= fey TL (grax) + perp) 


eae ale So picpht pp! 
«TT (1+ Fy) oF ea). 


p® ||m pF iim i=k 
BSk B>k 


By Perron formula [3] and the method of proving Theorem 1, we can obtain the 
other results. 
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A NOTE ON THE 57-TH SMARANDACHE’S PROBLEM 
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ABSTRACT. For any positive integer n, let r) be the positive integer such that: the 
set {1,2,--- rz} can be partitioned into n classes such that no class contains integers 
2, Y, 2 with 2¥ = z, let re be the positive integer such that: the set {1,2,-++ , rah 
can be partitioned into n classes such that no class contains integers Zz, y, 2 with 


xc+y =z. In this paper, we use the elementary methods to give two sharp lower 
bound estimates for ry; and r2. 


1. INTRODUCTION 


For any positive integer n, let r, be a positive integer such that: the set 
{1 Qin »7i} can be partitioned into n classes such that no class contains integers 
Z,y, 2 with x¥ = z. In [1], Schur asks us to find the maximum r,, and there is the 
same question when no integer can be the sum of another integer of its class. About 
these problems, it appears that no one had studied them yet, at least, we have not 
seen such a paper before. These problems are interesting because it can help us 
to study some important partition problem. In this paper, we use the elementary 
methods to study Schur’s problem and give two sharp lower bound estimates for Ty] 
and rz. That is, we shall prove the following: 


Theorem 1. For sufficiently large integer n, let m, be @ positive integer such that: 
the set {1,2,--- ry} can be partitioned into n, classes such that no class contains 
integers x, y, z with e¥ = z. For any integer m withm <n-+1, we have the 
estimate , 

TL Sn : 


Theorem 2. For sufficiently large integer n with n 2 3, let rz be a positive integer 
such that: the set 4 Ligne ,T2} can be partitioned into n classes such that no class 
contains integers x, y, z with x + y=z. We have the estimate 


T3 > pe 





Key words and phrases. Smarandache’s problem; Partition: Lower bound.. 
* This work is supported by N.S.F.(10271093) and P.N.S.F. of P.R.China 
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2. PROOF OF THE THEOREMS 


In this section, we complete the proof of the Theorems. 


First let r; = n’1! and partition the set {1,2,--- , ry} into n classes as follows: 
Class 1: 1, n+l, n+ 2, nr ie 
Class 2: 2, n™-+1, nm 42. es Day. 


Class 3: 3, 2n™+1, an™ + 2, eee Rage 


Classk: ok, (&~1)n™4+1, (k-—1)n™+2, oy ee 
Classn: on, (n—Un™+1, (n—-1)n™+2, ie ek 
It is clear that Class k contains no integers x, y, z with c¥ = z for k = 2,3,4,--- ,n. 


In fact for any integers x,y, = € Class k, k = 2,3,4,--- ,n, we have 
a¥ > ((k ~1)n™ +1)" > k(k— 1)! I n™&-Y > kn™ > 2, 


or 
e¥ > heDe™ sly kn™ > 2. 


On the other hand, when n > m—1, we have (n+2)*) > n™ and (n +1) > 
n™. So Class 1 contains no integers x, y, z with z¥ = z, ifn >m-—1. 
This completes the proof of the Theorem 1. 


Then let rz = 2"*1 and partition the set {1,2,--- ,r2} into n classes as follows: 
$C lass = ag aa ae oe eee 
Class 22 241, 27, pee ie oer ee ae 
Class'3:° 9? 49-9. <9?: 241 g ee? 
Class 2 OF ee ie eae a ay eee, 
Cisse ke = QP" Ose ee OR ORT) gaat OR aOR Et De ap: 
Clasgeit, 20h pe Oee eee: Ae, OR eet, SOR bn cee le 
It is clear that Class k contains no integers z, y, z with e-+y = z for k = 3,4,--- ,n. 
In fact for any integers 2, y,z € Class k, k =3,4,--- ,n, we have 


oS eh aioe sO Say ae eo Pd ree ae a A 


On the other hand, when n > 3, we have (2? +1) + (27+ 2) < 2"+1 and14+2< 
gv 4 orm-bi...+941. So Class 1 and Class 2 contain no integers z, y, z with 
e+ry=2z,ifn>3: 

This completes the proof of the Theorem 2. 


REFERENCES 


. F. Smarandache, Only problems, not Solutions, Xiquan Publ. House, Chicago, 1993, pp. 54-55. 
“Smarandache Sequences” at http://www.gallup.unm.edu/~smarandache/snaqint.txt. 
“Smarandache Sequences” at http://www.gallup-unm.edu/~smarandache/snaqint2.txt. 


165 


Oo 13 1 


Diverse Algorithms To Obtain Prime numbers Based 
on the Prime Function of Smarandache 


Sebastian Martin Ruiz 
Avda. de Regla 43, Chipiona 11550 
Spain 
E-mail: smruiz(@telefonica net 





Abstract: In this article one gives seven formulas, six of the author S. M. 
Ruiz, and one of Azmy Ariff. One also gives their corresponding algorithms 
programmed in MATHEMATICA. 


In the first four formulas all the divisions are integer divisions. 


FORMULA 1: Formula to obtain the nth prime [1], [3]: 


2([ntogm fH) k ahh 
Play=1l+ >) Jl-| 5014) 24259 (G-l/s— s/s) | [if || fn 
s=l 


k=l je=2 


ALGORITHM 1: (G is the Smarandache Prime Function in all Algorithms) 


DD{i_}]:=Sum[Quotient[,k]-Quotient{(i-1),k],{k, 7, Floar[{Sqrtfi]}}] 
G[n_]:=Sum[1+ Quotient{(2-2*DDf)), i], 72,0} 
P[n_}:=14+Sum[1-Quotient[G[k],n], {k.1,2*(Floor[n*Logjn]]+1)}] 
Do[Print[P{n],” ",Prime[n]],{n,1,50}} 


FORMULA 2: Formula to obtain the next prime [2], [3]. 


k=p+l j=p+l 


nxt{p)=1+ p+ - IT — 242 -Ie~ ifs) ey) 


ALGORITHM 2: 


p=Input["Input a positive integer number:"} 
DD{i_]:=Sum[Quotientf,j]-Quotient((i-1),j], §,1,Floor[Sqri{i]]}}] 
G{i_):=-Quotient[(2-2*DDfi]), i] 

F[m_}:=Product{G[i],{i,p+1,m}] 
S[n_}:=Sum[F[m],{m,n+1,2*n}] 

Print[*nxt(",p,")=",pt 1+S[p]] 
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FORMULA 3: Formula to obtain the next prime in an arithmetic progression atdn [4]: 
Mt k far jd 
mt(a,dp)=p+d+d- > I] i~)| 2+2 (e+ jd-0/s-(a+ jd)/s) a+ ja) 
k=l+(p-a)ld jal+(p-a)/d sel 


ALGORITHM 3: Example for the arithmetic progression 5+4n 


a=5 

5 

dd=4 

4 

M=20 

20 

p=5 

5 

DD[i_] :=Sum[Quotient[ (ati*dd) ,j]-Quotient [ati*dd-1,j], 
{3,1,Sqrt[ati*dd] }] 

G[i_]:=-Quotient [ (2-2*DD[i]) , (ati*dd) ] 
F[m_]:=Product[G[i],{i, (p-a)/dd+1,m}] 

s [n_] :=Sum[F[{m],{m, (p-a) /dd+1 7M} ] 

While [p<at (M-1) *dd+1, Print["nxt(",p,")=",ptdd+dd*S [p]]; 
p=ptdd+dd*s [p]] 


nxt (5)=13 
nxt (13)=1L7 
nxt (17) #29 
nxt (29) =37 
nxt (37)=41 
nxt (41)=53 
nxt (53) =61 
nxt (61)=73 
nxt (73)=89 


FORMULA 4: Formula to obtain the next prime in all positive increasing integer 
SEQUENCE {Gy Jn) = UF) Spat- 


Nar (o)= 4] Seb > tev 


kof" (pti jaf (p)+l 


(G is the same of the previous algorithm 2) 
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ALGORITHM 4: 
Example 1: For a, = w+4 


M=40 

40 

f[n_]:=n*3+4 

f 1[p_]:=(p-4)*(1/3) 

G[x_]:= Quotient ((2+2*Sum[Quotient[(x-1) , s]-Quotient{x , s], {s, 1, Sqrt[x]}]), x] 
NXT [p_]:=f1f 1[p]+1+Sum [Product(GIf[jl]G.f Upl+1, 3], fc, f 1{p}+1.Mp II 
p=f]1] 

5 


While[p <f[M], (Print{ NXT[p],” “, PrimeQ(NXT[p]]];_ p = NXTIp))] 


31 True 
347 True 
733 True 
6863 True 
15629 Tme 
19687 True 


(It is necessary that f{(M) > NXT(p) so that the result is correct.) 


Example 2: For a, =n’ +1 


M=125 

125 

f[n_]:=n42+1 

f Ufp_}:=Sqrt{p-1] 

G[x_]==Quotient[(2+2*Sum [Quotient[(x-1) , s]-Quotient[x , s], {s, 1, Sqrt[x]}}), x] 
NXT[p_]:—f[f 1[p]+1+5um [Product[G{f{j]],{j, f Ufp]+1, k}], kK, f Ufpl+1,.Mp] 
p=fit 

While{p <f[M], (Print{ NXT[p],” “, PrimeQ[NXTIp]]]; p= NXT[pD] 

5 True 

17 True 

37 True 

101 True 

197 True 

257 True 

401 True 

377 True 

677 True 

1297 True 

1601 True 


FORMULA 35: Algorithm to obtain the prime numbers based on Newton’s method 
applied to the function gamma [3]. 
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(*NEWTON'S METHOD APPLIED TO THE CALCULATION OF PRIME 
NUMBERS *) 


ndiez[s_]:=N[s,10] 

$Post=ndiez 

ndiez 

a 8: 

{} 

er=10.%(-5) 

0.00001 

Bix_i_j_ 1-0-1 VPLS 
EB[x_,i_,j_]-==Floor{[B[>xij} ter] 
LL[x_,i_]:=Log[P[ft]],x-1-] 
EE[x_i_]:=Floor{LL[x,i]+er] 
Six_i_J=SumEB(<ij], 4. LEELSID] 
F[x_,n_j:=Gamma[x]-Product[(P[fi]])*S[x,i], {i, L,n-1}] 
xx=0. 

0. 

Do[{xx=xxt25., 

Do[xx=xx-F[xx,i/ (Gamma[xx]*PolyGamma[0.,xx]) 
,{175}],P=Join[P, {xx}],Print[xx," ",Prime[i}]}, {i, 1,503] 


FORMULA 6: Formula to obtain twin primes: 


For odd x > 7, the pair (n, n+2) of integers are twin primes if and only if 


AHS Sl 


where the summation is over odd values of 7 through j = lz]. 











e 


AGORITHM 6: Algorithm to check if'a given number is part of'a 

couple of twin primes (Ruiz-Ariff): 

Infij:= n=2000081; If[Sum[Floor[ (n+2)/i]~- Floor[(n+1) /i] 
+ Floor [n/i]~ Floor[(n-1)/i],{i,1,Floor[n/3] ,2}] 


==2, “True”, “False”] 


Out {1}= True 


FORMULA 7: (Azmy Ariff): If a >.0, e9 = 0 and {e,, e9, ... , ex} is an admissible set of 
positive integers in the open interval (0, n-2), then (n, n-+e;, nt+e,... , N+ex) is a sequence of 


primes if and only if 
5 ("4 n ej ||. ] a 1? » j pb ja =) 
j=] 720 j=0 


T69 





ALGORITHM 7: 


The following example is a non-optimum implementation with a = 3 to search for prime 
quadruplets (n, +2, n+6, n+8) below 10000. 


In[{2]:= a=3; n=10000; e={0, 2, 6, 8}; 

Do[If [Sum[i*a Floor[(j+e[[k]])/il, {k, Length[e]},{i, 

ous Length[e] + j“a+Sum[ita Floor[{(j+e[[k]]-1)/i], 
{k, Length[e]},{i, j}], Print(Table[j+e[[kl]l, 
{k, Length[e]}}]]],{(7, n}i 

(5; 7 Li, 134 

{11, 13, 17, 19} 

{101, 103, 107, 109} 

{191, 193, 197, 199} 

{821, 823, 827, 829} 

{1481, 1483, 1487, 1489} 

{1871, 1873, 1877, 1879} 

{2081, 2083, 2087, 2089} 

{3251, 3253, 3257, 3259} 

{3461, 3463, 3467, 3469} 

{5651, 5653, 5657, 5659} 

(9431, 9433, 9437, 9439} 
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Asstracr. A number n is called simple number if the product of its proper divisors 
is less than or equal to n. In this paper, we study the mean value properties of the 
sequence of the simple numbers, and give several] interesting asymptotic formulae. 


1. INTRODUCTION 


A number n is called simple number if the product of its proper divisors is less 
than or equal to n. For example: 2,3,4,5,6, 7,8, 9,10, 11, 13,14, 15,17, 19, 21,---. 
In problem 23 of [1], Professor F.Smarandach asked us to study the properties 
of the sequence of the simple numbers. Let A is a set of simple numbers, that 
is, A = {2,3,4,5,6, 7,8, 9, 10, 11,13, 14,15,17,19,21,---}. In this paper, we use 
the elementary methods to study the properties of this sequence, and give several 
interesting asymptotic formulae. That is, we shall prove the following: 


Theorem 1. For any positive number x > 1, we have the asymptotic formula 





S- tS (alee) a Bille BO (A) ; 
at | Ing 
nos 


where B,, Ba are the constants. 


Theoreni 2. For any positive number x > 1, we have the asymptotic formula 





S> — = (ininz)? + CyIninz +0, +0 (===) : 
24 ota) ina 


noe 


where C1,Cy are the constants, 6(n) is Euler function. 


Key words and phrases. The simple numbers ; Mean value properties; Asymptotic formula. 
* This work is supported by the N.S.F. and the P.S.F. of P.R.China. 


171 


Theorem 3. For any positive number x > 1, we have the asymptotic formula 





Inl 
> <2 ini i Din epi LO ( = 7 
ey a(n) lna 


nor 
where Dy, Dz are the constants, a(n) is divisor function. 


2. SOME LEMMAS 


To complete the proof of the Theorems, we need the following two Lemmas: 
First Let n be a positive ee pa(n) is the product of all positive divisors of n, 


that is, pg(n) = [I d. qa(n) is the product of all positive divisors of n but n, that 
d|n 
is, ga(n = {f d. Then we have 
d[n,d<n 


Lemma 1. Let n € A, then we haven =p, orn =p’, orn=p*, orn = pq four 
Cases. 


Proof. From the definition of pg(n) we know that 


ele Ilz. 


din 


So from this formula we have 
() pa(n) = [ax J] 5 = []n=n%. 
d|n. din d[n 
d(n)} 


where d(n = 1. From (1) we immediately get pg(n) =n?" and 
din 


[[¢4 
Q@ a(n) = [[ d= an Po. 


nr 
d|n,d<n 


By the definition of the simple numbers and (2), we get niet <n. Therefor we 
have 


d(n) < 4. 


This inequality holds only for n = p, or n = p*, or n = p*, or n = pq four cases. 
This completes the proof of Lemma 1. 


Lemma 2. For any positive number x > 1, we have the asymptotic formula 





1 Inl 
S- -inla~ = (Inlnxz)* + B,InInzg+B.+0O ( . — 
peve? PP 172 ee 


where B,, Bo are the constants. 


Proof. It is clear that 
































poe? pee 
= S> (ining +n (.- 22)) 
p x 
pSVva 
1 
(3) nine. i jin(1~ #2). 
se pe 
Applying 
1 1 
(4) SY painins+ ci +0(-). 
cent Ing 
we obtain 
1 
InInz oS —=lnInz (inn ve Cy +0 (+)) 
Ing 
piVJva 
(5) = (InInz)*+ ByIninz +O (===) ‘ 
If m > 2, note that a(x) = pote re (aE ~-), then we have 
2 ~ z f ss ~~ 
piVva - a ‘ 
oli vin Ve ty -—In™y 
z +0(1 - fx pr ees 
Ja m( Vz) (1) : y? y 
2 leet (as) 
fb moe in? /¢ 
VE l m—1 at] m™m 
ae a) ae 
2 Iny In” y y 
- In™ 1! O ae 
~  9m—1 Qm—2 
Va ] m—1 In™ 7? m—~3 
+f E ; Ese - 4+0(a-m= ; 1) dy 
2 
NSE o(Ma) te Mee 0 (Bama) 
ie -2 1 
6 fe ] m m-—-2 ; 
(6) Som r+O foe dah SH In . 





oO 
1 
From (6) and note that De ae is convergent, we have 


m=1 


= S> In (1-2) 
lng 173 


pave” 











_ se 1 (inp In? p In™ p 
“ae nz 2In’?x min™ x 
1 Inp 1 In? p 1 In™ p 
aie a De Re Pere 
Ee p In Deva v3) min eae v3) 





=F +0(), 
Ing 
1 


where we have used the asymptotic formula So ap = 5 Ine + O(1) and the 
psVva 7 

power series expansion In(1 ~ 2) = —(a + = foe ao +--+). From (3), (5) and 

(7) we immediately get 








l 
) TInin = = (nin)? + Bylning + By +O (4 7 ; 

Pp Inz 
peer 


This proves Lemma, 2. 


3. PROOF OF THE THEOREMS 


In this section, we shall complete the proof of the Theorems. From Lemma 1 we 
have 


ee oy es 


nen meet ps eee ee” pace 
nz PF 


(8) —=bo+Vatls 


pee peat ween 


Applying . ) and Lemma 2 we get 


er se re 








pqse peve a<e/p “ poVva qsVva 
2 
1 
=20 5 Inn = +C,+0 a InIn/z + C, +O {| — 
p Ing Ing 
oe 
=2 Se ome  e90; Sp oa 
Pp . p In x Pp 
payer PSVa PVE 
l 
= (tne)? + C3 InlInz+C3+0 ( ae) 
Inz 
InInz 
(9) = (ining)? + Cxlnins +0540 (2) 
nz 
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. i ; 
Combining (4), (8) and (9) and note that ~z 1s convergent, we immediately 





pe<a 
obtain 7 
1 Inz 
S -—=(nInz)?+ Bi lInince+ B. +0 ( : a : 
sen lng 
NG 


This completes the proof of Theorem 1. 

Now we complete the proof of Theorem 2 and Theorem 3. From the definitions 
and the properties of Euler function and divisor function, and applying Lemma 1 
we have 


] 1 1 1 I 
De => oe 2 Se Ss ieee | 
eae) ee Bp page OR oe ae) 
nox PF 


and 


1 1 1 J 1 
So am) * pet > gaps > sagt > a 
ec eet peg PT ge ee de Gal) 
nos PFQ 





1 1 1 1 
Note that = — — —--— and ~~~ Is convergent, then using the 
pil p” ppt) - spe) 


methods of proving Theorem 1 we can easily deduce that 





» a = (InInz)?+C,Inn2+C, +0 (42) 


meh lnx 
nT 


ne 


and 








s- = 2 (nie epee a (4) 
aa a(n) Ing 


noz 


This completes the proof of the Theorems. 
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THE DIVISIBILITY OF THE SMARANDACHE 
COMBINATORIAL SEQUENCE OF DEGREE TWO 


Maohua Le 
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Abstract: In this paper we prove that there has only the consecutive 
terms of the Smarandache combinatorial sequence of degree two are 
pairwise coprime. 

Key words: Smarandache combinatcrial sequences, consecutive 
terms; divisibility . 

Let r bea positive integer with r>1. Let SCS(r)= fa(r,n)}"_, be 
the Smarandache combinatorial sequence of degree r. Then we have 
a(ryny=n(n=1,2,-7,r) and a(r,7)(1>r) is the sum of all the products oF 
the previous terms of the sequence taking r terms at a time. In {2}, 
Murthy asked that how many of the consecutive terms of SCS(r) are 
pairwise coprime. 


Los Poy (ape nee ees cae sat as Aly eae estes sedge atte este &. a“ VU? at 
In this paper we soive tus proviem tor r-Z. We prove lle 
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Theorem. For any positive integer n, we have a(2, n+1)==0 (mod 
a2) ). 

By the above mentioned theorem, we obtain the following 
corollary immediately. 

Corollary. There has only the consecutive terms 1,2 of SCS(2) are 
pairwise coprime. 

Proof of Theorem. Let b(n)=a(2,n) for any a. Then we have 
b(1)=1 and b(2)=2. It implies that the theorem holds for n=1. 

By the define of SCS(2), ifn>1, then we have 

b(n) = b(1)b(2)+ +--+ b(n ~ 2)b(n - 1) 


-*(ol)+-+oln-DF -(+-+8-) ) 


> 
—~ 
s 
— 
tI 
o 


(1)b(2) +--+ b(n = 2)b(n 1) 
(ot) x= olo— D+F 620) e-+5%— Be) 


nmi 


RTIWN e252 Ses 


using the basic properties of congruence (see [1, Chapter Vj}, we get 
from (1) and (2) that 
o(u+1)= 4 (o()+--+ Ale) _(Q)+--+ 8 (0-1) 
= b(n) = 0(mod b(n). 
Thus, the theorem is proved. 
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THE SMARANDACHE @ “SEQUENCE 


Maohua Le 

Department of Mathematics 
Zhanjiang Normal College 
29 Cunjin Road, Chikan 
Zhanjiang, Guangdong 
P.R.China | 


Abstract: In this paper we completely determine the Smarandache 
p -sequence. 
Key words: Smarandache g “sequence; Euler totient function; 


diophantine equation 


For any positive integer », let g(a) be the Euler totient function of 
n. Further, let the set 
A=(n|n=kq (n), where & is a positive integer}. (1) 
Then, all elements n of A form the Smarandache @ -sequence (see [2]). 
In this paper we completely determine this sequence as follows. 


Theorem. Let a be the Smarandache @ -sequence. Then 


we have 
I aie cease 
Ze i oe Sa _ 
os ea if x>1 and x is odd, e) 
Dre if x>Il and x is even. 


a oe 8 
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Proof. We first consider the elements of A. We see from (1) that 


these elements are solutions of the equation 
n=ko (n). 
Clearly, (#,4)=(1,1) is a positive integer of (3). If 7>1, let 
n= pr py ps 


be the factorization of n. By [1, Theorem 62], we have 


o(n)= pr pS! p®(p, - (py —U)---(p, - 1). 


Substitute (4) and (5) into (3), we get 


Pir Ps =k(p, - lp, - 1) (p, - 1). 


(3) 


(4) 


(5) 


(6) 


If m is even, then p,;=2 and po,**',p, are odd primes. Since p,-| 


(1=2,'**,5) are even integer, we find fron (6) that either s=l and «=2 or 


s=2, po=3 and k=3. It follows that (3) has positive integer solutions 


(1,k)=(2',2) and (2".3,3), where r is a positive integer. 


If m is odd, then (6) is impossible, since p(j=1,2,*++,s) are odd 


primes and p,-1(/=1,2,°--,5) are even integers. 


Thus, by the above analysis, we obtain (2) immediately. 
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TWO FUNCTIONAL EQUATIONS 


Maohua Le 

Department of Mathematics 
Zhanjiang Normal College 
29 Cunjin Road, Chikan 
Zhanjiang, Guangdong 
P.R.China 


Abstract: In this paper we solve two problems concerning the 
pseqdo Smarandache function. 
Key words: pseudo Smarandache function, sum of distinct 


divisors; divisors function 


For any positive integer n, let Z(m), b(7) and d(n) denote the 
pseudo Smarandache function, the sum of distinct divisors and the 
divisors function of n respectively. In [1], Ashbacher proposed the 
following two problems. 

Problem 1, Is there infinite many positive integers n of the 
equation | 


Z(n) = 6(n) 


gees, 
“seer” 


with 12", where r is a nonnegative integer. 
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Problem 2. How many positive integer solutions 7 are there to the 

equation 
Z(n)=d(n). (2) 

In this paper we completely solve these problems as follows. 

Theorem I. The equation (1) has only the positive integer 
solutions n=2’, where r is a nonnegative integer. 

Theorem 2. The equation (2) has only the positive integer 
solutions n=1, 3 and 10. 

Proof of Theorem 1. It is a well kown fact that n=2" is a solution 
of (1). Let 7 be a positive integer solution of (1) with 1742", Then, by 
[3], we have | 

Z(n)<n. (3) 
Since 5(n) 2n+1,(1) 1s impossible by (3). The theorem is proved. 

Proof of Theorem 2. By [1], a computer search up through 

w=10000 yielded (2) only the solutions n=l, 3 and 10. Let » be a 


positive integer solution with 7> 10000, and let 


n= py pot py! (4) 
be the factorization of n. By [2, Theorem 273], we have 
d(n) = (az, + le, +1)---(a, +1). (5) 


On the other hand, let #=Z(n). Since 
= +1)=0 (mod n), (6) 


we have ¢(t+1)22n. It implies that 
Zin)=t2(V8nF iP aiavn, (7) 


since n= 10000. For any prime p and any positive integer a, let 
al2 
f(p")=2 (8) 


atl 
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Then, by (2),(4),(5),(7) and (8), we get | 
1.41440?" |¢(0% }-- f(g x1. (9) 


Since 
|, “if p=2-and @>6-6r-p=3 and a>. 
ie (10) 
| vs if p>3, 
Z 
we find from (4) that (9) is impossible if n> 10000. Thus, the theorem 


is proved. 
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TWO FORMULAS FOR SMARANDACHE LCM RATIO 
SEQUENCES 


Maohua Le 
Department of Mathematics 


Zhanjiang Normal College 
29 Cunjin Road, Chikan 
Zhanjiang, Guangdong 
P.R.China 


Abstract: In this paper we give two reduction formulas for 
Smarandache LCM ratio sequences SLRS(3) and SERS(4). 


Key words: Smarandache LCM ratio sequence; reduction formula 


For any ¢¢>1) positive integers x,.5,--+,x,, let (X1,%2,°°',x,) and 
[x),2,°°,x,] denote the greatest common divisor and the least common 
multiple of x,,x3,**+,x, respectively. Let r be a positive integer with r> |, 


For any positive integer v, let 

[nntl---jntr-]] 
[1,2,---,7] 

Then the sequence SLRS(r) = {T(r,n)F_, is called the Smarandache 


T(r,n)= (1) 


LCM ratio sequence of degree r. It is easy to see that 
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for any positive integer n. In [2], Murthy asked that find reduction 
formulas for 7(r,n). In this paper we solve this open problem for r=3 or 
4. We prove the following result. 

Theorem. For any positive integer 7, we have 
[Engrs lhn+2), ifm is odd, 
Raa sre 


Fras + l)(a+2), if miseven 


and 
T(4,n) = : (3) 
syn(n+ (n+ 2)(n+3), if n=O (mod 3). 


a ee et 2s): if 7#0 (mod 3), 


The proof of our theorem depends on the following lemmas. 
Lemma 1 ([1, Theorem 1.6.4]). For any positive integers a and 5, 
we have (a,b)[a,b]=ab. 


Lemma 2 ([1, Theorem 1.6.5]). For any positive integers s and s< 


t, we have 
Cpa je (Seas) Caen). 
and 
xy ]= [le xy b leper el. 
Proof of theorem. By Lemmas | and 2, we get 
Prnchnea}nfrlrsiins 2a) n C2NE2)] (4) 


Since (n+1, 2+2)=1, we get from (4) that 
[antl wt2)=[n,(7t 1 )(nt2)]. (5) 


Further, since (7,n+1)=1, we have 
Gees) ae | 


Hence, by Lemma 1, we obtain from (5) and (6) that 
|, (a+ D(a +2) 
| (a+n+2) 


1, if # is odd, 


2, if m 1s even. 


(6) 


[x,nt+l,n+2] 
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n(n+\l)\(1+2), if # is odd, . 
= ee (7) 
Ve na(n+1)(1+2), 1 7 iseven. 
Since [1,2,3]=6, we get (2) by (7) immediately. 
Similarly, we have 
[nntlnt+2,n4+3]= [[x,2 +1) [2 +2,24+3]] 


seek (n+2)(n + 3) 


“| (nant) (n+2,n+3) 


[-loor- inane 8) 
Since [1,2,3,4]=12 and 
Cement “Nor )ate a ey (9) 


6,if »=0 (mod 3), 


we obtain (3) by (8) immediately. The theorem is proved. 
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AN EQUATION CONCERNING THE SMARANDACHE 
LCM FUNCTION 


Maohua Le 
Department of Mathematics 


Zhanjiang Normal College 
29 Cunjin Road, Chikan 
Zhanjiang, Guangdong 
P.R.China 


Abstract: In this paper we completely solve an open problem 
concerning the Smarandache LCM function. 
Key words: Smarandache function; Smarandache LMC function; 


diophantine equation 


For any positive integer n, let S(#) be the Smarandache function. 
For any positive integer &, let L(k) be the least common multiple of 
1 ,2,-++,4. Further, let SL(#) denote the least positive integer k such that 
L(k)=0 (mod v). Then SL(n) is called the Smarandache LCM function. 
In [2], Murthy’showed that if n is a prime, the SL(n)=S(n)=n. 
Simultaneously, he proposed the following problem. 

SL(n)=S(n), SHY 7? (1) 
ee 
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In this paper we completely solve the above mentioned problem as 
follows: 

Theorem. Every positive integer n satisfying (1) can be expressed as 

m=120 0 or a= py! pS? + pe p, (2) 
where p1,p2,°'*,D,, Pp are distinct primes and @,,@,°"7,@, are positive 
integers satisfying p>p*” (i=1,2,---,r). 

The above theorem means that (1) has infinitely many positive 
integer solutions 7. The proof of our theorem depends on the following 
lemmas. 

Lemma 1 ({1]). Let 

= py! py pi 
be the factorization of 7. Then we have 
S(n) “ max(s(p% \s(p%: }., Slo ) ‘ 
Lemma 2 ({1]). If p* is a power of prime, then s{p*}= 0 (mop p). 


(3) 


Lemma 3 ([1]). If p*is a power-of prime such that @>1 and 
p° #4, then S(p lep®, 

Lemma 4 ([2]). If (3) is the factorization of n, then SL(n)=max 
(oe, pp), 

Proof of Theorem. Let 1 be a positive integer solution of (1). 


Further, let (3) be the factorization of n, and let 


pr = max(p?", p28,---, p%), (4) 
By Lemmas | and 4, we get from (1), (3) and (4) that 
p* =SL(n)=S(n)=S(pi'), 1S 7 St. (5) 


By Lemma 2, we have S(p7‘)=0 (mod p;). Hence, by (5), we get 
p=p, and 
| p* =5(p*). (6) 
If p* =4, then from (4) we get n=4 or 12. 
Since S(4)=S(12)=4 and S(m)¥n, we obtin n=12. 


If a@=1, then from (4) we get j=r. Since S(1)#n, we see from (3) 
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that ¢>1. Let r=t-1. Then, by (3), we obtain (2). Thus, the theorem is 


proved. 
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ON THE 45-TH SMARANDACHE’S PROBLEM* 


GAO JING AND Liu HuaNine 


Department of Mathematics, Northwest University 
Alan, Shaanxi, P.R.China 


ApsTract. For any positive integer n, let k(m) be the smallest integer such that 
nk(n) is a factorial number. In this paper, we study the hybrid mean value of k(n) 
and the Mangoldt function, and give a sharp asymptotic formula. 


1. InTRODUCTION AND R&suULTS 


For any positive integer n, let k(n) be the smallest integer such that nk(n) is a 
factorial number. For example, k(1) — 1, &(2) — 1, k(3) — 2, k(4) = 6, &(5) = 24, 
k(6) = 1, k(7) — 720, ---. Professor F. Smarandache [1] asks us to study the 
sequence. About this problem, we know very little. The problem is interesting 
because it can help us to calculate the Smarandache function. 

For any prime number p and positive integer n, let S,(n) be the smallest integer 
such that S,(n)! is divisible by p". Professor F. Smarandache [1] also asks us to 
study this sequence. It seems that k(n) relates to S,(n). In fact, let n — p%, 
then we have k(p*) — S,(a)!/p*. Let n — pf'pg?---p%", where p1,p2,+-- , Dr are 
distinct prime numbers. It is not hard to show that 


. 


k(pt' p? co pe) aa Max{Sp, (a)! i we Me Poe Th/ (py ps? we ee 


In this paper, we study the hybrid mean value of k(n) and the Mangoldt function, 
and give a sharp asymptotic formula. That is, we shall prove the following theorems. 


Theorem 1. Jf x > 2, we have 


a Ay(n) log k(n) = “a log z + O(zx?), 


naa 
where 


sen logp, ifn is a prime p; 
™)o™ 
: 0, otherwise. 


Key words and phrases. Factorial quotients; Hybrid mean; Asymptotic formula; Smarandache. 
*This work is supported by the N.S.F.(10271093) and P.N.S.F of P.R.China. 
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Theorem 2. [fu > 2, we have 


S> AC A(n) log k(n) a5 logz + O(a”), 


nNoE 


where A(n) is the Mangoldt function. 


Iti is an unsolved problem whether there exists an Sey DIOHe formula for >) log k(n). 
noe 


We con‘ecture that 





. 
S| log k(n) = 5a eros ). 


ee logz 


2. SOME LEMMAS 


To complete the proofs of the theorems, we need the following lemmas. 
Lemma 1. [fx > 2 we have 
log(z]! — zlogz ~- x + O(log 2), 


where [y| denotes the largest integer not exceeding y. 
Proof. This is Theorem 3.15 of [2]. 


Lemma 2. For any prime number p and positive integer n, let Sp(n) be the smallest 
integer such that Sp(n)! is divisible by p". Then we have 


n(p—1) < Sp(n) < np. 


Proof. It is obvious that Sp(n) < nop. 
On the other hand, by Theorem 3.14 of [2] we have 





where [] denotes the product over prime numbers not exceeding x. Note that 
pise 


PisG %), we get 











This proves Lemma 2. 
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3. PROOFS OF THE THEOREMS 


In this section, we complete the proofs of the theorems. From Lemma 1 and the 
definition of k(m) we have 


SS Ai(n) log k(n oe log plog(p — 1)! 


nox peg 
= = Lbep le ~ 1) log(p ~ 1) ~ (p 1) + O(log(p — 1))| = D> ge? p+ O(plogp)}. 
pxr pur P 
Let 
{ 1, ifn is prime; 
a(n) = 
0, otherwise, 
then 


YS aln) = wee) = 5 +0 (=). 


nee log* x 


By Abel’s identity we have 


S "plog” p a Ss; a(n)nlog? n — n(x) -clog* x — [ w(t) (log? é+2logt) dt 
2 


pia noe 


~ loge +0(0?) - | (tlogt +- O(t)) dé 
#3 


We can easily get 


ig 1 
tlog tdt = a logz + O(z°), 
: 2 


Therefore 


5! 
S|) log? p = 5 log x + O(x?). 
pge 


Similarly we can get, 


‘> plogp Sx". 
pcr 


So we have 


SS Auln n) log k(n) — ao” logz + O(z’). 


noe 


This proves Theorem 1. 
From Lemma 1, Lemma 2 and the definition of k(n) we have 


2 An) ) log (n — $0 log plog (Sp(a)!/p*) 


pede 
= 5° logp[Sp(a) log Sp(a) — Sp(a) + O (log Sp(a)) — a logy! 
ptcg 
= S- [ap log” p+ O(aplogp log a)| = S- s [ap log” p + O(ap log p log a) : 
p® <a a<log.t p<al/a 
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Note that 


S> SS aplog*p-S“plog?p= S> > aplog*p 


a<log,z pigl/@ pez 2<acloggz p<al/e 


< > ar?! log? 2% < rlog*r 


2<a<log, £ 

and 
be x ep log ploga = S- s- exp log p log a 
aslogs= pgat/ea 2<a<logs et pdal/e 
2/a l/a 3 
<< > . wlogar*’*loga’’* < zlog” #loglogz, 
2<a<log, z 

so we have 


SS A(n) log k(n) = 52 logx + O{z*). 


nse 


This completes the proof of Theorem 2. 
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ON THE MEAN VALUE OF SMARANDACHE 
DOUBLE FACTORIAL FUNCTION* 


Gao JiInc AND Liu HUANING 


Department of Mathematics, Northwest University 
Xian, Shaanxi, P.R.China 


AsstTract. For any positive integer n, the Smarandache double factorial function 
dz(n) is defined to be the smallest integer such that dz(n)!! is a multiple of n. In this 
paper, we study the hybrid mean value of the Smarandache double factorial function 
and the Mangoldt function, and give a sharp asymptotic formula. 


‘1. INTRODUCTION AND RESULTS 


For any positive integer n, the Smarandache double factorial function d;(n) is 
defined to be the smallest integer such that dy(n)!! is a factorial number. For 
example, d;(1) ars Ab d (2) Ae De d,(3) = 3, d;(4) a 4A, d,(5) ae Dy d;(6) aes 6, 
d;(7) - 7, ds(8) — 4, ---. Professor F. Smarandache (1] asks us to study the 
sequeuce. About this problern, we know very little. There are many papers on the 
Smarandache double factorial function. For example, some arithmetic properties 
of this sequence are studied by C.Dumitrescu, V. Seleacu [2] and Felice Russo [3], 
[4|. The problem is interesting because it can help us to calculate the Smarandache 
function. 

In this paper, we study the hybrid mean value of the Smarandache double fac- 
torial function and the Mangoldt function, and give a sharp asymptotic formula. 
That is, we shall prove the following theorems. 


Theorem 1. [fx > 2, then for any positive integer k we have 


1 ar x 
\d =o = ] 
Ty Aalst) = 2 (245 aes) +03). 


noe trl 








where 
logp, ins a@ prime pD ; 
Keele f Dey 
0, otherwise, 
and Qy(m = 1,2,---,k—1) are computable constants. 


Key words and phroses. Double factorial numbers; Hybrid mean value; Asymptotic formula. 
*This work is supported by the N.S.F.(10271093) and P.N.S.F of P.R.China. 
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Theorem 2. [fx > 2, then for any positive integer k we have 


k—-l 9 
aes Om, a" 
y A(n)d s(n) = x G Ds as) +O ( . ) ; 


née log” x 





where A(n) is the Mangoldt function. 


2, SOME LEMMAS 
To complete the proofs of the theorems, we need the following lemma. 


Lemma 1. For any positive integer a, if p > (2a —1) we have 
ds(p*) = (2a ~ Lp. 
Proof. This is Theorem 5 of [4]. 


3. PROOFS OF THE THEOREMS 


In this section, we complete the proofs of the theorems. Let 


1, ifnis prime; 
ai) es : 
0, otherwise, 


then for any positive integer k we have 
k-1 


x m! ae 
Be a(n) = 1(x) = nee (2 2 ans) +O (ae iF 


na a 





By Abel’s identity we have 


S> Ayd;(n) = So plogp -S- a(n)nlogn — r(x)-cloge — iP a(t) Jogt + 1) dt 
2 


























neE per noe 
bol Bs 
2 
oe 1 
mol ; 
f t —— om! t+ ml t (logt +1) 
de bt +t + —— = +0 (ee) dt 
h logt mes log™t  logt aX log” ¢ log**1 4 
oy eee we cia 
2 TT 
oe oats +O ( ) ; 
( 2. log™ ;| log* x 
where am(m — 1,2,---,&—1) are computable constants. Therefore 
wer-# (249 a=) 0(,5 
pilog p= x st +0/ . } : 
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50 we have 


k-1 
1 dm, ape 
y Ax(n)d;(n) = x? G a a at) +O é ; ) , 


wee log” x 








This proves Theorem 1. 
It is obvious that ds(p*) < (2a—1)p. From Lemma 1 we have 


So A(njds(n) = S> logp[(2e-1)p]+  S> log p(dy(p*) — (2a - 1p). 


noe pt <a pecge 
p<(2a—-1) 
Note that 
SY. @a-lplogp- D> plogp= S* SY” plogp(Qa-1)~ S* plogp 
po ca pese ac kt pigl/a pe Se 
—logp *— 
= SS ‘> plogp(2a-1l)< S> ax?!“ log a! < rlog* a 
2<a< Bee pSal/e 2a 282 
and 


S* logp[dy(p*) - Qa~Up]« S*>  S* aplogp 


pe <a a< 8 p<(2a-1) 
p<(20~-1) ea 
< os (2a — 1)? log(2a — 1) € log* x, 
ax ais 


sO we have 
fee ote r 
‘> A(n)dz(n) = a G + 3s wits) +0 (=| : 
Sx : 7 mol log - log zt 
This completes the proof of Theorem 2. 
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The Density of Generalized Smarandache Palindromes 


Charles Ashbacher 
Charles Ashbacher Technologies 
Hiawatha, LA 52233 USA 


Lori Neirynck 
Mount Mercy College 
1330 Elmhurst Drive 
Cedar Rapids, [A 52402 USA 


An integer is said to be a palindrome if it reads the same forwards and backwards. For example, 
12321 is a palindromic number. It is easy to prove that the density of the palindromes is zero in 
the set of positive integers. 

A Generalized Smarandache Palindrome (GSP) is any integer of the form 

ajaj@3... apd... A349d, OF AAAs... AQ ApAgy .. . AAA 
where all a), az,a5,.. . a, are integers having one or more digits [1], [2]. For example, 

10101010 and 101010 
are GSPs because they can be split into the forms 
(10)(10)(10)¢10) and (10)(10)(10) 


and the segments are pairwise identical across the middle of the number. 


As. a point of clarification, we remove the possibility of the trivial case of enclosing the entire 
number 


12345 written as (12345) 


which would make every number a GSP. This possibility is eliminated by requiring that each 
number be split into at least two segments if it is not a regular palindrome. 


Also, the number 100610 
is considered to be a GSP, as the splitting 
(10)(06)(10) 


leads to an interior string that is a separate segment, which is a palindrome by default. 
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Obviously, since each regular palindrome is also a GSP and there are GSPs that are not regular 
palindromes, there are more GSPs than there are regular palindromes. Therefore, the density of 
GSPs 1s greater than or equal to zero and we consider the following question. 
What is the density of GSPs in the positive integers? 
The first step in the process is very easy to prove. 
Theorem: The density of GSPs in the positive integers is greater than 0.1. 
Proof: Consider a positive integer having an arbitrary number of digits. 
Anan.y . . . A24)aQ 

and all numbers of the form 

(jana... a(k) 


are GSPs, and there are nine different choices for k. For each of these choices, one tenth of the 
values of the trailing digit would match it. Therefore, the density of GSPs is at least one tenth. 


The simple proof of the previous theorem illustrates the basic idea that if the initial and terminal 
segments of the number are equal, then the number is a generalized palindrome and the values of 
the interior digits are irrelevant. This leads us to our general theorem. 

Theorem: The density of GSPs in the positive integers is approximately 0.11. 

Proof: Consider a positive integer having an arbitrary number of digits. 


Anpay-t .. . AGA, ag 


If the first and last digits are equal and nonzero, then the number is a generalized palindrome. As 
was demonstrated in the previous theorem, the likelihood of this is 0.10. 


If a, = a, and a,.; = ag, then the number is a GSP. Since the GSPs where a, = ay have already been 
counted in the previous step, the conditions are 


ay = a, and a, =a and a, # ap 


The situation is equivalent to choosing a nonzero digit for a,, and decimal digits for a... and ag 
that satisfy these conditions. This probability of this is easy to compute and is 0.009. 


If ay = a2, a>) = a; and ay.» = a, then the number is a GSP. To determine the probability here, we 
need to choose six digits, where a, is nonzero and the digits do not also satisfy the conditions of 
the two previous cases. This is also easily computed, and the value is 0.0009. 


The case where ag = a3, a.) = 42, apr = a; and a,.3 = ap is the next one, and the probability of 
satisfying this case after failing in the three previous cases is 0.0000891. 


The sum of these probabilities is 0.10 + 0.009 + 0.0009 + 0.0000891, which is 0.1099891. 
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This process could be continued for initial and terminal segments longer and longer, but the 
probabilities would not be enough to make the sum 0.11. 
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ON THE CUBE FREE NUMBER SEQUENCES 


ZHU WEryI 
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ABSTRACT. The main purpose of this paper is to study the asymptotic property of 
the cube free numbers, and obtain some interesting asymptotic formulas. 


1. INTRODUCTION AND RESULTS 


A natural number a is called a cube free number if it can not be divided by any 
6°, where } 2 21s an integer. One can obtain all cube free numbers by the following 
method: From the set of natural numbers (except 0 and 1) 

-take off all multiples of 2" (i.e. 8, 16, 24, 32, 40, ...). 

-take off all multiples of 33. 

-take off all multiples of 53. 

--and so on (take off all multiples of all cube primes). 

Now the cube free number sequences is 2, 3, 4,5, 6,7, 9, 10, TAA 8, EA TG. Te 
In reference [1], Professor F. Smarandache asked us to study the properties of the 
‘cube free number Sequences. About this problem, it seems that none had studied 
it before. In this Paper, we use the analytic method to study the asymptotic prop- 
erties of this sequences, and obtain some interesting asymptotic formulas. That is, 
we shall prove the following three Theorems. 


Theorem 1. Let A denotes the set of all cube free numbers. Then we have the 


asymptotic formula : 
x? 3 
Sa O ( gre ; 
y a 3¢(3) + £ ) 


acA 
ace 


where « denotes any fixed positive number, ¢ (s) 1s the Riemann zeta-function. 


Theorem 2. Let A denotes the set of all cube free numbers, y(n) is the Euler 
function. Then we have the asymptotic formula 


x? pti Bie 
20) = sag II (1-24) +0 (a+), 
_ asa ; 





Key words and phrases. Cube free numbers; Asymptotic formula; Function of number theory. 
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Theorem 3. Let A denotes the set of all cube free numbers, d(n) is the Dirichlet 
divisor function. Then we have the asymptotic formula 


__ 36 2 24¢'(2 
= eles Bie a Pn (ine + @y~1)- xe 
Tr 


2. 
ace 
plnp e 
ce 40 CS), 
ne (p? + 2p + 3)(1 =) bs 
; Inn ; 
where ¢'(2) = — S- yt? > denotes the summation over all primes. 
n=2 P 


2. PROOF OF THE THEOREMS 
In this section, we shall complete the proof of the Theorems. For conveniently 
we define a new number theory function a(n) as follows: 
0, ifn=1; 
a(n)=4n, ifketnn>1,k>2 
0, ifk8|nn>1k>2 


It is clear that 


S a=) a(n 


acA nor 
ata 


fle) =1+ 5 0) 


From the Euler product formula [2] and the definition of a(n) we have 


a(p) , ale?) ae ee 
Hh Ga eee HG+ss tpn) * aes 


Let 





By Perron formula [3] we have 


1 64:T : 3 bp b 
yale) a al. f(s + 8)—ds +0 a 


130 Qt 





nic 


“82)) MO (« ~%9 A(N) min(1, ap) : 





+0(« 1-40 FF (22) min(1, 


Taking. sp = 0,b=3,T= zi, Aig) =e. Bla) = =, in the above formula , 
then we have 


3+iT Cg=4) x 


a = ds gite 
Yo) = aie A Faleriy 8 tO, 


n<z 
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To estimate the main term 


1 eee C(s — 1)x* 
Qin sir ¢(3(s— 1))s ? 


we move the integral line from s =3+it tos = 3 +t. This time, the function 


¢(s— 12° 


M8) = teats 


have a simple pole point at s = 2, so we have 
3+47T 2447 $—iT 3-—iT 2 
—1)r3 
ees. +f +f +/ Ag eae 
Qin 3+i7 S447 2-iT ¢(3(s i 1))s 2¢(3) 
We can easy get the estimate 


3 
s < gre. 


1 [vs ¢(s— 1)z° 
d 


Qin gs_ir ¢(3(s — 1})s 




















1 fe? ¢(s—1)z8 gn 
Ap genet | ¢ 
2in Js_ep ¢(3(s — 1))s £ 
and 
1 3471T ce. 8 3+¢ 
i C(s—l)a date ore 
200 a4iT C(3(s = l1))s T 


Taking T = £2, we have 


Sra= Dal) = = +0 (si), 
aca n<z 2¢(3) 
aca 


This completes the proof of Theorem 1. 
Let f(s) =1+ SEO) and =149/ 40) 


From the Euler peodiet formula [2] and the definition of re we also have 


i ad eae) 


1 1 1 
= alee ps1) *" p> = pest 


: ped ju POEL, 
ati LI i aes) 
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p 
¢7(s) ( 2 ) 
= ers 
cites) LI + Gepap 
By Perron formula [3] and the method of proving Theorem 1 we can easy obtain 


és, le Hod fte). 
Lee) = gel - wees) tO uh 


ase 


2 
pe +2943 
¥ ate) = TT 
ae 5 «(Ll +p) 
acs 


: ¢(2) plnp 
(2) (nz y= a0 “Cetin +0(z #) 


This proves the Theorem 2 and Theorem 3. 





REFERENCES 
1. FP. Smarndache, ONLY PROBLEMS, NOT SOLUTIONI, Xiquan Publishing House, Chicago, 
1993, pp. 27. 


2. Tom M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York, 1976. 


3. Pan Chengdong and Pan Chengbiao, Foundation of Analytic Number Theory, Science Press, 
Beijing, 1997, pp. 98. 


202 


ON THE 49-TH SMARANDACHE’S PROBLEM* 


GAO JING 


Department of Mathematics, Northwest University 
XVan, Shaanxi, P.R.China 


Apstract. For any prime number p and positive integer n, let Sp(n) be the smallest 
integer such that S,(n)! is divisible by p”. In this paper, we study the mean value of 
the Dirichlet series with coefficients S,(n). We also show that Sp(n) closely relates 
to Riemann Zeta function, and give a few asymptotic formulae involving Sp(n) and 
other arithmetic functions. 


1. INTRODUCTION AND RESULTS 


For any prime number p and positive integer n, let S,(n) be the smallest integer 
such that S,(n)! is divisible by p”. For example, S3(1) = 3, S3(2) = 6, $3(3) = 9, 
S3(4) = 9, 53(5) = 12, S3(6) = 15, $3(7) = 18, ---. It is obvious that p| S,(n) and 
Sp(n) < np. Professor F. Smarandache [1] asks us to study the sequence. About 
this problem, we know very little. The problem is interesting because it can help 
us to calculate the Smarandache function. 

It seems that S,(n) closely relates to Riemann Zeta function. In fact, for real s > 
1, we consider the Dirichlet series with coefficients S,(n). The series $” S,(n)n7° 
converges absolutely as s > 2 since S,(n) < np. In this paper, we study the mean 
value of the Dirichlet series with coefficients S,(n), and give a few asymptotic 
formulae involving S,(n) and other arithmetic functions. 


Theorem 1. For any given s, we have 


Boe re =(p-1)¢(s-1)+Ri(s,p), 3 > 2; 
— n)Sp(n —1)C(s—2 
Lee )é(s — 2) 


C(s—1) +Re(s,p), s>3, 


where 


eel 1 \(1 1 
Pepe 2 ogn+ PER Riise) = oe ogn + og Pp) 


a eee 2 ns 


From our theorem we know that S,(n) closely relates to Riemann Zeta function. 
Using our formulae we can calculate the mean value of S,(n). 


Key words and phrases. Primitive numbers; Dirichlet series; Mean value; Asymptotic formula. 
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2. Some LEMMAS 
To complete the proof of the theorem, we need the following lemma. 


Lemma 1. For any prime number p and positive integer n, let S,(n) be the smallest 
integer such that S,(n)! ts divisible by p®. Then we have 


n(p—1) < Sy(n) < (n+ EAP) (p 2) 





_ Proof. By Theorem 3.14 of [2] we have 


sp(n)i= T] 22, arr) = do [22], 


pi <Sp(n) 
where [| denotes the product over prime numbers not exceeding z. Note that 


piss 
p” | Sp(n), we get 


ee S [22] < 5 (n) = 50), 


m=1 1 








On the other hand, p"{ (Sp(m) — 1)! since p | S,(n). Therefore 


mie SoS Stn) —1) 5S Sadat : = sy Set) = 1_towto) 


=. pm — p-l log 2 
p™<S,(n)-1 
So we have 
log(np) log(np) 
Pe ee ea Cee & eee. Vig A), 
Sp(n) < (» 1+ fog? (p-l\)+1< (n+ jog? (p — 1) 


This proves Lemma 1. 


3. PROOF OF THE THEOREM 
In this section, we complete the proof of Theorem 1. From Lemma 1 we have 
Sp(n) = n(p — 1) + O ((p— 1) (logn + logp)). 
From Theorem 3.2 of [2] we immediately get 





>» ein) = op ¢(s—1)+ Rils,p), $s > 2, 
n=1 


where 


p-1 > logn + logp 
Rises ye es 
(8,P) S log 2 > ns 


Similarly we can deduce other formula. 


This completes the proof of Theorem 1. 
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PAPER MODELS OF SURFACES WITH CURVATURE 
CREATIVE VISUALIZATION LABS 
BALTIMORE JOINT MATHEMATICS MEETINGS 


HOWARD ISERI 
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MANSFIELD, PA 16933 


ApsTracr. A model of a cone can be constructed from a piece of paper by removing a wedge 
and taping the edges together. The paper models discussed hare expand on this idas (one or more 
wedges are added and/or removed). These models are flat everywhere, except at the “cone points,” 
so the geodesics are locally straight lings in a natural sense. Non-Huclidean “effects” are easily 
quantifiable using basic geometry, the Gauss-Bonnet theorem is a naturally intuitive concept, and 
the connection between hyperbolic and elliptic geometry and curvature is clearly seen. 


1, OBJECTIVES AND NOTES 


The notion that a geometric space can be manipulated is an idea that I would like to instill 
in students. A number of behaviors of lines/geodesics can be found by constructing a variety of 
surfaces. I believe that this can be of value, as it is in topology where metric spaces with marginally 
intuitive properties are readily available. All of the models described in the labs are essentially 
2-manifolds, so the notion that there are many accessible manifolds will hopefully be carried by the 
student into a study of differential geometry or topology. 

The local geometry of these paper models corresponds directly to the geometry of smoothly curved 
surfaces, so they can be used as an introduction to a study of Riemannian geometry. Geodesics 
on these surfaces are easy to find, since they are straight lines when the paper is flattened, and 
a protractor can measure the angle defect, which is essentially equivalent to a measure of total 
curvature. Since the Gauss curvature is an infinitesimal version of the angle defect, the definition 
of Gauss curvature can be motivated in terms of these models. Furthermore, there is a polyhedral 
version of the Gauss-Bonnet theorem that is easy to see, and this can be used to make sense of the 
smooth version. 

These labs come from a series of projects I gave to three students doing an independent study 
course in geometry. The three worked together on these projects with very little help from me, and 
while these students were stronger than average, I think the labs are appropriate for outside-of class 
assignments that are independent of the main course of study. I would assign one lab a week in the 
month prior to starting non-Kuclidean geometry. 


2. INTRODUCTION 


The geometry of a sphere is fundamentally different from that of the plane. The essence of this 
difference is captured in the Gauss curvature, where the sphere has constant positive curvature and 
the plane has zero curvature everywhere. This difference in curvature and geometry manifests itself 
in the inability te build paper models of the sphere out of flat pieces of paper. A cylinder, on the 
other hand, is easily constructed from paper, and correspondingly has the same (Gauss) curvature 
and local geometry as the plane. In fact, the geodesics on the cylinder correspond to straight lines 
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on the paper when flat, and a cylindrical paper model quickly leads to the realization that the 
cylindrical geodesics are helixes (degenerate and non-degenerate). 

A cone can also be constructed fram paper. The geadesica, while not as easily described as for 
the cylinder, can be seen the same way. One characteristic that the cone and sphere share is that 
no region containing the vertex can be flattened (without tearing the paper). The cone and sphere 
also share a notion of positive curvature and an elliptic geometry. 

The cone formed by removing a wedge measuring @ radians is defined to have an angle defect equal 
to @. I prefer the term impulse curvature, since the angle defect corresponds to a Gauss curvature 
singularity at the cone point with a finite integral. In fact, if you were to smoothly round off the 
vertex of the cone and integrate the Gauss curvature, you would get a total curvature of precisely @. 
As a result, the Gauss-Bonnet theorem extends nicely to angle defects. Actually, the Gauss-Bonnet 
theorem on a cone is obvious once you know what to look for, and perhaps we should say that the 
Gauss-Bonnet thearem is an extension of a polyhedral version due to Descartes. All of this applies 
equally well to hyperboli¢ geometry, since adding a wedge introduces a negative angle defect and a 
negative total curvature. 


FIGURE 1. A pair of geodesics with three points of intersection 


3. A SAMPLE PROBLEM FROM LAB 2 


One of the problems in Lab 2 asks the students to construct a surface that has a pair of geodesics 
with three points of intersection. If the geodesics are to be configured as in Figure 1, they will form 
two regions bounded by 2-gons. The Gauss-Bonnet theorem requires that the total curvature in 
each region must equal the angle sur of its bounding 2-gon. If we want the angle at the middle 
intesection point to be @ radians, therefore, then we need to introduce total curvature greater than 
@ inside each region. In terms of cone points, we need to introduce two cone points by removing 
wedges that measure more than @ radians. 





FIGURE 2. We can remove wedges measuring more than @ radians. 


We can construct the surface as follows, Start with two lines intersecting at a single point as in 
Figure 2. We can make the pair of lines intersect twice more by removing two wedges, and clearly 
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2 must be greater than @ (without using the Gauss-Bonnet theorem at all). The result is two cone 
points each with total curvature 4. 





FiGURE 3. The continuations of the geodesics on the surface will look like this. 





Ficure 4. The paper model corresponding to Figure 3 looks like this. 


The particular values for @ and # can vary greatly, but @ = 45° and 1 = 90° is convenient to draw, 
and a paper model ean be constructed from the diagram in Figure 3. I have drawn one geodesic solid 
and one broken to distinguish them. Note that the continuations of each geodesic must intersect - 


the cut at the same angle, so it’s easy to do with a ruler and protractor, if you choose convenient 
angles. The resulting paper model is shown in Figure 4. 





Figure 5. The angle defect corresponds to total curvature, 
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4. Gauss-Bonnet THEOREM 


I do not address the Gauss-Bonnet theorem in any of the labs, but after the students have 
completed the last lab, I would leok at the cone point version-of the Gauss-Bonnet theorem. From 
here, the definition for Gauss curvature on a smooth surface should make sense intuitively. 

The basic idea can be seen using circles and spheres. Consider a circle of radius r centered at the 
cone point of a cone with angle defect 9, as in Figure 5. In the plane, this circle will have curvature 
« = 1. Since the local geometry on the cone is Euclidean away from the cone point, the geodesic 
curvature for this circle as a curve on the cone must be the same. That is, Ky =). What is different 
about this circle and a circle in the plane with the same radius, is that the circle on the cone has a 
smnaller circumference. In fact, the difference must be @r. 

We can now compute the total geodesic curvature. 


(1) frodes f ds 2 he ar) =2nr @. 
GO rie r 


Since curvature measures the rate of rotation of the tangent vector, it should make sense to students 
that the total rotation for a simple closed curve in the plane must always be 2. Since any small 
deformation of the circle essentially takes place in the plane, it should also make sense that the total 
rotation for a simple closed curve around the cone point will always be 27 minus the angle defect. 
Tn any case, the formulation of the Gauss-Bonnet theorem should seem natural. 

Comparing Equation (1) to the Gauss-Bonnet theorem, 


(2) i feg ds = 20 | K dA, 
Cc R 


it’s obvious that the angle defect corresponds with the total curvature f K dA. In fact, I think it 
makes perfect sense to motivate the definition of the Gauss curvature A in terms of this formula. { 
might start out by doing the following. 





FIGURE 6. The circle of tangency will have the same geadesic curvature on bath surfaces. 


Consider a sphere tangent to a cone, as shown in Figure 6. The geodesic curvature for the circle of 
tangency will be the same on both surfaces. Therefore, the total curvature for the regions contained 
by the circle on both surfaces should be the same. We can then require that the Gauss curvature 
be an infinitesimal version of the total curvature and that it be constant on the sphere. That is, 


(3) o= | Kaa=x f dA = K HO 
: D D 
and 
al 
(4) K= po 
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i think the actual computation is a bit tricky, but there may be a simpler way. In any case, the area 
integral is 


2 bP 
= 2 si adit = He OS 
(5) E dA = [ / B? sinp dpdt = H?(1 cos #)2z7, 


where the parameters p and ¢ are the phi and theta from spherical coordinates. To express this 
expression in terms of @, note that the circumference of the circle C is 2rr = @r on the cone. If the 
radius of this circle in space is p, then this circumference is also 27p. Since Maing = p, we have 
that 


(6) 2rr Oy = QaKsind, 

and 

(7) @=2r(h . sin @). 

Now, tang = 5, 30 

(8) 0 = 2e(1 va sing) =2n(1 cos¢). 


Equations (5) and (8) establish equation (3). 


5. FURTHER READING 


Total curvature was studied at least as far back as Descartes, where he used the term inclination 
of the solid angle in his investigations of convex polyhedra. It seems that the term angle defect is 
now standard. As mentioned, Descartes also had a formula that is a Gauss-Bonnet theorem for 
convex polyhedra, I’ve found some historical bits about this in [1], but I’m not sure if Gauss knew 
about Descartes’ work when he was studying the curvature of surfaces. I intend to check this out 
eventually, but I get the sense that the geometry of cone points is too obvious to mention for working 
geometers, so this may have been the case for Gauss as well. 

I first became aware,of Descartes’ work with angle defects from an article by H, Gottlieb called 
“All the way with Gauss-Bonnet” in the Math Monthly [2], and an article on the AMS website called 
“Descartes’s lost theorem” [4]. The first article is an excellent second introduction to curvature. 

My general interest started through my involvement with the Smarandache Geometry Club (Ya- 
hoo), The members of this club were interested in geometric spaces that satisfied Euclidean axioms 
in some instances and violated them in others. This would be somewhat normal in a Riemannian 
manifold, and [ remembered reading about something Jeff Weeks called hyperbolic paper in The 
Shape of Space ((6|). This hyperbolic paper was constructed by taping equilateral triangles together 
so that there were seven triangles around each vertex. The result is a paper mode! with a bunch 
of cone points with angle defect equal to 4. Building on this idea, I was able to build a lot of 
models that exhibited properties that the members of the club were looking for, and I eventually 
wrote a little book on the subject called Smarnndache Manifolds ([3}). I think one of the difficulties 
in motivating proofs in Euclidean geometry is that students have a hard time imagining how any 
of the theorems could not be true. It’s hard to justify a confusing proof for a statement that is 
obviously true. This book has lots of counter-examples. I have copies to give away, so let me know, 
if you want one. 

I think cone points come up in the study of orbifolds, but they seem to fit most naturally in an 
area called computational geometry. | know almost nothing about either of these subjects, but [5] 
is a nice, accessible article by two leading computational geometers. 
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DIE SMARANDACHE'sche KLASSE VON PARADOXIEN 
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E-mail: Bernd. Hutschenreuther@sz-online.de 


<A> sei ein Attribut, und <Nicht-A> seine Negation. Dann gilt: 


Paradox 1. ALLES IST <A>, <Nicht-A> AUCH. 
Beispiele: 

E11: Alles ist méglich, das Unmdgliche auch. 
E12: Alle sind anwesend, die Abwesenden auch. 
E13: Alles ist endlich, das Unendliche auch. 
Paradox 2. ALLES IST <Nicht-A>, <A> AUCH. 
Beispiele: 

E21: Alles ist unmdglich, das Mégliche auch. 

E22: Alle sind abwesend, die Anwesenden auch. 
E23: Alles ist unendlich, das Endliche auch. 
Paradox 3. NICHTS IST <A>, NICHT MAL <A>. 
Beispiele: 

E31: Nichts ist perfekt, nicht mal das Perfekte. 
E32: Nichts ist absolut, nicht mal das Absolute. 
E33: Nichts ist endlich, nicht mal das Endliche. 
Bemerkung: Die drei Arten der Paradoxe sind aquivalent. Man nennt sie: die 
Smarandache'sche Klasse von Paradoxen. 


Allgemeiner gilt: 

Paradox: ALLE (Verb) <A>, <Nicht-A> AUCH 

(<Die verallgemeinerte Smarandache'sche Klasse von Paradoxien> 

Wenn wir <A> durch ein Attribut ersetzen, finden wir ein Paradox. 

Analysieren wir das erste Beispiel: (E11): 

<Alles ist méglich, das Unmégliche auch.> 

Wenn dieser Satz wahr ist, erhalten wir <das Unmiégliche ist auch méglich>, was ein 
Widerspruch ist; 

deshalb ist der Satz falsch (in der Objektsprache). 

Aber der Satz kann wahr sein, weil <Alles ist miglich> <das Unmégliche ist méglich> 
einschlieBt, d.h. 

<es ist méglich, unmdgliche Dinge zu haben>, 

was korrekt ist (in der Metasprache). 

Natirlich gibt es von dieser Art auch erfolglose Paradoxe, aber die vorgeschlagene Methode 
fiihrt noch zu schdnen anderen. 

Betrachte das folgende Wortspiel, das an Einstein erinnert: 

Alles ist relativ, die (Theory der) Relativity auch! 

Weiterhin: 
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1. Der ktirzeste Weg zwischen zwei Punkien ist das Maander! (*) 

2. Das Unerklirbare ist, natiirlich, durch das Wort: "unerklérbar" erkiart! 

(*) Anmerkung des Ubersetzers: Bekannt ist auch das Sprichwort: Der ktirzeste Weg 
zwischen zwei Punkten ist der Umweg. 
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CONVERGENCE OF THE SMARANDACHE GENERAL CONTINUED FRACTION 


BOUAZZA EL WAHBI 
Dérargrement ne MATHEMATIQUES ET INFORMATIQUE 


Facutré pes Sciances 


B.P.2121 Térouan 


Morocco. 


ABSTRACT. We give a positive answer to the Smarandsche General Continued Fraction convergence (gee 
(2]). 

The Smarandache General Continued Fraction associated with the Smarandache reverse sequence 

1, 21, 321, 4321, 54921, ...,121110987654221, ..., is given by 

1 

21 
321 
432] 
12345 + ... 





(1) 1+ 
12+ 
123 + 
1234 + 


(See for more details [2]). 
Define the sequences {a,}aso and {bn }a>o by : 


ago > lay = 12,42 = 123, nee 
bo = 1,0, = 21, bp = 321, ... 
We verify easily that 











1olet)) a 
(2) Qnt1 = 10a, +(2+1) and 6,4) = 106, + , for any n> 0. 
With notations af [1], the continued fraction (1) can be written as follows: 
be bn 
sepa PN oe Pl oe pool 
ja, fag fag lan 
A 
Let = be the result of the &** reduce of continued fraction: 
ky ¢ 
b b, 
(3) ace BL eal eget 
Ja, fag jas jay 


Thus we define two sequences {An }aso and {Babn >y Of real numbers. Using the elementary algchraic 
theory of continued fraction given by Euler (see [1]) we have the following, 


Lemma 0.1. The sequences {Anha>o and {By }i>o satisfy the folowing statements: 
An = Qn An-1 oh bp Ana, for n > 72 A-, =0 and Ag = 4). 
Bn = @nBn-1 +baBn-2, for n> 2, B-1 =0 and By = 1. 


tn consequence, we have: 
AnBn-i— An-1 Bn = (1) bby...ba-1, for any n > 1 
And if B, #4 0, for any n > 0, we have, 
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An Anat _ =(- 1) (m1) by be... by) 


By Br =1 By L B, ' 
An easy computation gives, 





,foranya sl 


An bob ..-bie—1 
pair L ewe + yy leo 1) SOE ea 
Baers 3 Bia Be 


Hence, we have the following result 
Lemma 6.2. The Smerandache General Continued Fraction (1) is convergent if and only if the alternate 
us 4) bob) ---be = 
series >. (1) is also convergent. 
k 


k=l Bri 


Let {un}a>o be the sequence of positive real numbers defined by 





Un et forn>1 
We have, 
Unpl— ln = obi -be Bobi -bn 
B,Bn+1 Bi-iBn 
el Dn 1 
a dB Bais Bai 
= —ohtnbnat (bala a Batty 
Broa By Bay1 


And using the lemma 0.1 , we get 
_ bohy.--ba—1 bn — dng (Bra Gn Bs, 
Unfl—Un =— [ | 
Ba-aBn nwt Bn ti 


106+) 1 
by Ons = 9b, - oe 0 
Because the &,,’a are positive, we deduce that the sequence {ty bax >o is decreasing. Qn the other hand, 
we have, Bn Bn 1 = len Bpet + bn Bp—alBn—1 2 bebs...bn8,Bo, which implies that 


b9b1..-bn 1 by 1 


Un < = = 
fobs...6,B, Bg by By bn 


And by (2) we have 





The last inequality axzsert thai tim un, = 0. Finally, we have the reault 


n--+oo 


Theorem 0.1. The Stnarandache General Contimued Fraction (1) ts convergent. 


e 
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The first 10" Smarandache Symmetric Numbers 


Muneer Jebree! 


SS-Math-Febron / UAIR WA / Field Educstion Officer / 
Box 19149 / Jerusaterm / Israei 


, - 2 . ‘h 
Abstract; in this article , we presemt some important observations of the first 10° 
Smarandache Symmetric Numbers 
exctide the secomd sumber Le. 11}, and the reltionshioa of sqnarns . 
Pe ag aE a 


In [1] the first 10° Smarandache Symmetric Numbers 
{ excluding number i1), namely ; 


1, 121, 12321, 1234321, 123454321, 12345654321 , 


1234567554321 , 123456787654321 , 12345678987654321 . (1) 


Consider (1) , then convert this numbers to the following tnangie: 


1 
122 
12321 
1234321 
123454324 
12345654221 
1234567654321 
ppb ea 
£2345678987554352 


The following observation may interest readers of Smarandache 
Notions Jourmmet ; 


1) The area ( in the number of al! digits in the above triangle ) of 
this triangle equal 9* , which is a square . 


2) The terminal digits follow the pattern 1,1,1,.., 1, which is a 
square . 

3) 

4) The initia! dicts follow the pattern 1,1,1,.., 1, which is a 
square . 


5) The sum of the digits of any number equal perfect square , 
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Example ; 121 





12345578987554321 ce nee 


Hence , the sum of digits follow the pattern 17 ,27,34,..., 9%. 
6) Tne number of digits fottow the pattern 1,3,5,7,...,L7 ,and the 
sum is , wnicn is a square , namely 81. 


7) If we take any column in the triangle then cubing the digits then 

sum them , we get square for examote , take catummn S , then 

we have 12345 , cubing this digits and sum ; 1°+23+37? +4°94+5°=15" 

So, cubing the digits in columns and sum them, follow the pattern 

1? ,37,67, 10? ,15°,217, 287,367, 457 . 

8) Any number in the triangle is a perfect square and there is no 

prime , hence the number follow the pattern : 

Ae APSA dd A119 I ea 

1111111117. 

9) The bias of triangle looks like 9! , and 8! So if we multiply the 
bias by its component we get square( 9!X8! = square) . 


Know convert the triangle to the following matrix , namely : 


Plililitlil 
P2222 222. 2 
b2.3 93.9 3.353 
123444444 
LD 34 SD 
12345 6666 
Lead Av OO ed 
123456788 
123456789 


Notes : 

1) The matrix is a square one ( 9x9). 

2) The matrix is symmetric a round the diagonal. 
3) The detriment equal 1 , whichis a square . 


4) We can get this matrix by the following two matrices ; 
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where the rows = or column represent the pattern 
zB rs as KOU reps es sD) 





100000000 (ig Oe ef 
110000000 O11L13111 
111000000 Vi Oe se 
111100000 OOO1LTILI 
111110000 000011111 
111111000 000001111 
lit111100 00000 O11] 
111111110 000000 O11 
Tlilil114 000000001 
Reference: 


{1} Ashbacher. Charles . Phickings Form the Tree of Smarandache 
Sequences and Functions- chapter 1: http-:/Ayvww. Ashbacher.com/ 
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On the 57-th Smarandache’s problem * 


Liu Huaning and Zhang Wenpeng 
Department of Mathematics, Northwest University 
Xi'an, Shaanxi, P.R.China 


Abstract 


For any positive integer n, let r be the positive integer such that: 
the set {1,2,---,r} can be partitioned into mn classes such that no 
class contains integers x, y, z with xy = z. In this paper, we use the 
elementary methods to give a sharp lower bound estimate for r. 


81. Introduction 


For any positive integer n, let r be a positive integer such that: 
the set {1,2,---,r} can be partitioned into n classes such that no 
class contains integers x, y, z with zy = z. In [1], Schur asks us to 
find the maximum r. About this problem, it appears that no one had 
studied it yet, at least, we have not seen such a paper before. The 
problem is interesting because it can help us to study some important 
partition problem. In this paper, we use the elementary methods to 
study Schur’s problem and give a sharp lower bound estimate for r. 
That is, we shall prove the following: 

Theorem For sufficiently large integer n, let r be a positive in- 
teger such that: the set {1,2,--- ,r} can be partitioned into n classes 
such that no class contains integers x, y, z with cy = z. For any 
number € > 0, We have 

diese melt-e)(n-1) 
Whether the upper bound of r is n2—)) or there exists another 
sharper lower bound estimate for r, is an interesting problem. 


keywords: Smarandache’s problem; Partition; Lower bound. 
*This work is supported by the N.S.F.(10271093) and the P.S.F. of P.R.China. 
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§2. Proof of the Theorem 


In this section, we complete the proof of the Theorem. 
Let r = [n*('-#("—-1)] and partition the set {1,2,--- , [n?@-#(e—-D]y 
into n classes as follows: 








Class 1: 1, omega | : iptoe ent) oh 1] : ote, nee 2 

a ee) : chaise 
Ce os ie nt 2, > | ata=)3 

oe [ (m(t-2)m=1) 1) (n(i-e)(n-1)_1) (m(t-20(2-1)-1)] 

Class 3: 3, > ees +1, —eeeeas +2, +55, (eee) 

. [ (n(t~s)(a~1)_}) (n{l-2)in—1) 1) [ (nfimedn-1)_1) ] 
Class k:  k, ae +1, “oases | Ce ee TRCTIERY | - 

(pre). mi-e}(a-1) 

Class n: 7, ae +1, a ~ I SPO odin [ae a 1 





where [y] denotes the integer part of y. 

It is obvious that Class k contains no integers x, y, z with ry = z 
for k = 1,3,4,---,n. In fact for any integers x,y,z € Class k, k = 
3,4,:°-,7, we have 


(n(b-e)(n—2) = 1) (n(t-ein—1) = 1) 
cy > k Sana eEP 1 > Zz. 
ENG, n(n~1)---k a ec n(n —1)---(k4+1]) aa 
nie 
On the other hand, Ceara tends to zero when n --+ ~, 





so for sufficiently large integer n, Class 2 has only one integer 2. 
This completes the proof of the Theorem. 
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SOME PROBLEMS CONCERNING THE SMARANDACHE 
SQUARE COMPLEMENTARY FUNCTION (1) 

Maohua Le 

Department of Mathematics 

Zhanjiang Normal College 

29 Cunjin Road, Chikan 

Zhanjiang, Guangdong 

P.R.China 


Abstract: For any positive integer n, let SSC(nz) denote the 
Smarandache square complementary function of n. In this paper we 


prove that the difference 





SSC(n +1)— SSC(n) is unbounded. 
Key words: Smarandache square complementary function; 


difference; Pell equation 


For any positive integer n, let SSC() denote the least positive 
integer m such that mn is a perfect square. Then SSC(n) is called the 
Smarandache square complementary function (see [1]). In [3], Russo 


asked if the difference 


(No. 10271 104), the Guangdong Provincial Natura! Science Foundation 
(No.011781) and the Natural Science Foundation of the Education 


Department of Guangdong Province (No.0161). 
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is bounded or unbounded? In this paper we solve this problem as 
follows. 
Theorem. The difference is unbounded. 
Proof. Let d be a positive integer with square free. By [2, Theorem 
10.9.1], there exist two positive integers x and y such that 
x’-dy =). | (2) 
Let n=dy’. Then from (2) we get nti=x. By the define of the 
Smarandache square complementary function, we have 
SSC(n)=d, SSC(n+ 11. (3) 
Therefore, by (3), we get 
IsSC(n + 1)-SSC(nl=d-1. (4) 
Since there exist infinitely many positive integers d with seudeantee: 
we see from (4) that the difference (1) is unbounded. Thus, the theorem 


is proved. 
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SOME RESULTS CONCERNING THE SMARANDACHE DECONSTRUCTIVE SEQUENCE 





Jason Earls 

513 N. 3rd Street 
Blackwell, OK 74631 USA 
Email: jcearls@kske.net 





ABSTRACT 
In this note some new primes which were found in the 
Smarandache Deconstructive Sequence (SDS(n)) are reported, 
unusual sequences involving SDS(n) are given, along with 
a list of factorizations for SDS{n). All computations were 
done with PARI/GP [3], except where noted. 
Io INTRODUCTION 


The Smarandache Deconstructive Sequence, SDS({n) 
(A007923) [4] is: 


1,23,456,7891, 23456, 789123, 4567891, 23456789, 123456789,.,. 
in which the lengths of the terms increase by l, and the 
digits sequentially repeat 1-9. Smarandache first defined this 
sequence in [5]. 

If PRIMES IN SDS(n) 


In [1] Ashbacher listed eight primes that arise in the 
Smarandache Deconstructive Sequence: 


23, 4567891, 23456789, 1234567891, 23456789123456789, 
23456789123456789123,. 4567891234567891234567891, 
1234567891234567891234567891 

The author has found five more. 

The values of n for which SDS(n) is prime are: 
2,7,8,10,17,20,25,28,31,38,61,62,355, 


with no more terms being found for n <= 500. 


For example, SDS(28) = 1234567891234567891234567891 
which is the last prime in Ashbacher's list. 


The largest prime the author found, SDS (355)= 


789123456789123456789123456789123456789123456\ 
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789123456789123456789123456789123456789123456\ 
789123456789123456789123456789123456789123456\ 
789123456789123456789123456789123456789123456\ 
789123456789123456789123456789123456789123456\ 
789123456789123456789123456789123456789123456\ 
783123456789123456789123456789123456789123456\ 
7891234567891234567891234567891234567891 








has been proven prime with Primo [2]. 


III SOME UNUSUAL SEQUENCES INVOLVING SDS (n) 


if we sum the squares of the individual digits of SDS(n) we 
get the following sequence: 


(a) 1,13,77,195,90, 208,272,284, 285,286, 298,362, 480,375,493, 557, 


For example, 1°2 = 1; 2°2 + 3°2 = 13; 4°2 + 542 4 6490 = PIG 
7°2 4+ 82 + 9°2 + 1°2 = 195, etc. 


Are there any squares in sequence (a) above? . 


Yes. For the following values of n the sum of the 
squares of the digits of SDS(n) is a square: 


1,100,280, 346,568,721, 1021, 1153,1657, 2548, 2565, 
2384, 3673, 4537,4801,5545, 6004, 6826, 7156, 


Is this sequence infinite? 


Another question one might ask concerning sequence (a) 
is, will any primes occur? 


For the following values of n the sum of the 
squares of the digits of SDS(n) is prime: 


2,16,17,19,21,33, 38, 39,52,53,56,57, 69,70, 73,74, 
75,88,91,93,105,106,110,125,128,141,142,145,147, 
177,181,196,197,199, 213,214,217, 219, 231, 235, 237, 
254,268, 272,273,285, 290, 303, 304, 305, 309, 322, 323,... 


We conjecture that this sequence is infinite. 


If we sum the individual digits of SDS(n) after raising the 
digit to its own power we get the following sequence: 


{b) 1, 31, 50037, 405021249, 50068, 405021280, 405071286, 405071316,... 
For example, 1*1 = 1; 2°2 + 393 = 31; 4*4 + 5*5 + 6°6 = 50037, etc. 
After searching for primes in sequence (b), these values of n 
such that the sum of the digits of SDS(n) when raised to their 


own power is prime were found: 


2,21,32, 33, 69, 92,93, 94,107, 123,140,163, 164, 248,269, 
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272,291,307, 326, 345, 364, 377, 392, 393, 433,434, 448, 453, 
454,485,487,502,519,538,573, 580, 626, 627, 685, 718, 755, 
757,803,865, 866,878, 917,955,973, 986, 988, 1024, 1028,1048, 


We conjecture that this sequence is infinite. 


IV FACTORS OF SDS (n) 


In closing, we provide a list of factors for the first 
fifty values of SDS{n). 


G 
nm 
bh 


DS2: 


DS3: 

“3.3.19 

DS4; 

3.607 

SDS5: 

2°35 133 

SDS6: 

S17. 15473 

SDS7: 

4567891 

SDS8: 

23456789 

SDS9: 

3°2.3607.3803 

SDS10: 

1234567891 

SDSI11: 

59.397572697 

SDS12: . 
2°7,3.23.467.110749 
SDS13: 
37.353.604183031 
SDs14: 
2°7.13.23.47.13040359 
SDSL5: 
3.19.13844271171739 
SDS16: 
739.1231.4621.1086619 
SDS17: 
23456789123456789 
SDS18: 
3°2.7.11.13.19.3607.3803.52579 
SDS19: 
31.241.1019.162166841159 
SDS20: 
23456789123456789123 
SDS21: 
2°7.3.19.83.67247.11217082711 
SDS2?2: 
13.1171.5009.103488876927413 
SDS23: 


PMN N HOM 
Ww 
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2°7.37139.4934332239074993 





SDS24: 

3.29,53.19447.5949239.1479230321 

SDS25: 

4567891234567891234567891 

SDS26: 

31.120817.6262948234815488507 

SDS27: 

3°3.757.3607.3803.440334654777631 

SDS28: 

1234567891234567891234567891 

SDS29 

20393.16338731.70399426574704481 

SDS30 
2°7.3.43.27664069976791976953536163 
SDS31: 

7891234567891234567891234567891 

SDS32: 
2°7.13.67.439.166657.2875758147251799619 
SDS33: 
3.19.43.191.1685653375348716426865246703 
SDS34: 
3671.14074661.88408378782858625690561 
SDS35: 
11083.590819.9973889.119776913.2998604101 
SDS36: 


3°2.7.11.13.19.101.3607.3803.9901.52579. 999999000001 
SDS37: 

5977076293 .243165124963105984043672887 

SDS38: 

23456789123456789123456789123456789123 

SDS39: 

2°7.3.19.62608158368529211000108158368529211 

SDS40: 

13.1794115880987.3016274343701.112170916993561 

SDS41: 

2°7.3547.19141.1822695439,1480875933915409449259 

SDS42: 

3.36677.77890601.6953106199727.13242377845224779 

SDS43: 

17.268699484386346543209875954974581837327523 

SDS44; 

17.911.98981.9659394263 240869841259. 6576837459611 

SDS45: 
3°2.31.41.271.3607.3803.238681.2906161.4185502830133110721 
SDS46: 

47.15667.62788723633.26702358442667031058467275423 

SDS47: 

857.27370815779996253352925074823170115663310139 

SDS48: . 
2°7.3.157089311.7572475819198513188475662796700757119 
SDS49: 
17.593.138599.31074683.1398187430503.129989759693807375161 
SDS50: 
2*7.13°2.461.66173.3920187843941.9067410177727179700576871 
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AN ASYMPTOTIC FORMULA INVOLVING 
SQUARE COMPLEMENT NUMBERS 


LOU YUANBING 


Department of Mathematics and Physics, Tibet University 
Lhasa, Tibet, P.R.China 


ABSTRACT. The main purpose of this paper is to study the mean value properties of 
the square complement number sequence {S(n)}, and give an interesting asymptotic 
formula involving S(n). 


1. INTRODUCTION AND RESULTS 


For each positive integer n, we call S(n) as a square complement number of 
n, if S(n) is the smallest positive integer such that nS(n) is a perfect square. 
In reference [1], Professor F.Smarandache asked us to study the properties of the 
sequence {5(n)}. About this problem, we know very little at present. The main 
purpose of this paper is to study the asymptotic property of this sequence, and 
obtain an interesting asymptotic formula involving square complement numbers. 
That is, we shall prove the following result: 


Theorem. Let real number x > 3, S(n) denotes the square complement number of 
n. Then we have the usymptotie formula 


oo d(S(n)) =cclnzr + com + O(n ts), 


n<2z 


where d(n) is the divisor function, € > 0 be any fized real number, cy and co are 


defined as following: 
6 1 
= je ae 
eae ( (p+ i) | 


Pp 
ss a oe fea) ee 
2 =I( pap) (Sp ') 


the product and summation over all prime p, ¥ 1s the Euler’s constant. 


Key words and phrases. Square complement numbers; Sequence; Asymptotic formula. 
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2. PROOF OF THE THEOREM 


In this section, we shall complete the proof of the Theorem. First we need the 
following: 


Lemma. Let real number y > 3, then we have the. asymptotic formula 


S~ d(n)|u(n)| = crylny + hy + O(y?**), 


nsy 


where u(n) ts the Mobius function, cL and cy are defined as following: 


a= I(t Gea): 


P 
36 L 2\inp 4inp 
i ee ase eet 
7 =I sar) (Spats hs : 


Proof. Let T = fy, A(s) = I] ( _ eras): Then from the Perron formula 
P 


(See Theorem 2 of reference [2]) , we can obtain 
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where ji(n) is the Mobius function, ¢ > 0 be any real number. 
Moving the integeration line to Re(s) = 4 +, here s = 1 is a second order pole 


of Als ye, and the residue of this function at s = 1 is 
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S> d(n)|u(n)| = cylny + by + O(y2*) 


n<y 


This proves the Lemma. 228 


Now, we shall complete the proof of the Theorem. From the above Lemma we 
have 
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Combining (1), (2) and. (3), we immediately deduce the asymptotic formula 


a d(.S(n)) — cclnz te Con + O(a2**), 


nor 
This completes the proof of the Theorem. 
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On a problem concerning the Smarandache Left-Rigth sequences 


Felice Russo 

Via A. Infante 7 
67051 Avezzano (Aq) Italy 
felice.russo@katamail.com 


Abstract 


In this paper a problem posed in [1] and concerning the number of 
primes in the Smarandache Left-Right Natural number sequence 
(SLRNN) and in the Smarandache Left-Right prime (SLRP) sequence is 
analysed. 


Introduction 


In [1] the author defined the SLRNN and SLRP sequences in the following way: 


SERNN - Starting with 1 append alternatively on the left and on the rigth the next natural 
numbers: 


1, 21, 213, 4213, 42135, 642135, 6421357, 86421357, 864213579, 86421357910, 


eee 


SLRP - Starting with the first prime 2 append alternatively on the left and on the right the next 
primes: : 


2, 32, 325, 7325, 732511, 13732511, 1373251117, 191373251117, 19137325111723,........ 


In the section dedicated to those two sequences the following open question is reported: 


How many terms are prime numbers? 


Moreover by defining as additive primes those prime numbers which sum of digits is prime too, 
this second question is also reported: 


How many terms are additive prime? 
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Results 


In the table 3 and 4 the first 40 terms for the SLRP and SLRNN sequences respectivley are 
reported. 

By looking at the tables 5 and 6 regarding the prime factors of the first 25 terms of both the 
sequences, we can see clearly the for the SLRNN sequence a clear pattern emerge. In fact all the 
terms a(n) with n=3-k+2 and n=3-4+3 (where k=0,1,2,3... .) are divisible by 3 while those with 
n=10-k+5 and n=10-4+6 are divisble by 5. 

On the contrary for the SLRP sequence any pattern is visible. 

According to those considerations and thanks to an Ubasic code the first 575 and 717 terms of 
the SLRP and SLRNN sequence respectively have been tested for primality. 

The last term tested for both the sequences has 2103 and 2043 digits respectively. 


Here a summary table for both the sequences. 





Start/end prime 


eMlgites PAW 
163 


1391311131071018979716 15343372919137325 111723314 1475967738397 103109127137149 
311/307 piss 31129328127126325 1239229223 199193181173... 161197211227233241257269277283307 
Table 1. Prime in the SLRP sequence 


Starvend nb. [digits [Prime 
120/121 120118116114112110108106104102100........... 101103105107 L091 111131 1511711912] 


Table 2. Primes in the SLRNN sequence 






f 

































According to those results the percentage of the primes inside the two sequences is 0.87% and 
0.14% for the SLURP and SLRNN respectively. 


Actually the percentage is so low that this seems to point out that the number of primes is finite. 
Open question: Is the number of primes in the SLRP and SLRNN finite? 

Let’s now check if those primes are also additive. For the primes of the sequence SLRP we have 
that 4 out of 5 are additive being the sum of digits equal to 2, 41, 71 and 631. The only prime 
that is not additive is that starting with 139 and ending with 149 which sum of digits is 296 that 
is composite. About the SLRNN sequence the only prime found is not additive because the sum 
of the digits is equal to 1027 that is a composite number. 

According to those results the following two conjecure can be posed: 


Conjecture 1: The number of additive primes inside the sequence SLRP is finite 


Conjecture 2: The number of additive primes inside the sequence SLRNN is null. 
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2] Got pa 


boy bh 
iw 


732511 
13732511 





10 | 2919137325111723 

1} | 291913732511172331 

3729191373251 1172331 
13 

433729 191373251117233141 

15 | 43372919137325111723314147 

16 | 5343372919137325111723314147 

(7 | 534337291913732511172331414759 

6153433729 191373251117233 1414759 

6153433729 19137325 1117233141475967 

716153433729191373251117233 141475967 

21 | 71615343372919137325 1117233 14147596773 

7971615343372919 1373251117233 14147596773 

23 | 79716153433729191373251117233 1414759677383 

897971615343372919137325 1117233 1414759677383 

25 | 8979716153433729191373251117233141475967738397 

26 | 1018979716153433729191373251117233141475967738397 

27 {| 1018979716153433729191373251117233141475967738397103 

28 | 107101897971615343372919137325 1117233 141475967738397103 

|_29 | 10710189797 16153433729191373251117233141475967738397103100 

1 





























1131071018979716153433729 191373251 11723314 1475967738397103 109 

31 | 1131071018979716153433729191373251117233141475967738397103 109127 
1311131071018979716153433729 1913732511 17233 141475967738397 103109127 
1311131071018979716153433729 191373251 117233141475967738397 103 109157137 
13913111310710189797 1615343372919 1373251117233 141475967738397103 109127137 

139131113 1071018979716 153433729 191373251 117233 141475967738397103 109127137149 
1511391311131071018979716153433729 1913732511 17233 141475967738397103109127137149 
1511391311131071018979716153433729191373251117233141475967738397103109127137149157 
1631511391311131071018979716153433729191373251 117233 141475967738397103109127137140157 

9 1631511391311131071018979716153433729191373251 117233 141475967738397103109 1271371491571 67 
0 1731631511391311131071018979716153433729191373251 1 17233141475967738397103109127137 149157167 
able 3. First 40 terms of sequence SLRP 
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Pee 

2 | 21 —+ 
S213 

4 |] 4213 i 
5 | 42135 

6 | 642135 

7 (6421357 —— 
| 8 | 86421357 

9 | 864213579 

10 | 10864213579 

1086421357911] 

12 | 121086421357911 

12108642135791113 

1412 108642135791113 

141210864213579111315 

16141210864213579111315 

17 | 1614121086421357911131517 

18 | 181614121086421357911131517 

| 19 | 18161412108642135791113151719 

20 | 2018161412108642135791113151719 


21 | 201816141210864213579111315171921 
22 | 22201816141210864213579111315171921 
23 | 222018161412108642 135791 1131517192123 

24 | 242220181614121086421357911131517192123 
24222018161412108642135791113151719212325 
2624222018161412 108642135791 113151719212325 






























27 | 2624222018161412108642 135791113 151719212335297 
28 | 28262422201816141210864213579111315171921232527 















29 | 2826242220181614121086421357911131517192123252729 
30 | 30282624222018161412108642 135791113 1517192123252729 





31 | 30282624222018161412108642 135791 11315171921232527293 1 





32 | 3230282624222018161412 108642135791 11315171921232527293 | 
33 | 323028262422201816141210864213579111315171921232527293 133 


aS | 





(34 | 34323028262422201816141210864213579111315171921232527293133 

35 | 3432302826242220181614121086421357911131517192123252729313335 
36 | 36343230282624222018161412 108642 13579111315171921232527293 13335 
| 37 | 363432302826242220 181614 12108642 135791113 1517192 1232527293 1333537 


38 | 3836343230282624222018161412108642 1357911 1315171921232527293 1333537 
































Table 4. First 40 terms of sequence SLRNN 
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39 | 383634323028262422201816141210864213579111315171921232527293 133353739 
40 | 40383634323028262422201816141210864213579111315171921232527293 133353739 
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5x3x293 
13x29x29x67 

13x 1056347 

7 | 7x7x28025533 
Prime 

7x13x 210300275953 
3x 973045775037241 
7x6763xC 

Prime 

11x38393xC 
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8 | 3x239x593x1447250401403490102 12526739 


mf rof ee 
So ~ 


20 | 3x3x3x83x89xC 

21 | 43x53x113xC 

22 | 29? 

23 | 127x3343x42841xC 

24 | 3x3x3xX7X7x7xC 

25 | 19xC 

Table 5. Prime factors for the sequence SLRP (here C indicates a composite number) 





1 

3x7 

3x71 

11x383 

3x5x53x53 

3x5x13x37x89 

79x81283 

3x3x3x11x43x67x101 

3x3x96023731 
0 | 17x41x113x271x509 
3xX19xX37x53x4 19x23 197 : 
3x 10477x12433x309857 
11x29x179x2683x79037111 
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3x5x7X13x10345118257405063 | 


3x3x3x3x3x3xC 

3x3xC ; 

17x 10683 1835933 1890340653714807 
3x 6727204707028807 | 1930371050573 


pee 
\O] co 


NO 
Ny 


281x54601xC 





5153x22968 1849452508639775986792 1481497 


Lon) 


x 


Aen) 


25 
Table 6. Prime factors for the sequence SLRNN (here C indicates a composite number) 
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Some Properties of The Happy Numbers and the Smarandache H- 
Sequence 


Charles Ashbacher 
Charles Ashbacher Technologies 
Box 294 
Hiawatha, [A 52233 


Abstract: 


The happy numbers are those where the iterated sums of the squares of the digits terminates at 1. A 
Smarandache Concatenate Sequence is a set of numbers formed by the repeated concatenation of the 
elements of another set of numbers. In this paper, we examine some of the properties of the happy numbers 
as well as a concatenation sequence constructed from the happy numbers. 


Introduction: 


Definition: Given any positive integer n, the repeated iteration of the sum of the squares of the decimal 
digits either terminates at 1 or enters the cycle 


4 > 16 > 37 > 58 > 89-> 145 ->42->20->4, 
If the iteration terminates at 1, the number is said to be Happy[1]. 
For example, 13 is Happy, as | 
14+9=10=1+0=1, 


* 


the Happy numbers less than or equal to 100 are { 1, 7, 10, 13, 19, 23, 28, 31, 32, 44, 49, 68, 70, 79, 82, 86, 
91, 94, 97, 100 }. If a number is Happy, then the number formed by appending an arbitrary number of zeros 
to the right is also Happy. Therefore, the set of Happy numbers is infinite. 


Happy numbers turn out to be rather common, and Guy[1] notes that about 1/7 of the positive integers 
appear to be Happy. 


To examine this in more detail, a computer program was created to determine and count the number of 


Happy numbers up through an upper limit. The counts and percentages for upper limits of one million 
through ten million were computed and are swnmarized in table 1. 
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Table 1 


Percentage of Happy Numbers 


Ey 

= O14 
= g 0.143 
5 2 0.142 
2 £0141 
go O14 
@ 0.139 
ao 





(2 ea 6 BF oa 
Upper Limit In Millions 


From this figure, it is clear that the percentage of Happy numbers is near 1/7 = 0.142, but shows a small] 
amount of variation. 


In his paper, Gupta[2] describes the Smarandache H-Sequence[2], constructed by repeatedly appending 
Happy numbers on the right side. For example, the first five elements of the sequence are 


SH(1)=1 
SH(2) = 17 
SH(3) = 1710 


SH(4) = 171013 
SH(5) = 17101319. 


Gupta also defines the Reversed Smarandache H-Sequence, which is constructed by appending the happy 
numbers to the left side. For example, the first five elements of the sequence are 


RSH(1) =! 
RSH(2) = 71 
RSH(3) = 1071 


RSH(4) = 131071 
RSH(5) = 19131071. 


Primes in the SH and RSH sequences. 


Gupta conducts a search for primes in both the SH and RSH sequences. Three primes were found in the 
first 1000 terms of the SH sequence and they are SH(2) , SH(5) and SH(43). Eight primes were found in the 
first 1000 terms of the RSH sequence and they are RSH(2), RSH(4), RSH(5), RSH(6), RSH(10), RSH(31), 
RSH(255) and RSH(368). This is hardly surprising, as happy numbers can end with any of the decimal 
digits, six of which { 0, 2, 4, 5, 6, 8 } immediately eliminate the SH sequence element as a possible prime. 
However, with the trailing digit always being 1 for elements in the RSH sequence, there is no immediate 
elimination of the number as a possible prime. Assuming that all digits are equally likely to be the trailing 
digit of a happy number, then with six out of ten immediately eliminating the possibility of it being prime, 
the ratio of three to eight seems quite reasonable. 


The trailing digits of the set of Happy numbers. 
Which brings us to a related question. 
Are the trailing digits of the set of Happy numbers equally dispersed among the ten decimal digits? 


At first glance, the answer to this question would appear to be false. Since zeros can be appended to any 
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Happy number to generate another Happy number, it would appear that the percentage of trailing zeros in 
Happy numbers would be greater than the average of 0.1. 


A program was written in the language Java to test this question. The long data type in Java occupies eight 
bytes of memory and can store positive integers up to 9223372036854775807. Therefore, it is used in the 
computation of the Happy numbers. As the Happy numbers are generated, the trailing digit is extracted and 
the count of the number of times each digit appears is stored. These numbers are then displayed when the 
program terminates. The program was run several times, computing all Happy numbers less than n, where n 
was incremented in steps of one million. For each run, the percentage of the Happy numbers less than the 
upper bound that have a trailing zero was computed. The results for runs with upper limits from 1 million 
through 10 million are summarized in figure 2. 


Figure 2 


Percentage of Trailing Zeros 
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Note that the percentage of Happy numbers that end in zero is greater than 0.10, but the graph exhibits a 
decreasing rate as the upper limit increases. 


This leads to the unsolved question. 
Is the percentage of Happy numbers that end with a zero greater than 0.10? 
The evidence here suggests that it is in fact near 0.10. 

Similar questions can be asked concerning the percentages of Happy numbers that terminate with each of 
the remaining nine digits, Figure 3 is a chart of the percentage of Happy numbers that end in a one as the 


upper limit steps from one through ten million. 


Figure 3 
Percentage of Trailing Ones 
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Figure 4 is a chart of the percentage of Happy numbers that end in a two as the upper limit step from one 
million through ten million. 


Figure 4 


Percentage Of Trailing Twos 
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Figure 5 is a chart of the percentage of Happy numbers that in a three as the upper limits step from one 
million through ten million. 


Figure 5 


Percentage.of Trailing Threes 
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Figure 6 is a chart of the percentage of Happy numbers that end in a four as the upper limits step from one 
million through ten million. 


Figure 6 
Percentage of Trailing Fours 
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Figure 7 is a chart of the percentage of Happy numbers that end in a five as the upper limits step from one 
million through ten million. 


Figure 7 
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Figure 8 is a chart of the percentage of Happy numbers that end in a six as the upper limits step from one 
million through ten million. 


Figure 8 


Percentage of Trailing Sixes 
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Figure 9 is a chart of the percentage of Happy numbers that end in a seven as the upper limits step from one 
million through ten million. 


Figure 9 . 
Percentage of Trailing Sevens 
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Figure 10 is a chart of the percentage of Happy numbers that end in an eight as the upper limits step from 
one million through ten million. 


Figure 10 
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Figure 11 is a chart of the percentage of Happy numbers that end in a nine as the upper limits step from one 
million through ten million. 


Figure 11 
Percentage of Trailing Nines 
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From these figures, it is clear that the percentages of the trailing digits of Happy numbers 
evenly distributed for the ranges examined. 


are generally 


The Smarandache H-Sequence One-Seventh Conjecture 


Gupta also makes the following conjecture in his paper about numbers in the Smarandache H-sequence. 


Conjecture: 


. 


About one-seventh of the numbers in the Smarandache H-sequence belong to the initial H-sequence. 


A computer program that uses the BigInteger class in Java was written to test this conjecture. The 
BigInteger class allows for the manipulation of very large integers whose only limit is the amount of 
machine memory. The program was run for all Happy numbers up through 15,000 and these numbers were 
used to construct the corresponding SH numbers. Percentages of the elements in the SH sequence that are 


also in the H-sequence were computed for each 1000 SH numbers and the results are summarized in figure 
12. 
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Figure 12 


The Percentage of Smarandache H-Sequence 
Numbers that are Happy 
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As you can see, the percentage of Smarandache H-sequence numbers that are also Happy appears to 
asymptotically approach 0.14. This is slightly less that the one-seventh value stated by Gupta. 


Contrasting figure 12 with figure 1, it is clear that the percentage of Smarandache H-sequence numbers 
that are also Happy has less variation and appears to be smaller that the percentage of numbers that are 
Happy. 


Question: 


Is the percentage of Smarandache H-sequence numbers that are Happy less than the percentage of integers 
that are Happy? 


Consecutive SH Numbers 

Gupta also mentions consecutive SH numbers that are also Happy and finds the smallest such pair: SH(30) 
and SH(31). He moves on to find examples where three, four and five consecutive SH numbers are also 
Happy. He closes that section with the question: 

- Can you find examples of six and seven consecutive SH numbers? 

The program previously mentioned that computed the percentages of H-sequence numbers that are also 
happy also searched for examples of six or seven consecutive Happy numbers and found no such sequences 
for the values of SH(10000) through SH(15000). 
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SOME SMARANDACHE-TYPE SEQUENCES AND PROBLEMS 
CONCERNING ABUNDANT AND DEFICIENT NUMBERS 


Jason Earls 
513 N. 3rd Street 
‘Blackwell, OK 74631 USA 


Abstract: We define some new sequences involving Smarandache operations on the 
sets of deficient and abundant numbers. We give conjectures and ask questions about 


these sequences somewhat similar to certain problems posed in Smarandache's book Only 
Problems, Not Solutions! {7}. 


1. INTRODUCTION 


A number n is called abundant if o(n) > 2n (A005101), perfect if o(n) = 2n 
(A000396), and deficient if o(n) < 2n (A005100), where a(n) denotes the sum of all 
positive divisors of n (A000203) [6]. Concerming perfect numbers, it is not known when 
they were first studied, however, the first mathematical result about them occurs in 
Euclid’s Elements written around 300 BC. More relevant to this paper is the 
- text Introductio Arithmetica, written by Nicomachus around 100 AD, in which 

Nicomachus first classified all numbers based on the concept of perfect numbers, thus 
giving us the definitions (listed above) of abundant and deficient numbers, with which 
' this paper deals [4]. 

Concerning abundant numbers, two of the more interesting facts about them is that in 
1964 T. R. Parkin and L. J. Lander showed that all numbers greater than 20161 can be 
expressed as the sum of two abundant numbers [2]; and around 1000 AD, Abu Mansur 
ibn Tahir Al-Baghadadi found the first smallest odd abundant number: 945 [Si 

Perfect numbers have attracted more interest through the years than abundant and 
deficient numbers, no doubt due to the fact that they are intimately connected with 
Mersenne primes. But despite all of the extensive study of perfect numbers, there are stil] 
crucial unsolved problems. For example: Are there infinitely many perfect numbers? 
Does an odd perfect number exist? No one knows. But no matter how much more 
attractive the perfect numbers may seem when compared with the abundant and deficient 
numbers, in this paper we leave the perfect ones alone and devote our energy only to the 
abundants and deficients. 

What we offer in this paper are some Smarandache-type sequences and problems with 

the questions asked being very much in the spirit of Florentin Smarandache's wonderful 
book Only Problems, Not Solutions! [7]. Also it should be mentioned that in constructing 
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and exploring the problems below we made extensive use of the software package 
PARI/GP [3]; and that all of the conjectures made were based on a small amount of 
analysis and a lot of empirical evidence via a personal computer. And now we close this 
introduction with a quote from Sir Winston Churchill (1874-1965): 


“T had a feeling once about Mathematics - that I saw it all. Depth beyond depth was 
revealed to me - the Byss and Abyss. I saw - as one might see the transit of Venus or 
even the Lord Mayor's Show - a quantity passing through infinity and changing its 
sign from plus to minus. I saw exactly why it happened and why the tergiversation 
was inevitable, but it was after dinner and I let it go” [1]. 


2. SEQUENCES AND PROBLEMS 


(1) Smarandache Consecutive Abundant sequence (SCA); concatenate the first n 
abundant numbers. 


12, 1218, 121820, 12182024, 1218202430, 121820243036, 12182024303640, 
1218202430364042, 121820243036404248, 12182024303640424854,... 


Will there always be at least one prime factor of any SCA number that has never 
before appeared as a prime factor in any earlier SCA number? That is, if 

SCA = p)"p»® ...p,", is their always a p; in any SCA number distinct from all 
previous SCA numbers? We conjecture: yes. 


(2) Smarandache Consecutive Deficient sequence (SCD); concatenate the first n deficient 
numbers. 


Tb, 123, 1234, 12345, 123457, 1234578, 12345789, 1234578910, 123457891011, 
12345789101113, 1234578910111314, 123457891011131415.... 


How many primes are among these numbers? Will there always be at least one prime 
factor of any SCD number > | that has never before appeared as a prime factor in any 
earlier SCD number? We conjecture: yes. 


(3) Smarandache Abundant-Deficient consecutive sequence; a_d where a is the nth 
abundant number and d is the nth deficient number, with "_" representing 
concatenation. - 


121, 182, 203, 244, 305, 367, 408, 429, 4810, 5411, 5613, 6014, 


6615, 7016, 7217, 7819, 8021, 8422, 8823, 9025, 9626, 10027, 
10229, 10431, 10832, 11233, 11434, 12035, 12637, 13238... 
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How many primes are there among these numbers? How many squares? 


(4) Smarandache Odd Abundant-Deficient consecutive sequence; oa_od where oa is 
the nth odd abundant number and od is the nth odd deficient number, with "_" 
representing concatenation. 


945 1,15753,22055,28357,34659,4095 1 1,472513,535515,5775117, 
598519,643521,661523,682525,724527,742529,787531,808533.... 


We conjecture that there are an infinite amount of primes among these numbers. 
How many of these numbers are triangular? 


(5) Deficient numbers such that the sum of their individual digits after being raised to 
their own power, become abundant numbers.* 


15,26,33,39,50,51,57,62,68,69,75,79,82,86,93,97,99, 
118,127,141,147,165,167,172,178,181,187,207,217,235, 
239,242,244 248 2.53 ,257,259,271,275,277,284,293,295,... 


E.g. 147 is a deficient number and 1' + 44 + 7’ = 823800 is an abundant number. 


Are there infinitely many consecutive terms in this sequence? We conjecture: yes. 
Are there infinitely many k-tuples for these numbers? 


*We remark here that with modern software freely available on the Internet, such 
as PARI/GP [3], it is easy to find large values of this sequence when searching a 
small neighborhood. For example, it took only a few seconds to find: 
12345678901234567890123456793, which is a number with the property stated 
above. 


(6) Abundant numbers such that the sum of their individual digits after being raised to 
their own power, is also an abundant number. 
24,42,66,96,104,108,114,140,156,174,176, 180,222,224 228 
270,282,288,336,352,354,392,396,400,444,448 464,516,532, 
534,560,572,576,594,644,650,666,702,704,708,714,720,740.... 


E.g. 24 is an abundant number and 2” + 4* = 260 is also abundant. 


Are there infinitely many consecutive numbers in this sequence? 
What is the asymptotic estimate for the number of integers less than 
10™ that have the property stated above? 
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(7) Abundant numbers such that the sum of the factorials of their individual digits is an 
abundant number. 


36,48,54,56,66,78,84,88,96,336,348,354,364,366,368,378, 
384,396,438,444,448.456,464,468,474,476,486,498 534,544, 
546,558,564,576,588,594,636,644,648,654,666,678.... 


E.g. 36 is an abundant number and 3!+6!= 726 is abundant. 


Are there an infinite amount of odd numbers in this sequence? We conjecture: yes. 


Are there an infinite amount of consecutive terms in this sequence? We conjecture: 
yes, 


(8) Abundant-Smarandache numbers; n such that S(n) is an abundant number, where S(n) 
is the classic Smarandache function (A002034) [6]. 


243 ,486,512,625,972,1024,1215,1250,1536,1701,1875,1944.... 


What is the 1000th term of this sequence? 
Investigate this sequence. 


(9) Abundant-Pseudo Smarandache numbers; n such that Z(n) is an abundant number, 
where Z(n) is the Pseudo-Smarandache function (A011772) [6]. 


13,19,25,26,31,37,39,41,42,43,49,50,56,57,61,67,70,71, 
73,74,75,76,78,79,81,82,84,89,93,97,98, 100, 101,103,108, 
109,111,113,114,121,122,127,129,133,135,139,146,147,... 


Investigate these numbers. 


(10) Smarandache Abundant-Partial-Digital Subsequence; the sequence of abundant 
numbers which can be partitioned so that each element of the partition is an abundant 


number. E.g. 361260 is an abundant number and it can be partitioned into 36_12_60 
with 36, 12 and 60 all being abundant. 


Find this sequence. 


(11) Abundant numbers A such that when the smallest prime factor of A is added to the 
largest prime factor of A, it is also an abundant number. 
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5355,8415,8925,11655,13218,16065,16695,16998, 19635,20778, 
21105,23205,24558,25245,26436,26775,28338,29835,30555, 
31815,33996,34965,37485,39654,40938,41556,42075,42735.... 


E.g. the smallest prime factor of 5355 is 3 and the largest is 17; 17+3=20, an 
abundant number. 


What are some properties of these numbers? 
What are the first ten abundant numbers A, such that A = 7 (mod 10)? 


(12) Abundant numbers A such that the sum of the composites between the smallest and 
largest prime factors of A is also an abundant number. 


114,228,304,342,380,438,456,474,532,570,608,684, 760,798 822,834,836, 
876,894,906,912,948,1026,1064,1140,1182,1194,1216,1254,1314,1330,1368, 
1398, 1422,1460,1482,1520,1542,1580,1596,1644,1668,1672,1710,1752,1788.... 


E.g. the smallest prime factor of 114 is 2 and the largest is 19. The sum of the 
composites between 2 and 19 is: 4+6+8+9+10+12+14+15+16+18 = 112, an abundant 
number. 


What are some properties of these numbers? Are there any consecutive numbers in 
this sequence? 


(13) Smarandache Nobly Abundant numbers; n such that t(n) and o(n) are both abundant 
numbers, where t(n) is the number of divisors of n and o(n) is the sum of the 
divisors of n. 


60,84,90,96,108, 126,132,140, 150,156,160,180,198,204,220,224 228 234 240,252, 
260, 276,294,300,306,308,315,336,340,342,348,350,352,360,364,372,380,396,414, 
416,420,432,444,460,476,480,486,490,492,495,500,504,516,522,525,528,532,... 


E.g. the number of divisors of 60 is 12 and the sum of the divisors of 60 is 312, both 
abundant numbers. 


What are some properties of these numbers? 


(14) Smarandache Nobly Deficient numbers; n such that t(n) and o(n) are both deficient 
numbers, where t(n) is the number of divisors of n and o(n) is the sum of the 
divisors of n. 


1,2,3,4,7,8,9,13,16,21,25,31,36,37,43,48,49,61,64,67,73,81,93,97, 100,109, 


247 


111,112,121,127,128,144,151,157,162,163,169,181,183,192,193,196,208,211, 
217,219,225,229,241 ,256,277,283,289,313,324,33 1,337,361,373,381,397,400.... 


Investigate this sequence. 


(15) Smarandache Consecutive Abundant Digital Sum Deficient numbers; consecutive 
abundant numbers such that their digital sums are deficient numbers. 


5984,5985 

7424,7425 

11024,11025 
26144,26145 
27404,27405 
39375,39376 
43064,43065 
49664,49665 
56924,56925 
58695,58696 


E.g. 5984 and 5985 are consecutive abundant numbers and their digital sums 
5+9+8+4 = 26 and 5+9+8+5 = 27, are both deficient numbers. 
Is this sequence infinite? We conjecture: yes. 

(16) Smarandache Powerfully Abundant numbers. Let the abundance of n be denoted 
«(n) = o(n) — 2n, where o(n) is the sum of all positive divisors of n; then the 
sequence is the least number m such that the abundance of m is equal to -10". 

11,101,5090,40028,182525,2000006, 
Is this sequence infinite?* What is the 100th term? 


*Ifn is given, then it seems likely that there is some integer r>=1 such that 
p=2'+ 10"-1is prime. If it is, then @(2"' * p) =—10" [8]. 


(17) Let the deficiency of n be denoted a(n) = 2n - o(n). Below is the sequence of n 
such that a(n) = t(n), where t(n) is the number of divisors of n. 


1,3,14,52,130,184,656,8648,12008,34688, 2118656,... 
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Is this sequence infinite? Investigate this sequence. 


(18) Let the deficiency of n be denoted a(n) = 2n ~ o(n). Below is the sequence of n 
such that a(n) is a perfect square* and sets a new record for such squares. 


1,5;17,37,101 197,257,401 9 77,677,1297,1601,2597,2917,3137,4357,5477, 
7057,8101,8837,12101,13457,14401,15377,15877,16901,17957,21317,22501, 
24337,25601,28901,30977,32401,33857,41617,42437,44101,50177,52901,55697,... 


E.g. &(37)=36 a square which sets a new record for squares. «(101)=100 a square 
which sets a new record for squares. 


2597 is the only non-prime value >1 in the sequence above. What is the next 
non-prime value? Investigate this sequence. 


*Kravitz conjectured that no numbers exist whose abundance is an odd square [9]. 


(19) Least deficient number of n consecutive deficients such that all are abundant 
numbers when they are reversed. 


21,218,445,2930,4873.,... 


E.g. 218 is deficient and 812 is abundant, 219 is deficient and 912 is abundant; 
hence 218 is the least number in a chain of 2. 445 is deficient and 544 is abundant, 
446 is deficient and 644 is abundant, 447 is deficient and 744 is abundant; hence 445 
is the least number in a chain of 3. 


Is this seqence infinite? Investigate this sequence. 


(20) Let E(n) be a function that sums the deficient numbers between the smallest and 
largest prime factors of n. 


1,2,3,2,5,5,7,2,3,14,11,5,13,21,12,2,17,5,19,14,19,59,23.5, 
53/2, 3521 29:14 ,3152,57,134,12,5,31,1 93,00 1441.21 4350: 
12,219,47,5,7,14,132,72,53,5,50,21,151,326,59,14,61,357,... 


E.g. &(n)= 59 because the smallest and largest prime factors of 22 are 2 and 11: the 
sum of deficient numbers between 2 and 11 is 2+34+4+5+7+8+9+10+11 = 59. 
Investigate this function. 
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ON SMARANDACHE REPUNIT N NUMBERS 


Jason Haris 
513 N. 3rd Street 
Blackwell, OK 74631 USA 


Abstract: We define three new sets of numbers somewhat similar to Repunit numbers [1] 
and the Smarandache Unary numbers[2], which we call Smarandache Repunit N (SRN) 
numbers. We report primes, properties, conjectures and open questions concerning SRN 
numbers. Some subsidiary sequences are given along the way. 


Reason's last step is the recognition that there are an infinite number 
of things which are beyond it. — Blaise Pascal, Pensees. 1670. 


1. Introduction 


In 1966 A. H. Beiler coined the term "repunit" for numbers consisting of N 
copies of the digit 1. The term repunit comes from the words "repeated" and 
"unit". Beiler also gave the first table of known factors of repunits [1]. These 
numbers have the form 


R,= 10"-1/9 


It is still an unsolved problem as to whether there are infinitely many primes 
in R,, and much computer time has been expended looking for repunit 
primes as well as factors. For example, In 1986 Williams and Dubner 
proved R43; to be prime [7]. In 1999 the search was extended by Dubner 
who found the probable prime R4ogo1[8], and L. Baxter later discovered the 
probable prime Rg6q53 [6]. Concerning factors of repunits, Andy Steward 
currently maintains a project to collate all known data on factorizations of 
generalized repunits [9], which have the form 


GR?, = b™-1/b-1. 


In this paper we consider three new classes of numbers based on repunits, 

and similar to Smarandache Unary numbers (Smarandache Unary numbers 

are formed by repeating the digit 1 p, times, where p, is the n-th prime), 

which we call Smarandache Repunit N numbers. Now for some definitions. 
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Definition: Smarandache Repunit Ending N numbers (SRE) (A075842) [4] 
are defined as R,_ N where R, is the nth Repunit number with N 
concatenated to the end; or n 1’s followed by n. These have the form 


SRE = (10"-1)/9*10" + n, where L is the number of 
decimal digits of n. 


11, 112, 1113, 11114, 111115, 1111116, 11111117, 111111118, 
LULLLA L119, LLLILLLLUL1O, LEPLALALT11 11, 11111111111112, 
LI1111111111113, ... 


Definition: Smarandache Repunit Beginning N numbers (SRB) (A075858) 
[4] are defined as N_R, where R, is the nth Repunit number with N 
concatenated to the beginning, or n followed by n 1’s. These have the form 


SRB = n*10"+(10"-1)/9. 


11,211, 3121, 41111, 511111, 6111111, 71111111, 811111111, 
QULLILEALL, LOLLILLULATL, PLELLTLL111101, 1211111111111], 
I3SLLILILIIILITL, ... 


Definition: Smarandache Beginning and Ending N numbers (SRBE) 
(A075859) [4] are defined as N_R, _N, where N is concatenated to the 
beginning and end of the n-th repunit number. These have the form 


SRBE = n*10 +10" * R +n, where R is the n-th repunit and 
L is the number of decimal digits of n. 


L11, 2112, 31113, 411114, 5111115, 61111116, 711111117, 
SLILLLLL18, SELLLLLL119, LOLLILL1111110, LEVLILE1I111111, 
T211111101111112, ... 

252 


In this paper we consider the problem of determining which values in all 
three classes of Smarandache Repunit N numbers are prime, give some other 
properties of these numbers, make conjectures, and offer some open 
questions. 


2. Prime Smarandache Repunit N Numbers 


2.1 The known values of n such that SRE(n) is prime (A070746) [4] are: 
1, 7, 709, 2203, 4841, 


Using PARI/GP [3] and the primality proving program Primo [5], SRE(709) 
was found and certified prime by the author. The probable prime 
SRE(2203) was also found by the author and Rick L, Shepherd found the 
probable prime SRE(4841). Regarding the author’s computer search, it 
consisted mainly of brute force with a couple of simple modular arguments 
to weed out the numbers which were obviously not prime. 


Conjecture: There are infinitely many SRE primes. 


2.2 The known values of n such that SRB(n) is prime (A068817) [4] are: 


1, 2, 5, 7, 10, 16, 20, 65, a1, 119, 169, 290, 428, 610, 905, 1051, 
3488, 4526, 6445, 


Using Chris Nash’s primality proving program Prime Form [10], the 
probable primes SRB(4526) and SRB(6445) were found by the author. We 
are unaware of how many of the values in the above list have actually been 
certified prime. Regarding the author’s computer search, it consisted mainly 
of brute force. 


Conjecture: There are infinitely many SRB primes. 
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2.3 Concerning SRBE primes, there are none. 


Proof: Obviously the digital sum of every SRBE number is a multiple of 
three; this follows from their definition. And since it is a well known fact 
that if the digital sum of a number is divisible by three, then the number is as 
well. Hence, there are no SRBE primes. 


3. Other Properties of Smarandache Repunit N Numbers and 
Related Quesitons 

3.1 SRE Numbers. 

Concerning squares in SRE numbers, none were found up to SRE(10000). 

Heuristically, it seems highly unlikely that there will ever be a square SRE 

number. A program was written in PARI/GP [3] to search for the least 

square with n consecutive 1's and none out of the eight squares found came 

close to exhibiting the required digit pattern of SRE numbers. 

Conjecture: There are no square SRE numbers. 


Open question: Are there any SRE cubes or higher powers? 


Some values n such that SRE is divisible by the sum of its digits are: 
2, 6, 44, 51, 165, 692, 1286, and 4884. 


Open question: Are there infinitely many SRE numbers with the above 
property? 


Some values n such that the sum and product of the digits of SRE numbers 
(and SRB numbers) are both prime are: 


135. 7ipd 12, T4153 LT Pi, STL, 


Open question: Are there infinitely many SRE numbers with the above 
property? 
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3.2 SRB Numbers 
Concerning squares in SRB numbers, there are none, and the proof is simple. 


Proof: All squares greater than 9 must terminate in one of the following two 
digit endings: 


00, 01, 04, 09, 16, 21, 24, 25, 29, 36, 41, 
44, 49, 56, 61, 64, 69, 76, 81, 84, 89, 96. 


Obviously no SRB number will be a square, since by definition all SRB’s 
terminate with the digits ‘11’. 


Open question: Are there any SRB cubes or higher powers? 


Some values n such that SRB is divisible by the sum of its digits are: 
33, 659, 2037, 5021. 


Open question: Are there infinitely many SRB numbers with the above 
property? 

3.3 SRBE Numbers 

Concerning square SRBE numbers, none were found up to SRBE(10000). 
It seems unlikely that there will be any SRBE squares, but the proof seems 
difficult. The same empirical evidence given above for the nonexistence of 
square SRB numbers applies to square SRBE numbers as well. 
Conjecture: There are no square SRBE numbers. 


Open question: Are there any SRBE cubes or higher powers? 


Digression: Notice that if we divide the SRBE number 31113 by the 
Product of its digits we get 31113/9 = 3457, a prime. 


Open question: Are there infinitely many SRBE numbers with the 
above property? 
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Some Simple Advantages Of Reasoning In Intuitionistic Neutrosophic 
Logic 


Charles Ashbacher 
Charles Ashbacher Technologies 
Hiawatha, [A 52233 USA 


Abstract: The traditional form of reasoning in logic and automated reasoning is severely limited 
in that it cannot be used to represent many circumstances. In this paper, we demonstrate two 
simple examples of the superiority of intuitionistic neutrosophic logic in representing the data of 
the real world. 


The Definition of latuitionistic Neutrosophic Logic 


Intuitionistic neutrosophic logic is an extension of fuzzy logic, where the elements are assigned a 
four-tuple (t, i, f, uw) representation of their truth value. t is the value of truth, i the value of 
indeterminacy, f the value of false and u is the degree to which the circumstances are unknown. 
The sum of the four terms is 1.0 and all are greater than or equal to zero, which maintains 
consistency with the classical and fuzzy logics. The logical connectives of and (A), or (V) and not 
(—) can be defined in several ways, but here we will use the definitions used by Ashbacher to 
define INL2[1]. 


Definition 1: 
“(tli fi, un) = (fh, i, th, 1) 


(ty, i, fh, un) A (th, ib, f, U2) = (t= min{t) tg}, i= 1~t-f-u, f= max{f, ,f }, 
u=minf{ uw, }) 


(ty, h, fi, uy) V (t, b, h, U2) = (t = max{t; sta }, i=l-t-f- U, f= min{f; fy }, u= min{ Wy 4Ue } ) 
It is easy to verify that the elements of INL2 are closed with respect to these definitions of the 
basic logical connectives. Furthermore, many of the algebraic properties such as the associative 
and commutative laws also hold for these definitions. 


An Example of Clauses In Automated Reasoning 


In automated reasoning, facts are defined by stating instances of a predicate. For examiple, in 
Wos([2], the clause 


FEMALE(Kim) 


is used to represent that Kim is a female. A set of clauses is then developed which stores the 
knowledge of all persons who are female. Clauses such as 


MALE(John) 


are used to represent that John is a male. A query to the database of facts will have a form 
similar to 
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FEMALE(Kim)? 


which is asking the question, “Is Kim female?” In standard reasoning, the response would be a 
yes or a true if the database of facts contains a clause of the form 


FEMALE(Kim) 
or there is a line of reasoning that leads to the conclusion that Kim is female. 


In the case where there is no such fact or line of reasoning, the response would be no or false. 
Therefore, a negative response could be a no that was inferred from the data or a case where Kim 
does not appear in the database of females. The difference between these two conditions is 
substantial and the INL2 allows for them to be distinguished. If any form of knowledge can be 
inferred about the query, the value returned would be computed from the values. In the case 
where there is no information about the clause, the value returned by the query would be 
(0,0,0,1), which could be interpreted as unknown or unsupported by the facts. This value can 
then be considered the default for all items not in the database. 


Using Intuitionistic Neutrosophic Logic In The Representation of Gender 
In his book, Wos[2] uses the fact 
~MALE(Kim) 


to infer that Kim is female. Such rigid, two gender representations are in fact inaccurate. 
According to the Intersex Society of North America (hitp://www.isna.org) approximately | in 
2000 children are born with a condition of “ambiguous” external genitalia. The condition ranges 
in a continuous manner from slight differences from the standard structure to a complete, 
functioning set of male and female reproductive systems. 


Intersex conditions cannot,be represented by the classical reasoning, for example if a person has 
the functioning sex organs of both gender, then to say either FEMALE(x) or MALE(x) is true is 
to arbitrarily assign a gender. Fuzzy systems are also of little value, for if MALE(x) and 
FEMALE(x) are both assigned values of 0.50, then the data supports the notion that the person is 
half male and half female. This is just as inaccurate, as the person is simultaneously of both sexes 
rather than made up of parts of both. © 


These ambiguities are easy to describe using intuitionistic neutrosophic logic. By assigning a 
nonzero value to the indeterminate value, it is then possible to represent the full spectrum of 
possible genders. For example, a value of (0, 1, 0, 0) assigned to FEMALE(Jane) could mean 
that Jane has complete sets of both sex organs. 
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SMARANDACHE ITERATIONS OF THE FIRST KIND ON 
FUNCTIONS INVOLVING DIVISORS AND PRIME FACTORS 


Jason Earls 
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ABSTRACT 


In this paper we consider Smarandache Iterations of the First 
Kind [2] upon four new functions which deal with divisors and prime 
factors of positive integers, make conjectures and give some open 
problems. 


I. INTRODUCTION 


Consider Smarandache Iterations of the First Kind where a 
function, £(n) <= n for all n, is iterated until it reaches a constant 
value. For example, let d(n) be the number of positive divisors of n 
and 2 the constant value to be reached. For n=8 we would have: 


d(d(d(8))) = d(d(4)) = d(3) = 2. 


Thus SI1_da(8) = 3, because it takes 3 iterations to reach 
the constant value 2. 


Or, another way to represent this is: 


8 -> 4 -> 3 -> 2; and say 8 takes three "steps" to reach 2 
when iterating the function din). 


In this paper’we will drop the SI1 notation, use the "step” 


terminology, and also investigate some functions where £(n) 
is not <=n for all n. : 


II INVESTIGATIONS AND OPEN PROBLEMS 

(A) Let f(n) be a function giving the absolute value of the 
largest prime factor subtracted from the largest proper divisor of a 
positive integer n: 

f{n)=abs (lpd(n)-Lpf(n)). 

(Here we take the absolute value to avoid getting negative values.) 
For example, when n=13, the largest proper divisor is 1 and the 
largest prime factor is 13, which would be: 

1 - 13 = -12 and {-12| = 12, so £(13) = 12. 

If we iterate the function f(n), how many iterations will it take 


for a given integer n to reach 0? H.g. iterating f(13) gives: 
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13 -> 12 -> 3 -> 2 ->1-> 0; 


Iterating £(412) 


5 steps to reach 0. 


412 -> 103 -> 102 -> 34 -> 0; 4 steps to reach 0. 


Here is the sequence of the number of steps it takes f(n) to reach 


zero upon iteration for n=1 to 100 


(A075660) [1]: 
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Now a natural question to ask is: what is the smallest number 
requiring k steps to reach 0 when iterating f(n)? Using the 
programming package PARI/GP [3] a program was written to construct 
the following table of these numbers for k <= 19 (A074347) [1]: 


Number of steps 


Smallest number 


1 1 
2 2 
3 3 
4 12 
2) 13 
6 52 
7 33 
8 ~ 131 
9 271 
10 811 
il 1601 
12 2711 
13 8111 
14 13997 
15 34589 
16 74551 
17 147773 
18 310567 
193 621227 


Note that Il, 


12, and 52 are the only non-prime values in the 


"smallest number” sequence above. Of course it is easy to see why 
there 1s an abundance of primes here. f(p)=p-1 for any prime p since 
the largest prime factor of p is p and the largest proper divisor of 
p is always 1. Because £(p) will always equal p-1 it will take more 
steps for £(p) to reduce to zero upon iteration. 

Open’ problems: What is the next non-prime number in this sequence, 
if one exists? What is the 20th term of this sequence? 

We conjecture that the above sequence: smallest number requiring 
k steps to reach zero when iterating the function 
£(n)=abs(lpd(n)-Lpf(n)), is finite. Or stated another way, there is 
a number K such that no number requires greater than K steps when 
iterating f(n) to reach zero. 


{(B) Next we will perform the same operation but instead of using 
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the largest proper divisor, 


we will define a function g(n) 


with Lof(n) 


and the largest common difference between consecutive divisors when 
: g(n)=Ledd(n)-Lpf(n). 


they are ordered by size, 
E.g. for n=9, 


or 
the divisors o 


difference between consecutive divisors being 9-3=6. 
so g(9)= 


prime factor being 3 and 6-3 


f 9 are (1, 


=3, 


3, 


3. 


9] with the largest 
And the largest 


When iterating this 


function it becomes apparent that every number will eventually 


reach 0 or -l, 


the first one hundred values 
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so we can ask for a sequence of the number of 
steps it takes any n to reach 0 or -1 when iterating g(n). 


Here are 
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on: what is the smallest number 


requiring k steps for the iterated function g(n) 


to reach 0 or -1? 


Below is a table of these numbers for k <= 26 


(A074348) 


[1]: 


Number of steps 


Smallest number 


1 1 
2 8 
3 24 
4 45 
5 75 
6 160 
7 273 
8 429 
9 741 
10 1001 
11 1183 
12 1547 
13 2645 
14 3553 
15 4301 
16 5423 
17 10880 
18 23465 
19 33371 
20 39109 
21 49075 
22 74011 
23 98933 
24 104371 
25 107911 
26 163489 
Obviously none of the terms in the above sequence will be 
prime since the largest common difference between any prime p is 
p-l and the largest prime factor of a prime is p, and (p-1)-p = -l, 
therefore all primes will take one step only to reach -l. 


Also, the author noticed no pattern when Looking at the 


factorizations of the "small 


Open problem: What is the value for k=27? 


est number" sequence above. 
We conjecture that 
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this sequence is finite (although not necessarily at k=26). 


(C) Now we will add a new concept to our iterative work, the 
concept of reversing the elements of n in the functions we have been 
exploring. This may seem unnatural, but let's get a little 
adventurous, shall we? 

Consider the function we worked with in section A, except now 
we will reverse lpd(n) and Lpf(n): 

h(n) =abs (reverse (lod(n))-reverse(Lpf(n))) 
that is, we are taking the absolute value of the reversal of the 
largest proper divisor of n minus the reversal of the largest prime 
factor of n. This is an erratic function, and notice that since 
h(n) is not <= n for all n: 

12345 7 8 9101112 13 14 15 16 17 18 19 20 
h(n) 01204 620 010 330 0 0 670 6930 4 
It deviates slightly from the definition of Smarandache Iterations of 
the First Kind. 


Here is the sequence of the number of steps it takes h{n) to reach 
zero for n=l to 100: 


1,2,3,1,2,1,2,3,1,1,2,4,3,1,1,2,3,2,3,2,1,1,6,3,1, 
1,2,2,2,2,5,3,1,1,1,3,5,1,174,4,3,2,3,2,1,5,2,1, 6, 
1,6,2,2,1,7,1,1,2,3,2,1,3,2,1,2,7,3,1,2,3,4,4,1,6, 
4,1,2,4,2,2,1,6,4,1,1,1,2,4,2,1,4,1,1,1,3,3,2,2,1, 


Again, the question is asked, what is the smallest number 
requiring k steps for the iterated function h(n) to reach 0? 
Below is a table of these numbers for k <= 12. 


Number of steps Smallest number 
1 1 
2 2 
3 3 
4 12 
3 31 
6 23 
7 56 
8 102 
9 193 

10 257 
pie 570 
1:2 1129 


The interesting thing to notice in the above table is that due 
to the reversal of Iipd(n) and Lpf(n), the "smallest number" sequence 
above is not monotically increasing, i.e. 31 is the smallest number 
which takes 53 steps to reach 0, while 23 is the smallest number which 
takes 6 steps to reach zero. Also, note that there are seven primes 
and five non-primes in the above sequence. So one class is not 
predominating this sequence as in the others, at least for 
the first twelve values. 

Open problem: What is the value requiring 13 steps? 
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We conjecture that this sequence is finite (although not 
necessarily at k=12). 


(D) Now we will use the function in section B, except we will 
reverse its divisor/factor elements. That is, we will use: 

i(n) = abs (reverse (Ledd(n))-reverse(Lpf(n)}) 
and observe what happens when it is iterated. First notice that 
i(m) is not <= n for all n: 


n 12345 678 910 11 12 13 14 15 16 17 18 19 20 21 22 
dtm) PTiitotrtot23so 109 310 0 4 610 610 4 34 0 


Number of steps it takes i(n) to reach one or zero for n=1 to 100: 


Op ly dp lly dy lene lp, 2724 Lee 29 225 242, 2914 2435-29 
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Table for k <= 19 of smallest number requiring k steps for the 
iterated function i(n) to reach one or zero: 


Number of steps Smallest number 
1 2 
2 8 
3 24 
4 48 
5 54 
6 176 
7 215 
8 161 
9 237 

10 : 650 
11 512 
12 609 
13 432 
14 455 
15 749 
16 774 
ale 2650 
18 2945 
19 : 2997 


Again this sequence is not monotonically increasing. There are 
no primes except 2 in the "smallest number" sequence above since for 

any prime p, i(p) will always give a power of 10; this follows from 
the definition. of our function. To see this, let's take the prime 569 
as an example. Ledd(569)= 568 and Lpf(569)=569. When we reverse and 
subtract we get 965-865=100. So, for any prime p, i(p)=10*l(p)-1, 
where 1(x) is the number of digits of x. And for all p > 7, i({p) will 
take 2 steps to reach 0. We conjecture that this sequence is finite 
(although not necessarily at k=19). 


CONCLUSION 
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We have introduced four new functions having to do with prime 
factors and divisors of integers, made four conjectures regarding 
the finiteness of sequences involving Smarandache Iterations of the 
First Kind upon these functions, as well as giving some open problems. 
Our motivation for using prime factors and divisors in the functions 
is that other iterations have been explored with operations of 
multiplication [4] and addition of digits, along with some of the 
more common number theoretic functions [5], and thus we thought it 
would be interesting to investigate the underlying structure of 
integers through some unusual functions involving divisibility 
concepts when performing Smarandache Iterations of the First 
Kind. 

On a computer related note, we realize that an interpreted 
algebra package such as PARI/GP, which the author used when 
preparing this paper, is not the best way to investigate the open 
problems given. A better way would be to write much faster programs 
in C or a similar programming language. 

In closing, we suggest one more idea that we have not yet 
explored. The author thinks it would be very interesting to iterate 
the function j(n)=Lpf(n)-Ndcd(n), where Lpf(n) is the largest prime 
factor of n and Ndcd(n}) is the number of distinct differences between 
consecutive divisors of n, when ordered by size (A060682) [1]. Let 
us know your results regarding iteration of this function! 
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THE SMARANDACHE SUM OF COMPOSITES BETWEEN FACTORS FUNCTION 


Jason Earls 
513 N. 3rd Street 
Blackwell, OK 74631 USA 
Email: jcearls@kskc.net 


ABSTRACT 
in this paper some basic properties of the Smarandache Sum of 
Composites Between Factors function are given, investigations are 
reported, conjectures are made, and apen problems are given. As 
far as the author knows, this function is new and has never been 


investigated previously. 


KEYWORDS: 

Composites, Consecutive values, Even numbers, Factors, 
Factorials, Functions, Odd numbers, Palindromes, Primes, Reverse, 
Smarandache function, Squares, Square-free, Sum of composites, 
Triangular. 


I INTRODUCTION 

The Smarandache Sum of Composites Between Factors function 
SCBF(n) is defined as: The sum of composite numbers between the 
smallest prime factor of n and the largest prime factor of n (A074037) 
[i]. Example: SCBF(14) = 10 since 2*7=14 and the sum of the composites 
between 2 and 7 is: 4+6=10. — 
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The first 50 values of SCBF(n) are: 


n SCBF(n) n SCBF(n) 

1 0 26 849 
2 0 27 0 

3 0 28 = 10 
4 0 29 0 

5 60 30 

6 0 34 

7 0 32 

8 0 3337 
9 0 3494 
10 4 35 6 
44 0 36 0 
12 0 37 0 
13 «0 38412 
14 10 39 49 
154 40 

16 860 44 0 
177 0. 42 10 
18 «(0 43 0 
19 #0 4437 
2024 45 4 
21 «10 46175 
22 87 47 oi 
23 48 0 
24 49 0 
25 50 4 


H SOME PROPERTIES OF SCBF(n): 


(A) SCBF(p) = 0, for any prime p, or p*k, and integers 
of the form 24*34j, where i, j, and k are positive integers. 
This follows from the definition. | 
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(B) If i and j are positive integers then SCBF(24i*54))=4, 
SCBF(2*i*7“))=10, etc. More generally, to allow other prime factors 
between the smallest and largest, if i and k are positive integers 
and j is a nonnegative integer, then SCBF(24i*34j*5*k)=4, etc. 
This follows from the definition, 


(C) SCBF(n) is not a multiplicative function. 
E.g. ged(14,15) = 1. SCBF(14*15) = 10 and SCBF(14)*SCBF(15) = 40. 


lll) INVESTIGATIONS AND OPEN PROBLEMS 


Using PARI/GP [2], a software package for computer-aided number 
theory, the author has explored and compared SCBF(n) with some of the 
more common number theoretic functions as well as some of the more 


obscure functions in the hope of finding interesting results. 


(A) There are solutions to SCBF(n) = n, although they are very 
tare. Dean Hickerson [3] found one such solution, not necessarily the 
smallest, which is: SCBF(245220126046) = 245220126046. His method was 
to search for a prime p for which the sum S of the composites from 2 
to p is a multiple of 2p. His reasoning was that since S < p*2/2, S 
can't have any prime factors larger than p (ar less than 2), so S 
satisfies SCBF(n) = n. According to [3] the probability that S is 
divisible by 2p is 1/(2p); since the sum of the reciprocals of the 
primes diverges slowly to infinity, there are probably infinitely many 
solutions of this type, although they will be very rare. 

Is 245220126046 the smallest even solution to SCBF(n) = n? What 
is the smallest odd solution? 


(B) When SCBF(n) is compared with some of the more common number 
theoretic functions, it is relatively easy to find solutions (although 
the following two sequences were not thoroughly analyzed). E.g. some 
solutions to bigamega(n) = SCBF(n), where bigomega(n) is the number of 


prime factors of n, (with repetition) are: 
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40,60,90,100, 135,150,225 ,250,375,3584,5376,8064, 


and solutions to SCBF(n) = d(n), where d(n) is the number of divisors 
of n are: 


10,15,112,175,245 567 ,4802,7203, 


(C) Solutions n such that SCBF(n) = S(n) where S(n) is the 
Smarandache function (A002034) [1], [4] are: 


350,525,700,1050, 1400, 1575, 1792,2100,2800 (A0Q74055) [1] 


Note that all of these numbers are of the forms: 24i*34j*54k*711, 
2A*SA*7AK, SAPSAP7AK, or 247*74%k, with S(x) and SCBF(x) being 
10. What is the first term in the sequence not having the 
aforementioned forms? Are there an infinite number of solutions . 
to the above functional equation? 


(D) Some solutions n such that SCBF(n) is prime (A074054) [1] 
are: 


a) 22,33,44,66,88,99,106,110,132,134,154,155,159,165,176,178 
With the primes being: 

b) 37,37 ,37,37,37,37,1049,37,37,1 709,37 ,331,1049,37,37,3041, 
Note that in sequence D.a. above, there are consecutive values listed. 
Are there an infinite number of consecutive values? Are there an 
infinite number of triple consecutive values such that SCBF(n) is a 
prime? For example: 

SCBF(889) = 6397; SCBF(890) = 3041; SCBF(891) = 37. 
Due to the abundance of solutions found from a computer search for 


sequence D,a, we are confident enough to conjecture that there are an 
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infinite number of consecutive and triple consecutive solutions. 
Conceming sequence D.b above, what is the first palindromic 

prime value? The author has found none for n <= 10000. Yet due to the 

erratic nature of the primes arising in the above list, we are 

confident enough to conjecture that there will be at least one 

palindromic prime solution in sequence D.b. What is the first prime 

in sequence D.b consisting of fifty digits? 


(E) From a purely recreational viewpoint, it is often 
interesting to work with some of the more base 10 dependent functions 
to find surprising results. The rest of this paper deals with some of 
these base 10 dependent functions. 

Let SFD(n) be the sum of factorials of the digits of n (A061602) 
[1]. Are there an infinite number of solutions to SCBF(n) = SFD(n)? 
The author has found only three solutions: 


420,200,1000. 


Example: 120 = 243*3*5 and 4 is the only composite between 2 and 5; 
qi+214-0! = 4. 


(F) Let SDS(n) be the sum of squares of digits of n (A003132) 
{1]. Are there an infinite’number of solutions n to SCBF(n) = SDS(n)? 


The author has found the following solutions: 
20,200,2000,2754,5681 ,15028,19152,20000,25704,27945,31824, 


Example: 2000 = 2*4*543 and 4 is the only composite between 2 and 5; 
2AZ+0A2Z4+042+042 = 4. 


(E) Let R(n) be the reversal of n, Are there an infinite 
number of solutions to SCBF(n) = R(n)? 


IV CONCLUSION 
The SCBF(n) function has been compared with various other number 
theoretic functions and fruitful avenues of research are still very 


much open. Different bases could be explored as well as making 
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comparisons with other functions not mentioned here. The SCBF(n) 
function also suggests that other functions can be defined by summing 
different classes of numbers which lie between the smallest prime 
factor and the largest prime factor of any integer. For example, 
SSBF(n) could be the sum of the square free numbers between the 
smallest and largest prime factors of n. STBF(n) could be the sum of 
the triangular numbers between the smallest and largest 

prime factors of n. SPBF(n) could be the sum of the palindromes 
between the smallest and largest prime factors of n. The odd and even 
numbers could be summed between the smallest and largest prime 


factors of n as well. All of these functions should be investigated! 


Thanks to Dean Hickerson for helpful comments conceming the 
SCBF(n) function. 
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ON THE MEAN VALUE OF m-TH POWER FREE NUMBERS* 


Yao WEILI 


College of Mathematics and Computer Science, Yanan University 
Yanan, Shaanxi, P.R.China 


ABSTRACT. A positive integer n is called m-th power free number if it can not be 
divided by m-th power of each prime. The main purpose of this paper is to give a 
k-th power mean value formula for the m-th power free numbers. 


1. INTRODUCTION 


A positive integer n is called m-th power free number if it is not multiples of 
am, 3m, o™, 7™ .--p™ and so on. That is, it can not be divided by m-th power 
of each prime. Generally, one obtains all m-th power free numbers if he takes off 
all multiples of m-power primes from the set of natural nurabers (except 0 and i), 
Let a(n,m) denotes the m-power free sequence . In problem 31 of [1], Professor 
F.Smarandach asked us to study the properties of this sequence. In this paper, we 
use the elementary methods to study the mean value properties of this sequence, 


and give its k-th power mean value formula. That is, we shall prove the following 
main conclusion: 


Theorem. For any positive integer x > 1 and n> 0, we have the asymptotic 
formula 





gt 2 
city FO m=) if k > 0; 
ss a®(n,m) = ir aa + As 2 +O(aktm) ifk <0 but k 4-1; 
noe 
$s (agi —m : = 


where ¢(m) ts the Riemman-zeta function. 


If m = 3, then the sequence become the cube free number, from our theorem 
we may deduce the following: 


Corollary. For any positive integer z > 1 andn> 0, we have the formula 


gk } 

ear cay + O(a**8) if k>0; 
do ak(n,3) = 9 Say t SER + Oleh) fh <0 but kh A -1; 
noz tao a ee 

Poy — 385 + O(2-?) if k= -1. 


Key words and phrases. M-th power free numbers; Mean value property; Asymptotic formula. 
* This work is supported by the N.S.F. and the P.S.F. of P.R.China. 
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2. PROOF OF THE THEOREM 


In this section, we shall use elementary methods and the Euler summation for- 
mula to complete the proof of the theorem. First for any positive integer « > 1 and 
n> 0, if k > 0, we have the asymptotic formula 


Ss" a®(n,m) = Se n® ye, phe SS d™™* 14(d) > nk 








nig nT d™|n d<al/m n<a/d™ 
aay k 
= jm id (ge) or 
Da ge 
d<ai/m 
att u(d) k+1 
—_ petals /m 
k+l ge RD 
d<al/m 
per, if 
= O k+1l/m 
k+1¢(m) Oe ) 


Furthermore, if k <0 but k # —1, we have 


Yakinm)= So amu) 


ne d<al/m n<acfd™ 
g \k+l k 
ae d™* afd (ar) ES eee 
y Ho ( P+ e-n) 40(% 
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== eee ENE, _ qmk pk+l/m 
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d<xi/m d<gifm 
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From this formula, we can immediately get 





3 u(n)logn — ¢'(m) 


~ Gm) 


wm 


n=l 


272 


If k = —1, we have 


earn Sanwa St 


I! 








nox d<gi/m nsa/d™ 

_ wld), 

= oS i log nee 
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d 

= Ss we) (log x — m log d) 
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= —m + O(x*~™ 
(maj ~ ™C2(my FO) 

This completes the proof of the Theorem. 
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A NOTE ON THE SMARANDACHE DIVISORS OF DIVISORS SEQUENCE 
AND TWO SIMILAR SEQUENCES 


Jason Barls 
513 N. 3rd Street 
Blackwell, OK 74631 USA 


In [1] Murthy defined the Smarandache Divisors of Divisors 
sequence as T.1 = 3, and Tn-1 = d(T_n), the number of divisors of 
Ton, where Tn is smallest such number: 


3, 4, 6, 12, 72, 559872, 2°2186 * 3%255,... 
For example, 12 is the smallest number having 6 divisors. 


Also in [1] Murthy conjectured that after incrementing the above 
sequence by lL: 


Ae Diy Tt De TSy 5S SIB TB yee 
it will contain all primes from the second term onward. 


The purpose of this short note is to show that Murthy's Divisors 
of Divisors sequence contained errors from the Sth term onward, and 
based on this fact we give two counterexamples to Murthy's conjecture. 


A program was written in PARI/GP [2] to compute the Smarandache 
Divisors of Divisors sequence and the terms 3,4,6,12,60,5040, 
were given. The value 72 wags listed in the original sequence and while 
72 does have 12 divisors, 60 is the least such number and therefore 
should be the Sth term. Seeing that cur computed sequence differed 
from Murthy's sequence, we looked these 6 terms up at OEIS [3] and 
the correct version of the Smarandache Divisors of Divisors sequence 
was found (A009287) [3]-- 


3, 4, 6, 12, 60, 5040, 293318625600, 
6700591682045851683714764389274211123/ 
33837297640990904154667968000000000000 


which when incremented by 1 becomes-~ 


4, 5, 7, 13, 61, 5041, 293318625601, 
6700591682045851683714764389274211129/ 
33837297640990904154667968000000000001 


Concerning Murthy's conjecture, that all of the terms in the 
incremented sequence will be prime from the second term onward, 
notice that 5041 = 71*2; and the factors of 


6700591682045851683714764389274211123/ 
33837297640990904154667968000000000001 


274 


are: 


127 * 25624431359 * 
20589945465083242268 6209906658 432939349460496699031746583235457 


which are both counterexamples to the conjecture. 
Open question: What is the next term of the Smarandache Divisors 
of Divisors sequence? 


TWO NEW SMARANDACHE SEQUENCES 


1. Let sopfr(n) denote the sum of primes dividing n (with 
repetition) (A001414) [3]. 


n 12345 678 91011 12 13 14 15 16 17 18 19 20 
sopfr(n) 023455766 711 713 9 8 817 #819 9 

Let s{1)=2, s(n+1l) = least k with sum of prime factors (with 
repetition) = s(n)+1 (A075721} [3]: 


2,3,4,5,8,14,26, 92, 356,1412, 5636,185559, 556671, 
Example: 92 is a term because it's the smallest number such that its 
sum of prime factors is equal to the previous term + 1; 


92 = 242*23 and 2+2+23 = 26+1. 


Conjecture: This sequence is infinite. 


2. het t(1})=2, t(nt+tl)= least k with sum of squares of digits = t(n). 
2,11,113,78,257,18888, 
For example, 113 is a term because the sum of its digits after 
being squared is equal to 11, the previous term; 


PPS NOL 2432 


Problem: What is the next term of this sequence? 
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Formula to Obtain the Next Prime Number in Any Increasing Sequence of 
Positive Integer Numbers 


Sebastian Martin Ruiz 
Avda. de Regla 43, Chipiona 11550 Spain 
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Abstract: 


In this article I give a generalization of the previous formulas [1],[2],{3] 
to obtain the following prime number, valid for any increasing sequence of 
positive integer numbers in the one that we know the algebraic expression 
of its nth term. 


THEOREM: Let{a,},,, an increasing sequence of positive integers of which we 
know the algebraic expression of its nth term; that is to say: 
It exists ~:N— N such that f(n) =a, 
As f it is increasing also: 


Itexists f-':N->R inverse function of f 
Let pe {a, iS a term of the sequence, (It doesn't have to be prime) 


Let us consider the expression obtained by me [1],[2],{3],[4] of the Smarandache prime 
function: 


k 


k —_ 
2 =“IIl ae se compoe 
G(k) = sal LS 5 _|l if k is composite 
' 0 if k is prime 
x| =is the greatest integer less than or equal to x. 


And their improved expression [3]: 


vk 
G(k) = (2 + 2). (A - \)/s - ta where all the divisions of this last expression 
= 


are integer divisions, 
Then the next prime number in the sequence is: 


NAT (= Fn)=1* eS Hevun] 
4 


Raf"! (pyel jaf (p) tl 
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REMARKS: 
1: It is necessary that p € {a,} so that f7'(p) it is an integer number. 
2: Although the sum in the expression NXT 718 not enclosed, we can calculate the sum 


until a given M, to obtain a computable algorithm that then will see Examples). 

The only inconvenience is , that when making this truncation, the last value obtained in 
the algorithm is not correct in general , but all the other values are correct. (Examples). 
3: With the improved expression of G(k) the calculation is much quicker. 
4:The function is increasing in strict sense. i.e.: 


j<k>a,<a, and a, #a, 
Many sequences of integers numbers are increasing in strict sense. 


5: The algorithm that is obtained is of polynomial complexity if f is of polynomial 
complexity (Examples). 


PROOF: 


Let pe {a,}., = {/()}.,, as we already said, It doesn't have to be prime. p= f(j,) 
with 7, =1. 


NAT, (p)= fi jg tl+ 3 T[G¢u) 


kz joth fajgti 


fc 


> []e¢m= & Tleva+® TTevuy =¢ 


KZ jotl fafgtl k= jy tl f= jgtl kz, j=fotl 


Where f(j,) =q is the next prime number to f(/,) = p in the sequence {f(n)} 


na} ~ 


Jo +is js j,-1 and f(n) increasing, it implies that 
P<f(/A<q jij tlsjsj,-l. 

Therefore f(j) is composite for all j: j) +1< / <j, ~1,for which: 
CRIN) go pe leg yal: 

On the other hand G(f(j,)) =0=G(q) since is prime. 
Returning to the previous expression has that: 


Ca7-lUyetl> > a7. =, -1 


kaj, 


Lastly we have that: 


NAT, (p) = fy +14 7, - jy —D = fli) =q and the theorem is already proved. 
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EXAMPLES: I give three examples of the algorithm in MATHEMATICA language.: 
Example 1: 


M = 40 
40 
f[n_] :=n42+3 
fl[p_] := Sqrt[p - 3] 
G[x_] := -Quotient((2 + 
2*Sum[Quotient[(x - 1), s] - Quotient[x, s], {s, 1, Sqrt[x}}]), x] 

NXTI[p_] = 

f[fl[p] + 1+ Sum[Product[G{fj]], {j, fp] + 1, k}], {k, fl[p] + 1, M3] 
p= fl] 
4 
While(p < {[M], (Print{NXT[p], "", PrimeQ[NXTIpI]]; p = NXT[p])] 
7 True 
i9~—s- True 
67 True 
103 True 
199 True 
487 True 
787 True 
1447 True 
1684 False 


It is observed that the last value is not correct due to the truncation. 


e 


Example 2: 


M=40 
40 
f[n_] = n*3+4 
fl(p_] :=(p-4)°(18) 
G[x_] = -Quotient[(2 + 
2*Sum|[Quotient((x - 1), s] - Quotient[x, s], {s, 1, Sqrt[x]}]), x] 

NXT[p_] := 

f[f1[p] + 1 + Sum|Product[G[ffj}], fi, fp] +1, k}], {k, fl[p] + 1, M3]} 
p= fd] 
5 


While[p < f{M], (Print{NXT[p], " ", PrimeQ{NXT[p]]]; p = NXT[p})] 
31 True 
347 = True 
733 True 
6863 True 
15629 True 
19687 True 
68925 False 
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It happens the same thing with the last value. 


Example 3: 


M= 125 
125 
f[n_] :=n42+1 
fl[p_] := Sqrt[p - 1] 
G[x_] := -Quotient[(2 + 
2*Sum([Quotient[(x - 1), s] - Quotient[x, s], {s, 1, Sqrt[x]}]), x] 

NXT[p_] := 

eel + 1+ Sum[Product(G[ffj]], {j, fl[p] + 1, k}], {k, f[p] + 1, M}]} 
p= 
2 


While[p < [M], (Print(NXT{p], " ", PrimeQ[NXT[p]]]; p = NXT[p])] 
5 True 
17 True 
37 True 
10] True 
197 = True 
257 True 
401 True 
377 ‘True 
677 True 
1297 True 
1601 True 
2917 True 
3137 True 
4357 True 
5477 True 
7057 True 
8101 True 
8837 True 
12101 True 
13457 True 
14401 True 
15377 True 
15877 True 


Except at most the last one, all the values obtained by the algorithm are correct. 
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Smarandache Non-Associative (SNA-) rings 


W.B. Vasantha Kandasamy 
Department of Mathematics 
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Chennai-600036 


In this paper we introduce the concept of Smarandache non-associative rings, 
which we shortly denote as SNA-rings as derived from the general definition of a 
Smarandache Structure (ie., a set A embedded with a week structure W such that a 
proper subset B in A is embedded with a stronger structure S). Till date the concept of 
SNA-rings are not studied or introduced in the Smarandache algebraic literature. The 
only non-associative structures found in Smarandache algebraic notions so far are 
Smarandache groupoids and Smarandache loops introduced in 2001 and 2002. But they 
are algebraic structures with only a single binary operation defined on them that is non- 
associative. But SNA-rings are non-associative structures on which are defined two 
binary operations one associative and other being non-associative and addition distributes 
over multiplication both from the right and left. Further to understand the concept of 
SNA-rings one should be well versed with the concept of group rings, semigroup rings, 
loop rings and groupoid rings. The notion of groupoid rings is new and has been 
introduced in this paper. This concept of groupoid rings can alone provide examples of 
SNA-rings without unit since all other rings happens to be either associative or non- 
associative rings with unit. We define SNA subrings, SNA ideals, SNA Moufang rings, 
SNA Bol rings, SNA commutative rings, SNA non-commutative rings and SNA 
alternative rings. Examples are given of each of these structures and some open problems 
are suggested at the end. 


Keywords: Non-associative ring, groupoid ring, group ring, loop ring, semigroup ring, 
SNA-rings SNA subrings, SNA ideals, SNA Moufang rings, SNA Bol rings, SNA 
commutative rings, SNA non-commutative rings and SNA alternative rings. 


This paper has 5 sections. In the first section we just recall briefly the definition of 
non-associative rings and groupoid rings. In section 2 we define SNA-rings and give 
examples. Section 3 is devoted to the study of the two substructures of the SNA-rings and 
obtaining some interesting results about them. The study of rings satisfying identities 
happens to be a very important concept in the case of non-associative structures. So in 
this section we introduce several identities on SNA-rings and study them. The final 
section is devoted to some research problems, which alone can attract students and 
researchers towards the subject. 


1. Preliminaries 


This section is completely devoted to recollection of some definitions and results 
so as to make this paper self-contained. 
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Definition : A ring (R, +, 0) is said to be a non-associative ring if (R, +) is an additive 
abelian group, (R, 0) is a non-associative semigroup (that is the binary operation o on R 
is non-associative) such that the distributive laws 


ao(b+c)=a0b+a0cand(a+b)oc=a0c+bo0c foralla,b,ce Rare satisfied. 


Definition : Let R be a commutative ring with one. G any group (S any semigroup with 
unit) RG (RS the semigroup ring of the semigroup S over the ring R) the group ring of 


the group G over the ring R consists of finite formal sums of the form Sa,3, (n < 9) 
isl 

that is i runs over a finite number where a ¢ R and gi e G (g, € S) satisfying the 

following conditions 


i. Yam, = Yim, cy =D. fore Oy cee Jon 


i=l 


ii. So, m, +3B.m, S > (or, +B,)m, 


i=! 


ili. [Sa > B,m, edn. My = mm; where y= LogB; 
i=] i=l 


lv. rym; = mur, for all r, e R and m;¢€ G(mjeé S). 


v. r. rm, = > (er, )m, for allre R and =r,mj €¢ RG. RG is an associative ring with 
i=l i=l 
0 € R acts as its additive identity. Since le R we have G=I1.G CRGandR.e= 
R ¢ RG where e is the identity element of G. 


For more about group rings and semigroup rings please refer [4, 7, 10]. If we replace 
the group G in the above definition by a loop L we get RL the loop ring which will 
satisfy all the 5 conditions (i) to (v) given in definition. But RL will only be a non- 
associative ring as le R ande € L we have RC RL and LCRL. Any loop ring RL is an 
example of a non-associative ring with unit. For more about loop rings please refer [1, 3, 
6, 8, 9] and about loops and groupoids refer [1, 2]. Now we define groupoid rings. 
Groupoid rings though not found in any literature to the best of our knowledge can be 
defined for any commutative ring R with identity 1. For G any groupoid the groupoid 
ring RG is the groupoid G over the ring R consists of all finite formal sums of the form 


Sr g, (i running over finite integer) r, € R and g; €G satisfying the conditions i to v 
i 


given in the definition of group rings. But a groupoid ring is a non-associative ring as G 
is non-associative. Clearly IG ¢ RG but R @ RG in general for the groupoid G may or 
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may not contain the identity element in it. Thus only when the groupoid G has the 
identity element 1 we say the groupoid ring RG to be a non-associative ring with unit. 
Here we give examples of a non-associative ring without unit. 


Example J.1: Let Z be the ring of integers and L be a loop given by the following table: 


pac fa [ 1 fas | as [as | aa | 
as | 1 | as | ay 
aq | a4 | a3 | a5 | a2 


[as | as [az [as | a [as [e | 


Clearly the loop ring ZL is a non-associative ring with unit. 


















Example 1.2: Let Z be the ring of integers and (G, *) be the groupoid given by the 
following table: 









ay 
ay 
az | az | as 
ay ay | aa | ay 


Clearly (G, *) is a groupoid and (G, *) has no identity element. The groupoid ting ZG is a 
non-associative ring without unit element. 













For more about groupoids, loops, loop ring, group ring, semigroup rings, please refer [1- 
10]. 


Result: All loop rings RL of a loop L over the ring R are non-associative rings with unit. 
The smallest non-associative ring without unit is of order 8 given by the following 
example. 


Example 1.3: Let Z, = {0, 1} be the prime field of characteristic 2. (G, *) be a groupoid 
of order 3 given by the following table: 
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22G is the groupoid ring having only 8 elements given by (0, 81, 2, $3, $1 + Bo, 22 + 83, 
S1 + 85, 21 + g2 + g3}. Clearly, Z2G is a non-associative ring without unit. This is the 
smallest non-associative ring without unit known to us. 


2. SNA-rings with Examples 
Here we introduce the notion of SNA-rings and illustrate them with examples. 


Definition 2.1: Let S be a non-associative ring. S is said to be a SNA-ring if S contains a 
proper subset P such that P is an associative ring under the operations of S. 


Example 2.1: Let Z be the ring of integers and L be the loop given by the following table. 
ZL the loop ring of the loop L over the ring Z is a SNA-ring. 





For Z.e=Zc ZL. Z is a proper subset of ZL, which is an associative ring. Further if Hj 
= (e, aj) is the cyclic group generated by aj; for i =1, 2, 3, ..., 7. Clearly ZH; c ZL is the 
group ring of the group Hj over Z which is a proper subset of ZL. So ZL is a SNA-ring 
leading as to enunciate the following interesting theorem. 


Theorem 2.2: Let L be a loop and R any ring. The loop ring RL is always a SNA-ring. 


Proof: Clearly by the very definition of the loop ring RL we have RI C RL so the ring R 
serves a non-empty proper subset, which is an associative ring. Hence the claim. 


Example 2.2: Let R be the reals, (G, *) be the groupoid given by the following table: 
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RG is a non-associative ring which is a SNA-ring as R (2) is an associative ring which is 
a proper subset of RG as this SNA-ring has no unit element. Thus it is a Smarandache 
non-associative ring without unit When we take 0 € G we assume r0 + 0 for all non-zero 
ré Rand 0g=0 forallge G. 


Example 2.3: Let Z be the ring of integers. (G, *) be a groupoid given by the following 
table: 





Consider the groupoid ring ZG, this has no identity but ZG is a non-associative ring, 
which has a proper subset ZH, where H = {0, 3} is a semigroup so ZH is an associative 
ring. Thus ZG is a SNA-ring. 


Example 2.4: Let Q be the field of rationals. (G, *) be the groupoid with unit element e 
given by the following table: 





Clearly the groupoid ring QG is a SNA-ring Q ..e = QC QG where Q is the associative 
ring. Further QG is a SNA-ring with unit. Now in view of these examples we obtain the 
following results. 


Theorem 2.3: Let R be any ring and G a groupoid with identity. Then the groupoid ring 
RG is a SNA-ring. 


Proof. Obvious from the fact that identity element exists in GsoR.I=R <RGsoR 
serves as the associative ring to make RG a SNA ring with unit. 


Theorem 2.4: Let R be a ring if G is a Smarandache groupoid then the groupoid ring RG 
is a SNA-ring. 
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Proof: Clearly the groupoid ring RG is a non-associative ring. Given G is a Smarandache 
groupoid; so by definition of Smarandache groupoid G contains non-empty subset P of G 
such that P is a semigroup. RP is a semigroup ring of the semigroup P over the ring R, so 
that RP is an associative ring, which is a proper subset of RG. Thus RG is a SNA-ring. 


3. Substructures of SNA-rings 
In this section we introduce the two substructures viz. SNA subrings and SNA ideals. 


Definition 3.1: Let R be a non-associative ring. A non-empty subset S of R is said to be a 
SNA subring of R if S contains a proper subset P such that P is an associative ring under 
the operations of R. 


Now we have got two nice results about these SNA subrings, which are enunciated as 
theorem. 


Theorem 3.2: Let R be a non-associative ring; if R has a SNA subring then R is a SNA 
subring. 


Proof. Given R is a non-associative ring such that R contains a proper subset S which is a 
SNA subring that is S contains a proper subset P which is an associative ring. Now P cS 


and S < R so P CR that is R has a proper subset P that is an associative ring. Hence R is 
a SNA-ring. 


To prove the next theorem we consider the following example. 

Example 3.1: Let Z be the ring of integers (G, *) be the groupoid given in example 2.3. 
Clearly the groupoid ring ZG is a non-associative ring. Now consider the subset P = {0, 
2, 4} P is a sub groupoid of G so ZP is also a groupoid ring ,which is non-associative and 
ZP is a subring of ZG. Clearly ZP is not an associative subring. So in view of theorem 
3.2 we.can say if R is a SNA-ring and has a subring which is not a SNA subring of R. 


This leads us to the following theorem. 


Theorem 3.3: Let R be a SNA-ring. Every subring of R need not in general be a SNA 
subring of R. 


Proof: From example 3.1 we see that ZH where H is generated by (0, 2, 4) is a subring of 
R as it has no proper subset, which is a non-associative ring. So ZH is a subring, which is 


not a SNA subring of R. 


Now we proceed on to define SNA ideal. 
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Definition 3.4: Let R be any non-associative ring. A proper subset I of R is said to be a 
SNA right/left ideal of R if 


1. [isa SNA subring of R; say J CI, J is a proper subset of I which is an associative 
subring under the operations of R. 
2. Forallie land j € J we have either ij or ji is in J 


If Lis simultaneously both a SNA right ideal and SNA left ideal then we say Lis aSNA 
ideal of R. 


Example 3.2. Let Z be the ring of integers (G, *) be a groupoid of order 8 given by the 
following table: 





Clearly ZG is a SNA-ring as H = {2} is a semigroup. The semigroup ring ZH is a non- 
empty proper subset, which is an associative ring. Clearly I= Z (0, 2, 4, 6) is a SNA ideal 
of ZG. It is easily verified that I = Z(0, 2, 4, 6) is not an ideal of ZG. Similarly we see I; = 
Z(1, 3, 5, 7) is also a SNA ideal of ZG, which is not an ideal of ZG. Consequent of this 
example and the definition of SNA ideals we have following two theorems. 


Theorem 3.5. Let R be any non-associative ring. If R has a SNA ideal then R is a SNA- 
ring. irae 


Proof: Obvious from the fact that if R has a SNA ideal say [ then we have proper subset J 
G [such that J is a SNA subring of R. So by theorem 3.3 R is a SNA-ring. 


Theorem 3.6: Let R be any non-associative ring. I be a SNA ideal of R. Then Lin general 
need not be an ideal of R. 


Proof: By an example. Consider the non-associative ring given in example 3.2. Clearly 
Z(0, 2, 4, 6) is a SNA ideal of ZG but Z(0, 2, 4, 6) is not an ideal of ZG as 3[(ZX0, 2, 4, 6)] 
= Z(1, 3, 5, 7). Clearly Z(0, 2, 4, 6) # Z(1, 3, 5, 7) in fact they are disjoint sets. Hence the 
claim. 
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Example 3.3: Let Z be the ring of integers. (G, *) be as given in example 2.3. Clearly 
Z(0, 2, 4) is an ideal of ZG but Z(0, 2, 4) is not a SNA ideal of ZG as Z(0, 2, 4) has no 
proper subset P such that P is an associative subring of Z(0, 2, 4). Hence the claim. 


4. SNA-rings satisfying certain identities 


In this section we define SNA-rings satisfying certain classical identities like Bol, 
Moufang etc. and obtain some interesting results relating to the loop rings of the loop and 
groupoid rings of the groupoid. We give examples of them to make it explicit. 


Definition 4.1: Let R be a non-associative ring we say R is a SNA Moufang ring if R 
contains a subring S where S is a SNA subring and for all x, y, z in S we have 
(x * y) * (Zz * x) = (x * (y * z)) * x, that is the Moufang identity to be true in S. 


Examples 4.1. Let Z be the ring of integers and let (L, .) be the loop given by the 
following example: 












fo Je [eu [ee Jes [es Tas | 
fe Je |g [ee tes [es [es | 
feo |e [es le [es [a [es | 
fas [gs [ge [er fe [es [ee | 

ga |gs [es [es te te [a 
fas [gs |e [es [er [es | 
Clearly L is not a Moufang loop. Consider the loop ring ZL. ZL is a non-associative 
which is a SNA-ring. Clearly L is not a Moufang loop. But ZL is a SNA-Moufang ring as 
Z(e,g1) is a proper subset of ZL such that Z < Z(e, g1) is an associative subring of Z(e,g1). 
Now it is easily verified Z(e, g)) satisfies the Moufang identity for every x, y, z & Ze, 
gi). 





Q 
oO 





Example 4.2: Let Z be the ring of integers (G, *) be the groupoid given by the following 
table: ; 





ZG is the groupoid ring of G over Z. Clearly, every subring of ZG satisfies Moufang 
identity as every element of ZG satisfies Moufang identity, in fact ZG is a non- 
associative ring, which satisfies Moufang identity so ZG is a SNA-ring. Here it has 
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become important to say that one needs to define such rings as these rings have not been 
found any place in literature. 


Definition 4.2. A non-associative ring R is said to be a Moufang ring if the Moufang 
identity, (x * y) * (z * x) = (x * (y * z))* x is satisfied for all x, y,z € R. 


In view of this we have the following interesting result. 


Theorem 4.3: If R is a Moufang ring and if R is a SNA-ring Then R is a SNA Moufang 
ring. 


Proof: By the very definition used in this paper. 


Definition 4.4: Let R be a non-associative ring R is said to a Bol ring if R satisfies the 
Bol identity ((x * y) * z) *y =x * (( y * z) * y) forall x, y,zinR. 


Trivially all associative rings satisfy Bol identity hence we take only non-associative 
rings. 


Definition 4,5: Let R be a non-associative ring. R is a said to be a SNA Bol ring if R 
contains a subring S c R such that S is a SNA subring of R and we have the Bol identity 
((x * y) * z) * y =x * ((y * z) * y) to be true for all x, y, zin S. 


In view of this we have the following theorem. 


Theorem 4.6: Let R be a non-associative ring, which is a Bol ring If R, is also a SNA- 
ring then R is a SNA Bol ring. 


Proof. Clear from the’ very definitions given in this paper. 


Example 4.3: Let Z be the ring of integers, L be the loop given by the following table: 





[S15 }3[7[4{ite | 
i Gaede) As) ean ee 
eA) ee ee Ses 


Clearly this loop is not a Bol loop so the loop ring ZL is not a Bol ring. But this loop ring 
ZL is aSNA Bol ring as Z ¢ Z(e, 5) C ZL is a SNA Bol ring, 














In view of this we have the following theorem. 
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Theorem 4.7: If R is a non-associative ring which is a SNA Bol ring R need not in 
general be a Bol ring. 


Proof: Using the very definition and the example 4.3 we get the result. 


Definition 4.8: Let R be any non-associative ring, R is said to be a right alternative ring if 
(xy) y = x (yy) for all x, y € R. Similarly R is said to be left alternative ring if (xx) y=x 


(xy) for all x, y € R. Finally we say R is an alternative ring if it is simultaneously both 
right alternative and left alternative. 


Example 4.4: Let Z be the ring of integers and L be a loop given by the following table: 


L* |e [ge | ge | gs Te [gs | 
pe Te [er | gt es [eT gs | 
sj gi |e | gs | g 













The loop ring ZL is a right alternative ring as the loop L itself a right alternative loop. 


Example 4.5: Let Z be the ring of integers and L. be a loop given by the following table: 





Consider the loop ring ZL, it is easily verified that ZL is a left alternative ring as the loop 
L is left alternative. In view of this we have the following results, which will be stated 
after defining the concept of SNA alternative rings. 


Definition 4.9: Let R be a ring, R is said to be SNA right alternative ring if R has a 
subring S.such that S is a SNA subring of R and S is a right alternative ting that is (xy) y 
= X (yy) is true for all x, y €S. Similarly we define SNA left alternative ring. If R is 
simultaneously both SNA right alternative ring and SNA left alternative then we say R is 
a SNA alternative ring. 


Example 4.6: Let Z be the ring of integers. (G, *) be the groupoid given by the following 
table: 
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The groupoid ring ZG is a SNA-ring. Further, we have ZG to be an alternative ring as 
well as a SNA alternative ring. 


Definition 4.10: Let R be non-associative ring. R is said to be a SNA commutative ring if 
R has a subring S such that a proper subset P of S is a commutative associative ring with 
Tespect to the operations of R. 


Note: Even if R is non-commutative, still R can be a SNA commutative ring. Further we 
see trivially all commutative non-associative rings R will be SNA commutative rings. We 


say R is a SNA non-commutative ring if R has no SNA commutative subring. 


Example 4.7: Let Z be the ring of integers and L be a loop given by the following table: 





The loop ring ZL is a non-associative ring. Clearly ZL is also a SNA commutative ring. 
As ZC Z(e, 3) C ZL. Ze, 3) is a SNA subring of ZL, which has a proper subset Z, Z is 
an associative commutative subring of ZL. Thus we ZL is non commutative but ZL is a 
SNA commutative ring. 


Example 4.8: Let Z be the ring of integers (G, *) be a groupoid given by the following 
table: 





Consider the groupoid ring ZG. Clearly ZG is non-associative non-commutative ring. But 
ZG is a SNA commutative ring as Z(3) ¢ Z(0, 3) ¢ ZG. Clearly ZG is non-commutative 
but ZG is SNA commutative ring. Hence the claim. 


5. Problems: 


This section is completely devoted to some open problems some may be easy and some 
of them may be difficult. 


Problem 1: Find the smallest non-associative ring. (By smallest we mean the number of 
elements in them that is order is the least that is we cannot find any other non-associative 
ring of lesser order than that). 

Problem 2: Is the smallest non-associative ring a SNA-ring? 


Problem 3: Find SNA-ring of least order. 


Problem 4: Can on Z, be defined two binary operations so that Z, is non-associative (n< 
cc)? 


Problem 5: Find the smallest SNA-ring, which is a SNA Bol ring. 
Problem 6: Does their exist SNA-rings other than the ones got from 
1. loop rings, 
2. groupoid rings 
Problem 7: Find a SNA-ring R in which every ideal of R is a SNA ideal of R. 


Problem 8: Find conditions on the ring R so that every subring of R is a SNA subring of 
R. 


Problem 9: Characterize the SNA-rings R which has ideals but none of them are SNA 
ideals of R. 


Problem 10: Characterize those ring R in a SNA-ring which has subrings but none of the 
subrings in R are SNA subrings of R. 


References 


[1] R. H, Bruck, Contributions to the theory of loops, Trans. Amer. Math. Soc., 
Vol. 60, 245 ~— 354, (1946). 


292 


[2] 
(3] 


[4] 
[5] 


[6] 


[7] 


[8] 


[9] 


[10}. 


eee 


[12]. 


R. H. Bruck, A survey of binary systems, Springer Verlag, (1958). 


O. Chein and E. Goodaire, Loops whose loop rings are alternative, 
Communications in Algebra, Vol. 18(3), 659 ~ 668, (1990). 


‘D.S.Passman, The algebraic structure of group rings, Wiley-Interscience, (1977). 


W. 8B. Vasantha Kandasamy, On ordered groupoids and groupoid rings, J. of 
Maths. and Comp. Sci., Vol. 9, 145-147, (1996), 


W.B. Vasantha Kandasamy, Loop algebras of Moufang loops, Math. Forum, 
Vol XI, 21-25, (1997). 


W.B. Vasantha Kandasamy, Semigroup rings which are Chinese rings, J. of 
Math. Research & Exposition, Vol.13, 375 — 376, (1993). 


W. B. Vasantha Kandasamy, On loops rings which are Marot loop rings, Ultra 
Scientist Phys. Sci., 126 — 128, (1996). 


W. B. Vasantha Kandasamy, On a new class of Jordan loops and their loop rings 
J. Bihar Math. Soc. 71 — 75, (1999). 


2 


W. B. Vasantha Kandasamy, On semigroup rings which satisfy (xy)" = x.y, J. of 
Bihar Math. Soc. , Vol. 14, 47 — 50, (1995). 


W.B. Vasantha Kandasamy, Smarandache loops, 
www.gallup.unm.edu/~smarandache/Loops.pdf 


W. B. Vasantha’Kandasamy, Smarandache groupoids, 
www.gallup.unm.edu/~smarandache/Groupoids. pdf 


293 


SMARANDACHE PSEUDO- IDEALS 


W. B. Vasantha Kandasamy 
Department of Mathematics 
Indian Institute of Technology, Madras 
Chennai - 600 036, India. 

E- mail : vasantak@md3.vsnl net.in 


Abstract 


In this paper we define Smarandache pseudo- ideals of a Smarandache ring. We prove 
every ideal is a Smarandache pseudo-ideal in a Smarandache ring but every 
Smarandache pseudo-ideal in general is not an ideal. Further we show that every 
polynomial ring over a field and group rings FG of the group G over any field are 
Smarandache rings. We pose some interesting problems about them. 


Keywords: 


Smarandache pseudo-right ideal, Smarandache pseudo-left ideal, Smarandache 
pseudo-ideal. 


Definition [1]: A Smarandache ring is defined to be a ring A such that a proper subset 
of A is a field (with respect to the same induced operation). Any proper subset we 
understand a set included in A, different from the empty set, from the unit element if 
any, and from A. 


For more about Smarandache Ring and other algebraic concepts used in this paper 
please refer [1], [2], [3] and [4]. 

Definition 1 Let (A, +, ¢) be a Smarandache ring. B be a proper subset of A (Bc A) 
which is a field. A nonempty subset S of A is said to be a Smarandache pseudo-right 
ideal of A related to B if 


1. (S, +) is an additive abelian group. 
2.Forbe BandseS,sebeS. 


On similar lines we define Smarandache pseudo-left ideal related to B. S is said to be a 
Smarandache pseudo-ideal (S-pseudo-ideal) related to B if S is both a Smarandache 
pseudo-right ideal and Smarandache pseudo-left ideal related to B. 


Note: It is important and interesting to note that the phrase "related to B" is important 
for if the field B is changed to B' the same S may not in general be S-pseudo-ideal 
related to B' also. Thus the S-pseudo-ideals are different from usual ideal defined on a 
ring. Further we define S-pseudo-ideal only when the ring itself is a Smarandache ring. 
Otherwise we don’t define them to be S-pseudo-ideal. Throughout this paper unless 
notified F[x] or R[x] will be polynomial of all degrees, n > oo, 


2a4 


Theorem 2 Let F be a field. F[x] be a polynomial ring in the variable x. F[x] is a 
Smarandache ring. 


Proof: Clearly F © F[x] is a field which is a proper subset of F[x], so F[x] is a 
Smarandache ring. 


If F is a commutative ring then we have the following: 


Theorem 3 Let R[x] be a polynomial ring. R be a commutative ring. R[x] is a 
Smarandache ring if and only if R is a Smarandache Ring. 


Proof: If R is a Smarandache ring clearly there exists a proper subset S of R which is a 
field. So R[x] is a Smarandache ring. 


Conversely if R[x] is a Smarandache ring we have S c R such that S is a field. SoR 
must be a Smarandache ring. Since R[x] = {8 nt x}. R[x] cannot contain any 
i=0 


polynomial which has inverse. Hence the claim. 


Example J: Let Q[x] be the polynomial ring over the rationals. Clearly Q[x] is a 
Smarandache ring. Consider S = (n(x? +1)/ne Q) is generated under ' +'. Clearly QS 
& Sand SQ CS. SoS is a S-pseudo-ideal of Q[x] related to Q. 


Theorem 4 Let R be any Smarandache ring. Any ideal of R is a S-pseudo-ideal of R 
related to some subfield of R but in general every S-pseudo-ideal of R need not be an 
ideal of R. 


Proof: Given R is a Smarandache ring. So 6 # B, B CR isa field. Now I is an ideal of 
R. SoIR ¢ land RIGI. Since B CR we have BI cI and IB cI. Hence Lisa S-pseudo- 
ideal related to B. 


- To prove the converse, consider the Smarandache ring given in Example 1. S is a S- 
pseudo-ideal but S is not an ideal of Q[x] as xS is not contained in S. Hence the claim. 


Example 2: Let ® be the field of reals. R[x] be the polynomial ring. Clearly R[x] is a 
Smarandache ring. Now Qc ®[x] and ® c R[x] are fields contained in R[x]. Consider 


$= (n(x? +1)/n€Q) generated additively as a group. Now S is a S-pseudo-ideal 


relative to Q but S is not a S-pseudo-ideal related to . Thus this leads us to the 
following result. 


Theorem 5 Let R be a Smarandache ring. Suppose A and B are two subfields of R. S be 
a S-pseudo-ideal related to A. S need not in general be a S-pseudo-ideal related to B. 


Proof: The example 2 is an illustration of the above theorem. 
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Based on these properties we propose the following problems: 
Problem 1 Find conditions on the Smarandache ring so that a S-pseudo-ideal which are 
not ideals of the ring related with every field is a S-pseudo-ideal irrelevant of the field 


under consideration. 


Problem 2 Find conditions on the Smarandache ring so that every S-pseudo-ideal is an 
ideal. 


Example 3 Z\2 = {0, 1, 2, 3, ..., 11} be the ring. Clearly Zi. is a Smarandache ring for A 
= {0, 4, 8} is a field in Z,2 with 47 = 4 (mod 12) acting as the multiplicative identity. 
Now $ = {0, 6} is a S-pseudo-ideal related to A. But S is also an ideal of Z)2. Every 
ideal of Z,2 is also a S-pseudo-ideal of Z;7 related to A. 


Problem 3 Find conditions on n for Z, (n not a prime) to have all S-pseudo-ideals to be 
ideals. 


Example 4 Let M2,2 be the set of all 2 x 2 matrices with entries from the prime field Z, 


(6 IG te 90 3 96 3 
CHE 9 ee HE IC IRE 


matrices under usual matrix addition and multiplication modulo 2. 


be the ring of 


0 O\/1 9 " 
Now M2,2 is a Smarandache ring for A = e He I is a field of Mo,2. Let S = 


Oo\/1 1 
{( oH 0 ae S is a Smarandache pseudo-left ideal related to A but S is not a 


. 1 1 1 0 1 0 1 
Smarandache pseudo-right ideal related to A for + = as : 3 
; 0 0 0 0 0 0 0 0 


S. Now B = {( He i} is also a field. S = {( at } is a left ideal related 
0 0/\0 1 0 O;7\0 0 


0 0 0 
to B but not a right ideal related to B. C = (( al 1} is a field. Clearly S is not a 


Smarandache pseudo-left ideal with respect to C. But S is a Smarandache pseudo-right 
ideal with respect to C. 


Thus from the above example we derive the following observation. 
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Observation: A set § can be a Smarandache pseudo-left ideal relative to more than one 


O7FLO 0 
B. The same set S is not a Smarandache pseudo-left ideal with respect to the related 


1 1 
field. For S$ = {( H( } is a Smarandache pseudo-left ideal related to both A and 


(0 0\(0 0 
field C = (( AE 1} but S is a Smarandache pseudo-right ideal related to C. 


Thus the same set S can be Smarandache pseudo left or right ideal depending on the 


f 0 
related field. Clearly S is a S-pseudo-ideal related to the field D = (( He i} : 
Definition 6 Let R be a Smarandache ring. I be a S-pseudo-ideal related to A, AC R(A 
a field). J is said to be a Smarandache minimal pseudo-ideal of R if I; is another S- 
pseudo-ideal related to A and (0) <I; <I implies I, = 1 or 1, = (0). 


Note: The minimality of the ideal may vary in general for different related fields. 


Definition 7 Let R be a Smarandache ring. M is said to be a Smarandache maximal 
pseudo-ideal related to a subfield A, A c R if M; is another S-pscudo-ideal related to A 
and if M <M, then M = M,. 


Definition 8 Let R be a Smarandache ring. A S-pseudo-ideal I related to a field A,AG 
R is said to be a Smarandache cyclic pseudo-ideal related to a field A, if I can be 
generated by a single element. 


Definition 9 Let R be a Smarandache ring. A S-pseudo-ideal I related to a field A,Ac 
R is said to be a Smarandache prime pseudo-ideal related to A if x « y € | implies x € I 
orye lL. ‘ 


Lxample 5; Let Zz = (0, 1) be the prime field of characteristic 2. Z2[x] be the polynomial 
ring of all polynomials of degree less than or equal to 3, that is Z2[x] = {0, 1, x, x*, x?, 
l+x, 1 +x, 1 +x x+x4 x +x), +x), 1 +xFx°), l+x+x?, 1tx°+x), xtx? +x? 
l+x +x? + x}. Clearly Z,[x] is a Smarandache ring as it contains the field Z2. 


S = {0, (1 +x), (1 +x), (x + x°)} is a S-pseudo-ideal related to Z. and not related to 
Z2[x]. 


Example 6: Let Zz = (0,1) be the prime field of characteristic 2. $3 ={1, p, p2, p3. pa, ps} 


Le 2) 3 13 2 


24 eae io 3 no: 3 
»B= » Pa = and ps = . 2253 be the group ring 
[ 2 ; a t 1 : Pa i 3 ‘| Ps : 1 : are ae ta 


of the group S3 over Z2. Z2S3 is a Smarandache ring. Z283 = {1, py, ps, Ps, Pa, ps, 1 + py, 
1+ Pa, 5 Pr + pa + ps + Pa + ps, 1 + pr + po + ps t+ pa + ps }. Now A = {0, pat ps} isa 


; . he2, 3 1 2 3 
be the symmetric group of degree 3. Here | = } pi = } p2 = 
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field A c Z)S3. Let S = {0, 1 + p; + po + ps + pg + ps} be the subset of Z2S3. S is a S- 
pseudo-ideal related to A. S is also a S-pseudo-ideal related to Z 


Theorem 10 Let F be a field and G be any group. The group ring FG is a Smarandache 
ring. 


Proof: F isa field and G any group FG the groupring is a Smarandache ring for F c 
FG is a field of the ring FG. Hence the claim. 


Theorem 11 Let Z) = {0,1}be the prime field of characteristic 2. G be a group of finite 
order say n. Then ZyG has S-pseudo-ideals, which are ideals of 72G. 


Proof: Take Zz = {0, 1} as a field of Z2G. Let G = {g1, g», ..., 2a1, 1} be the set of all 
elements of G. Now S$ = {0, (1+g) + g2+...+ gy-1)} is a S-pseudo-ideal related to Zo and 
S is also an ideal of Z2G. Hence the claim. 


Problem 4 Find conditions on the group G and the ring R so that the group ring RG isa 
Smarandache ring? 
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Abstract: In Riemannian (differential) geometry, the differences between 
Euclidean geometry, elliptic geometry, and hyperbolic geometry are understood in 
terms of curvature. I think Gauss and Riemann captured the essence of geometry 
in their studies of surfaces and manifolds, and their point of view is 
spectacularly illuminating. Unfortunately, curvature is highly non-trivial to 
work with. I will talk about a more accessible version of curvature that dates 
back to Descartes. 


Curvature 


The Gauss curvature K is a generalization to surfaces of the curvature « for 
curves that is covered in calculus. The curvature for the graph of a function £ 
is closely related to the concavity, and since f'' is the derivative of the 
slope of the tangent line, the concavity tells us how fast the slope is 
changing. In other words, it is a measure of how much the curve is curving. The 
concavity, however, tells us the rate of curvature relative to distances along 
the x-axis. Therefore, the relationship between concavity and the shape of the 
curve is distorted. This distortion is eliminated in the curvature by 
considering the rate at which the unit tangent vector changes direction relative 
to distances along the curve. of course, with curvature comes the usually messy 
arclength parameter ds. 


Somewhat surprising is the fact that curvature has a nice geometric 
interpretation. The curvature of a circle of radius ris K = l/r, and if the 
curvature at some point of a curve is «, then a circle of radius r= 1/K will be 
the best fit circle at that point. For example, at the point (0,0) on the graph 


of £(x) = x the curvature is kK = 2, which is the same as the curvature for a 
circle of radius r = 1/2 (see Figure 1). 


. 





Figure 1. The curvature at (0,0) is * = 2 for both the circle and the parabola. 


The Gauss curvature at a point on a surface (in R°) is the product of the 
maximum and minimum curvatures relative to a vector normal to the surface. Here, 
curvature “towards” the normal vector is positive, and curvature “away” is 
negative. For example, at the point {0,0,0) on the surface f(x,y) = x* - ¥, 
there are both positive and negative curvatures relative to the normal vector K 
= [0,0,1] (see Figure 2), Above the X-axis, we have a parabola with curvature 
Knax = +2 at (0,0,0), and below the y-axis, we have a parabola with curvature Kni, 
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= -2 at (0,0,0). The Gauss curvature at (0,0,0) is K = (+2) (-2) = ~4. This 
surface would have a (non-homogeneous) hyperbolic geometry because of its 
negative curvature. 





Figure 2. Saddle-shaped surfaces have negative Gauss curvature. 


On the other hand, at the point (0,0,0) on the surface f(x,y) = xe + ys, the 
curvatures are Knin = Kmx = +2 in all directions. Therefore, the Gauss curvature 
is K = (+2) (+2) = +4 (see Figure 3). This surface would have a {non-hemegeneous) 
elliptic geometry because of its positive curvature. Note that if the normal 


vector points downward, then K = (+2) (+2) = +4, so the choice of normal vector 
does not affect the value of K, 





Figure 3. Bowl-shaped surfaces have positive Gauss curvature. 


Elliptic and hyperbolic geometry 

The Euclidean, hyperbolic, and elliptic plane geometries obtained from 
variations of Hilbert's axioms (see [4] and [3]) would correspond to surfaces 
(Riemannian 2-manifolds) with constant Gauss curvature. The xy-plane has 
constant Gauss curvature K = 0. The unit sphere has constant Gauss curvature K = 
+1 (see Figure 4), and a model for the elliptic geometry axioms in Appendix A of 
{3] can be obtained by identifying antipodal points on the unit sphere. This is 
sometimes called the projective plane. 
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Figure 4. The sphere has constant positive Gauss curvature. 


Surfaces with constant negative Gauss curvature are more difficult to comstruct. 
The pseudosphere is a surface with constant Gauss curvature K = -1 (see Figure 
5, which is a graph of the parametric equations X = cos uU sin Vv, Y= sin U sin 
v, 2= In tan (v/2) + cos v). 





Figure 5. The pseudosphere,has constant negative Gauss curvature. 


The pseudosphere has the same local geometry as the hyperbolic plane, but the 
global geometry is very different (e.g., the pseudosphere has tiny circles with 
no centers). The hyperbolic plane is generally visualized through a projection 
like the Poincaré disk {see Figure 6). 








Figure 6. The Poincaré disk is a projection of the hyperbolic plane. 
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Geometric formulas in the different geometries 

One characteristic difference between the three geometries is reflected in the 
angle sum of a triangle. In Kuclidean geometry, the angle sum is 190°. It is 
smaller than this in hyperbolic geometry and larger in elliptic geometry. In 
particular for a triangle with area A and angles a, §, and y, on the unit sphere 


{1) a+BPB+y=74+ 4, 
and in the hyperbolic plane 
(2) a+Pty=n- A, 


Similarly, the formula for the circumference of a circle with radius R differs 
among the geometries. On a surface with K = -1l, 


(3) Cy 


2m sinh(R), 


and with K = +1 
(4) Ce = 2m sin({R). 


We can see the relationships in the graphs of Figure 7. In the Fuclidean plane, 
the circumference of a circle is directly proportional to the radius. The 
circumference grows more quickly in the hyperbolic plane, and on the sphere, the 
circumference grows more slowly, and in fact, decreases for radii greater than 
m/2, We can interpret this as saying that the hyperbolic plane spreads out more 
quickly than the Euclidean plane, and the sphere spreads out more slowly. I 
think this interpretation is as important as the saddle/bowl characterization of 
curvature. 


a 05 1 16 2 25 3 


Figure 7. The circumferences of circles of radius R. 


Comparisons through projections 

The projection of the hyperbolic plane onto the Poincaré disk is such that the 
deformation of distances is symmetric about the origin. In particular, if a 
point is a distance © from the origin in the Poincaré disk, then its distance 
from the origin in the hyperbolic plane R is a function of r. The derivative of 
R, therefore, describes the relationship between distances in the Poincaré disk 
and distances in the hyperbolic plane. In particular, the circumference of a 
circle with radius © centered at the origin will be 2mr in the Poincaré disk and 
2nr dR/dr} = 2m sinh(R) in the hyperbolic plane. This function R must therefore 
satisfy the separable differential equation 
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(5) r dR/dr = sinh(R), 


and modulo a constant multiple, we must have 


(6) R = 2tanh'r = ln((1+r)/(1-r)) 
or 
(7) r= tanh{(R/2). 


It seems, therefore, that the Poincaré disk is the only Euclidean model that has 
a rotationally symmetric metric. 


Since the circumference formula for a circle in elliptic geometry is similar to 
the formula in hyperbolic geometry, we can look for a rotationally symmetric 
metric for elliptic geometry. On a surface with constant curvature K = +1, the 
circumference of a circle of radius R is C, = 2m sin(R). The differential 
equation resembles equation (5), 


(8) £ dR/dr = sin(R), 
and so 

(9) R= 2tan‘r 

or 

(10) r= tan(R/2). 


This corresponds essentially to stereographic projection, so we see that 
stereographic projection and projection onto the Poincaré disk are comparable 
objects. In fact, stereographic projection restricted to the projective plane 
maps onto the unit disk (see Figure 8). Note that under this projection, 
antipodal points on the boundary of the unit disk are identified, so the lines 
shown are actually closed curves. 





Figure 8. The image of the projective plane under stereographic projection. 


Under these two projections, we can see the characteristic incidence properties 
of hyperbolic and elliptic geometry. The metric properties are represented 
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accurately, as well, but not in a linear fashion. Therefore, it is difficult to 
separate metric properties of the non-Euclidean geometries from the properties 
of the projection. 


Impulse curvatures 

Probably the most important aspect of non-Euclidean geometry that is not obvious 
from the projections is that lines are straight in both hyperbolic and elliptic 
geometry. One advantage of studying “lines” (geodesics) on curved surfaces is 
that the geodesic curvature is zero, and it is the space that curves rather than 
the lines. The big drawback, of course, is that the only curved surface that we 
can reasonably get our hands on is the sphere, and a Lénart Sphere [7] costs 
$70. 


I would like to propose another source of examples. Instead of working with 
curved surfaces, consider surfaces with all of its curvature concentrated at 
isolated points. This allows us to construct models out of paper, since the 
curvature will be zero almost everywhere. The lines (geodesics) on these 
surfaces are also very naturally straight. The simplest example would be a cone. 
Here the geometry is mostly Buclidean, but algo elliptic. The basic idea here 
actually predates Gaussian curvature, and is due to Descartes (see [2]}). It also 
matches amazingly well with the big Gaussian curvature formula from the Gauss- 
Bonnet theorem. The standard terminology in this context uses terms like angle 
defect. I prefer the term impulse curvature}. 


Impulse functions 

Impulse functions are used in applications where a phenomena acts over a very 
short period of time (see [1]). In such instances, it is more convenient, and 
probably more accurate, to assume that this action is instantaneous. The 
corresponding impulse function must have properties that the usual real-valued 
function does not. For example, an impulse function § would have constants to 
and « such that 4(t) = 0 if t#t), and é(t) = © if tet), and the integral of 6 is 
k over any interval containing to. 


A\ 


Figure 9. Impulse curvature for a curve. 


Impulse curvature for curves 

We will start by defining impulse curvature for curves. Consider Figure 9. 

The circle in Figure 9 has radius ©, so its curvature is « =1/r. Since the 
curvature is the rate at which the tangent vector changes direction, if we 
integrate the curvature from point A to point 8B, we get the total change in 
direction for the tangent vector. Since the curvature is constant, this integral 
is simply the length of the arc times the curvature, and 
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total curvature = © 6 l/r = 84, 


Therefore, from A to C the tangent vector has turned to the left 6 radians. 


The polygonal curve ABC is straight everywhere except at 8B. Since the segment AB 
is tangent to the circle at A and the segment BC is tangent to the circle at C, 
the initial and terminal tangent vectors are the same as for the arc AC. The 
total change in direction along the path ABC, therefore, must be 6. Clearly, all 
of this change occurs at the point B, where the curvature is, in some sense, 
infinite. If there is a curvature function for the path ABC, then it must be an 
impulse function. The curvature is zero everywhere except at B, where the 
curvature is infinite, and the integral of this curvature function is 9. We will 
say that the path ABC has impulse curvature 9 at B, 


An application of this concept (a.k.a. angle defect) concerns angle sums of 
polygons, which are different depending on the number of sides. The angle sum of 


a triangle in the plane is ™ radians. For a quadrilateral, it is 2%, and for a 
pentagon, it is 38/2. It is easily shown that the total impulse curvature for 
any polygon in the plane is 2m. Here, integrating curvature around a polygon is 
equivalent to summing the impulse curvatures at the vertices. 





Figure 10. We can make a cone by removing a wedge. 


Impulse Gauss curvature : 

The surface of a cone has zero Gauss curvature everywhere except at the vertex, 
where the curvature is, in some sense, infinite. The Gauss curvature function K 
for a cone must therefore be a 2-dimensional impulse function. All that needs to 
be determined is the value of the integral around the vertex. We can get a 
pretty good idea of what it should be from an example. In Figure 10, we have the 
ingredients for a cone. The cone is formed by removing the 90° wedge in the 
upper right and identifying the two rays bounding the wedge. The fact that the 
Gauss curvature is zero everywhere (except at the vertex) corresponds to the 
fact that this cone-is constructed out of a flat piece of paper. 


We can compute what the impulse Gauss curvature needs to be from the Gauss- 
Bonnet theorem. For a simple closed curve C bounding a simply connected region D 
on a smooth surface, the Gauss-Bonnet theorem states that the Gauss curvature K 
of the surface and the geodesic curvature « (curvature within the surface) of 
the curve are related by the formula 
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(11) Jo K dA = 2n - fo « ds. 


The circle of radius © in Figure 10 has geodesic curvature K = l/r. Its 
circumference is 2"r, and on the cone, after removing a quarter of it, the 
circumference is 3mr/4. Therefore, 


(12) Jo K GA = 2m - 3nr/4 - 1/r = 4/2 radians = 90°. 


We will say that the impulse Gauss curvature at the vertex of this cone is n/2 
radians or 90°. The derivative formulas for the trig functions assume radian 
measure, but other than that, there is no essential difficulty in switching back 
and forth between degrees and radians. The Gauss-Bonnet theorem is simpler in 
radians, of course, but it seems to be more convenient to work in degrees 
otherwise, 


ft should be clear that there is nothing special about 90°. So if we remove a 0- 


wedge, then the impulse Gauss curvature should be 8. This all indicates several 
important insights into the concept of Gauss curvature. One is that the natural 
units for Gauss curvature should be units of angle measure, although the 
definition suggests radians squared. Another is that a positive Gauss curvature 
can be thought of in terms of a sector of space missing (relative to Euclidean 
geometry). Of course on a smooth surface, the sectors are infinitesimal, and 
_they are ‘not all removed from a single point. 


Also in Figure 10 are several lines. On the cone, these become two geodesics. 
Note that they are both locally straight, and they exhibit elliptic behavior. 
Here we see that having “less space” around the vertex has a fundamental effect 
on the relationship between lines. 


Lines near an elliptic cone point 

Forming a cone by removing a wedge leaves a vertex with positive impulse Gauss 
curvature. We will call the vertex an elliptic cone point. The behavior of lines 
near an elliptic cone point will exhibit behavior associated with lines in an 
elliptic geometry. 





Figure 11. A cone with impulse Gauss curvature 60°. 


In Figure 11, we have a cone with a 60° wedge removed, so the vertex will have 


positive impulse Gauss curvature +60° = +n/3 radians. Cutting along the heavy 
dotted lines will allow us to draw the geodesics easily. Since this surface is 
flat everywhere (except at the cone point), geodesics are straight in the 
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Euclidean sense. We can draw them with a ruler. To extend a geodesic across a 
cut, line up the edges and draw the geodesic straight across with a ruler. 


At the point P in Figure 11 is the start of a geodesic. With a ruler, continue 
it across the cut marked B and extend it as far as possible. This geodesic 
should intersect the other geodesic drawn near the letter 9. This forms a 2-gon 
PQ. 


With a protractor, measure the impulse curvatures at P and @. These should be 
around 145° and 155°. Since the 2-gon PQ encloses the elliptic vertex with 
impulse Gauss curvature 60°, we can check the Gauss-Bonnet theorem. 


On the curve, the curvature is zero everywhere except for the two impulse 
curvatures. Therefore, integrating around the 2-gon is equivalent to summing the 
impulse curvatures, tos « ds = 145° + 155°. Similarly, if Dis the disk bounded 
by the 2-gon PQ, then J, K dA = 60°. We have then, 60° = 360° - (145° + 155°). 


Draw segments QR and PR. Note that there are two triangles POR, since there are 
two segments QR. Note also that these two triangles are not congruent, but they 
satisfy the SAS criterion. Furthermore, since one of the triangles contains the 
elliptic cone point and the other does not, their angle sums and total impulse 
curvatures are different. 


Lines around a hyperbolic cone point 
Adding a wedge creates a “cone” with a kind of saddle shape. The result is an 
impulse Gauss curvature that is negative, and we will call the vertex a 


hyperbolic cone point. The behavior of lines near a hyperbolic cone point is 
Similar to that of lines in a hyperbolic geometry. 


In Figures 12 and 13, we have the ingredients for a cone with impulse Gauss 
curvature -60°. 





Figures 12 and 13. Adding a 60° wedge creates a cone point with impulse Gauss 
curvature -60°. 


Cut along the heavy dotted lines and continue the geodesics indicated at P and 
Q. These should be parallel (i.e., they do not intersect). 


Check the Gauss-Bonnet theorem by considering a quadrilateral that contains the 
hyperbolic cone point. 


An example with multiple cone points 
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There are hardly any restrictions on constructing surfaces with multiple cone 
points (I don't think you can construct one with total Gauss curvature greater 
than 2m), and I think it would be helpful for students to be able construct 
counter-examples to theorems in Euclidean geometry. 


My interest in flat surfaces with cone points began with a search for examples 
of Smarandache geometries. My book [5], which can be downloaded for free, 
contains some explorations in this context similar to the ones presented here. 
One example that I thought was interesting had something that I called a 
hyperbolic point. 

A Smarandache Geometry is a geometry which has at least one smarandachely 
denied axiom (1969). 

An axiom 1s said smarandachely denied if the axiom behaves in at least two 
different ways within the same space (i.e., validated and invalided, or only 
invalidated but in multiple ways). 

Thus, as a particular case, Euclidean, Lobachevsky-Bolyai-Gauss, and Riemannian 
geometries may be united altogether, in the same space, by some Smarandache 
geometries. These last geometries can be partially Euclidean and partially 
Non-HEuclidean. 


One of the first things proved in hyperbolic geometry is that through a point P 
not on a line 1, there are infinitely many lines parallel to 1. Hilbert's 
hyperbolic axiom requires only two (see [4]), but it is easily shown that all 
of the lines between these two parallels are also parallel. Smarandache wondered 
if there were any manifolds where there were only finitely many parallels (see 
[9]). My example has exactly two, but uses cone points. A variation of this 
example follows. I was later able to extend this to smooth surfaces (see [6]). 


Since the cone points are parts of the space, we need to define how a geodesic 
passes through one. We use the straightest geodesic concept of [8], which says 
that the geodesic should make two equal angles at the cone point. For example, 
around a cone point with impulse curvature ~60°, there is an “extra” 60° for a 
total of 420°. A geodesic passing through this cone point would make two 210° 
(straight) angles. : 


a ST Saanaiiidema tammnmmememate 








7.00 ON Se: kOe A CRONE os dae ee Se OS \ 


Figures 14 and 15. The lines m and n are the only lines through P that are 
parallel to l. 
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In Figures 14 and 15, the endpoints of the segment marked 2 are hyperbolic cone 
points with impulse Gauss curvature -30°, and the endpoints of the rays marked D 
and E are elliptic cone points with impulse Gauss curvature +30°. The line na 

passes through one hyperbolic cone point making two 195° angles and one elliptic 


cone point making two 165° angles. This line nm should look straight after the 
edges have been identified. 


Also after the edges have been identified, it should be clear that both lines m 
and 1 are parallel to 1. It is also true that every other line through P will 
intersect 1. Draw in a couple before taping up the surface to verify this. 


After identifying the edges, note that the lines 1 and m and the boundaries of 
the diagram form a quadrilateral with four right angles. Is it a rectangle? [s 
it a parallelogram? 
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Abstract: In this paper we study the notion of Smarandache-Galois fields and 
homomorphism and the Smarandache quotient ring. Galois fields are nothing 
but fields having only a finite number of elements. We also propose some 
interesting problems. 
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Definition [2]: The Smarandache ring is defined to be a ring A such that a 
proper subset of A is a field (with respect with the same induced operations). 
By proper set we understand a set included in A, different from the empty set, 
from the unit element if any, and from A. 


Definition 1: A finite ring S (ie. a ring having finite number of elements) is 
said to be a Smarandache-Galois field if S contains a proper subset A, A CS 
such that A is a field under the operations of S. 


Clearly we know every finite field is of characteristic p and has p" elements, 
O<n<ec, 


Example I: Let Zio = {0, 1, 2, 3, 4, 5, ..., 9} be the ring of integers modulo 10. 
Ziq is a Smarandache-Galois field. For the set A = {0, 5} is a field for 5 =5 


acts as a unit and is isomorphic with Zo. 


Example 2: Let Zs = {0, 1, 2, ..., 7} be the ring of integers modulo 8. Zs is not 
a Smarandache-Galois field, for Zg has no proper subset A which is a field. 


Thus we have the following interesting theorem. 


Theorem 2: Zo. is not a Smarandache field for any prime p and for any n. 


Proof: Ze. is the ring of integers modulo p". Clearly Z_.is not a field for p‘p° 


= 0 (mod p") when r +s =n. Now any qé Z., if not a multiple of p will 
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generate Z_, under the operations addition and multiplication. If q is a multiple 


of p (even a power of p) then it will create zero divisors. So Z 9 Cannot have a 


proper subset that is a field. 


Theorem 3: Let Z,, be the ring of integers modulo m. m = p)...p,, t > 1, where 
all p; are distinct primes. Then Z,, is a Smarandache-Galois field. 


Proof: Let Zm be the ring of integers modulo m. Let m = p)...p;, for every 
prime p; under addition and multiplication will generate a finite field. So Z is 
a Smarandache-Galois field. 


Example 3: Let Zs = {0, 1, 2, ...,5}. Clearly {0, 2, 4} is a field with 47 = 4 
(mod 6) acting as the multiplicative identity. So {0, 2, 4} is a field. Similarly 
{0, 3} is a field. Hence 7, is a Smarandache-Galois field. 


Example 4: Let Zyos = (0, 1, 2, ...,104}be the ring of integers modulo 105. 
Clearly A = (0, 7, 14, 21, 28, ..., 98} is a field with 15 elements. So Z95 18 a 
Smarandache-Galois field. 


Example 5: Let Zo4 = {0, 1, 2, ... ,23} be the ring of integers modulo 24. {0, 8, 
16} is a field with 16 as unit since 16° = 16 and {0, 8, 16} isomorphic with Z;. 
So Za4 is a Smarandache-Galois field. 


Note that 24 = 2°.3 and not of the form described in Theorem 3. 


Example 6: Z)2 = {0, 1, 2,..., 11}. A= {0, 4, 8} is a field with 4=4 (mod 
12) as unit. So Zi2 is a Smarandache-Galois field. 


Theorem 4: Let Zn, be the ring of integers with m = p™p,, Let A = 
{pr .2py?.--.(p2 —Dpy",0). Then A is a field of order p) with p®. pre 
py" for some o% and py acts as a multiplicative unit of A. 


Proof: Let Zm and A be as given in the theorem. Clearly A is additively and 
multiplicatively closed with 0 as additive identity and pf as multiplicative 
identity. 


We now pose the following problems: 


Problem 1: Zw is the ring of integers modulo m. If m= p*.,...,p* with one of 


oj = 1,1 Si <¢t. Does itimply Zm has a subset having p; elements which forms 
a field? 
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Problem 2: If Z, is as in Problem 1, can 7m contain any other subset other 
than the one mentioned in there to be a field? 
Further we propose the following problem. 


Problem 3: Let Z, be the ring of integers modulo m that is a Smarandache- 
Galois field. Let A C Zm be a subfield of Zm. Then prove |Al/m and IAI is a 
prime and not a power of prime. 

A natural question now would be: Can we have Smarandache-Galois fields of 
order p” where p is a prime? When we say order of the Smarandache-Galois 
field we mean only the number of elements in the Smarandache Galois field. 
That is like in Example 3 the order of the Smarandache-Galois field is 6. The 
answer to this question is yes. 


Example 7: Let Z,[x] be the polynomial ring in the variable x over the field Zp 
(p a prime). Let p(x) = po + pix +... + pax” be a reducible polynomial of degree 
n over Z,. Let I be the ideal generated by p(x) that is T= (p(x)) . 


Zi[x 
Now ol 57 is a ring. 


I= (p(x) 


Clearly R has a proper subset A of order p which is a field. So their exists 
Smarandache-Galois field of order p" for any prime p and any positive integer 
n. 


Example 8: Let Z3[x] be the polynomial ring with coefficients from the field 
Z3. Consider x* + x? +164 Z3[x] is reducible. Let I be the ideal generated by 
2318) _ 

I 


x*4+ x? + 1. Clearly R = Ll+1,14+2,f+x,1+2x,l4x+1,l4x4+2, 


[4 2x4 1,1+2x+2,1+x°, 24+ x, 14+ 2x 42 + 2x? + 2x3} having 81 
elements . Now 


{1-Fe yl } CRisa field. So R is a Smarandache-Galois field of order 3°. 


Theorem 5: A finite ring is a Smarandache ring if and only if it is a 
Smarandache-Galois field. 


Proof: Let R be a finite ring that is a Smarandache Ting then, by the very 
definition, R has a proper subset which is a field. Thus R is a Smarandache- 
Galois field. 

Conversely, if R is a Smarandache-Galois field then R has a proper subset 
which is a field. Hence R is a Smarandache ring. 


This theorem is somewhat analogous to the classical theorem "Every finite 
integral domain is a field" for "Every finite Smarandache ring is a 
Smarandache-Galois field”. 
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Definition 6: Let R and S be two Smarandache-Galois fields. 6, a map from 
R to S, is a Smarandache-Galois field homomorphism if 6 is a ring 
homomorphism from R to S. 


Definition 7: Let R and S be Smarandache Galois fields. We say 9 from R to S 
is a Smarandache-Galois field isomorphism if > is a ring isomorphism from R 
to S. 


Definition 9: Let Z, be a Smarandache field. A < Z,, be a subfield of 2m. Let 
re A such thatr #0, ° =r (mod m} acts as the multiplicative identity of A. 


Define oe = (0,1,2,..., 1}. We call = the Smarandache quotient ring and 


the operation on Ay {0,1,..., rl} is usual addition and multiplication 


modulo r. 
Theorem 9: Let Zm_ be a Smarandache-Galois field. A Cc Zm be a subfield of 
Zm- a the Smarandache quotient ring need not in general be a Smarandache 


ring or equivalently a Smarandache-Galois field. 


Proof: By an example. Take Zo4 = {0, 1, 2, ..., 23} be the ring of integers 
modulo 24. Let A = {0, 8, 16}: 16° = 16 (mod 24) acts as multiplicative 





identity for A. oe = FOO sie Clearly os is not a Smarandache ring 


or a Smarandache-Galois field, 
Thus, motivated by this we propose the following: 


Problem 4: Find conditions on m for 7, to have its Smarandache quotient 
ring to be a Smarandache ring or Smarandache-Galois field. 


Example 10: Z7 = {0, 1, ..., 11} is the ring of integers modulo 12. A = {0, 4, 
8} is a field with 4° = 4 (mod 12) as multiplicative identity. nee {0, 1, 2, 


at 


3} (mod 4) is not a Smarandache-Galois field or a Smarandache ring. 


Example II: Z2) = {0, 1, 2, ..., 20} is the ring of integers modulo 21. A = {0, 
7, 14} is a subfield. SB = (042.16) mod7 is not a Smarandache-Galois field. 


Let B = (0,3,6,9,12,15,18} © Za). Clearly B is a field with 157 = 15 (mod 21) 
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Z5) 


as a multiplicative unit. Now, ————2- 
{0,3,6,9,12,15,18} 


=(0,1,2,...,.14} is a Smarandache- 


Galois field. 
Thus we have the following interesting: 


Problem 5: Let Z, be the Smarandache ring. Let A be a subset which is a 


field. When does an A exist such that “nis a Smarandache-Galois field? 
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ring, homomorphism, also the Anti-Smarandache semi-near-ring. We obtain 
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Definition [1 Pilz]: An algebraic system (N, +, ©) is called a near-ring (or a 
right near-ring) if it satisfies the following three conditions: 

(i) (N, +) is a group (not necessarily abelian). 

(ii) (N, ®) is a semigroup. 

Git) (my +: ny) © 13 = nyen3 + nyeN3 (right distributive law) for all ny, nz, n3 € 


Definition [1 Pilz]: An algebraic system (S, +, ®) is called a semi-near-ring 

(or right semi-near-ring) if it satisfies the following three conditions: 

(i) (S, +) is a semigroup (not necessarily abelian). 

(il) (S, ) 1s a semigroup. 

(ii) = (+ ng) © ng = ny © n3 + M2 © ny for all m, m, m3 € S (right distributive 
law), 


‘Clearly, every near-ring is a semi-near-ring and not conversely. For more 
about semi-near-rings please refer [1], (4], [5], [6], [7], [8] and [9]. 


Definition 1: A non-empty set N is said to be a Smarandache Semi-near-ring 
if (N, +, ©) is a semi-near-ring having a proper subset A (A ¢ N) such that A 
under the same binary operations of N is a near-ring, that is (A, +, ) is a near- 
ring. 


Example I: Let Zig = {0, 1, 2, 3, ... 17} integers modulo 18 under 


multiplication. Define two binary operations x and © on Zig as follows: 
x is the usual multiplication so that (Z1,, x) is a semigroup; 
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a*b-=aforalla,be Zip. 

Clearly (Zig, *) is a semigroup under e, (Zig, x, #) is a semi-near-ring. (Zig, X, 
*) is a Smarandache semi-near-ring, for take A = {1, 3, 5, 7, 11, 13, 17}. (A, x, 
*) is a near ring. Hence the claim. 


Theorem 2: Not all semi-near-rings are in general Smarandache semi-near- 
rings. 


Proof: By an example. 

Let Z* = {set of positive integers}. Z* under + is a semigroup. Define « a binary 
operation on Z" as a* b =a for alla, be Z". Clearly Z* under ® is a semigroup. 
Now (Z”, +, ¢) is a semi-near-ring which is not a Smarandache semi-near-ring. 


Now we give an example of. 


Example 2 (of an infinite Smarandache semi-near-ring): 

Let Moxa = {(ai)/ ag € Z}. Define matrix multiplication as an operation on Maxn. 
(Maxn, X) 18 a semigroup. Define 'e’ on Myxn aS A ® B = A for all A, B €& Maya. 
Clearly (Maxn, X, ®) is a Smarandache semu-near-ring, for take the set of all nxn 
matrices A such that IAl # 0. Denote the collection by Angxn- Anxn GC Maxn 
Clearly (Anan, X, #) is a near-ring. 


Example 3: 

Let Zo4 = {0, 1, 2,..., 23} be the set of integers modulo 24. Define usual 
multiplication x on Za4. (Zo4, X) is a semigroup. Define '*’ on 74 asaeb=a 
for all a, b € Zo4. Clearly Zoq is a semi-near-ring. Now Z24 is also a 
Smarandache semi-near-ring. For take A = {1, 5, 7, 11, 13, 17, 19, 23}. (A,x, 
e)isa near-ring. So, Z24is a Smarandache semi-near-ring. 


Motivated by the examples 3 and 4 we propose the following open problem. 


Problem 1; Let Z, = (0, 1, 2, ..., n-1} set of integers. n = p®...p%, where Pi, 


pz, ... , Pr are distinct primes, t > 1. Define two binary operations 'x' and '*' on 
Zq. X is the usual multiplication. Define 's' on Z, as a ® b = a for all a, be Z. 
LetA={1,q1,.., qr} where G1 , -.-, Gr are all odd primes different from p), ... , 
Prand qi, ..., Gr€ Zn. 


Prove A is a group under x. Solution to this problem will give the following: 
Result: Z, = (0, 1, 2, ..., o-1} is a Smarandache semi-near-ring under x and « 


defined as in Examples 1 and 3. Thus we get a class of Smarandache semi- 


near-rings for every positive composite integer. Now when t = 1 different 
cases arise, 
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Example 4: Z4= (0, 1, 2,3} is a Smarandache semi-near-ring as (Z4, X, #) is a 
semi-near-ring and (A = {1, 3}, x, *)isa near-ring. 


Example 5: Zo = (0, 1, 2, 3, 4, ..., 8}. Now (Zo, x, *) is a semi-near-ring. (A = 
{1, 8}, x, ©) is a near-ring so Zs is a Smarandache near-ring. Clearly 8 is nota 
prime number. 


Example 6: Let Zos = {0, 1, 2, 3, ..., 24}. Now (Za5, X, ®) is a semi-neal-ring, 
{A = {1, 24}, x, ©} is a near-ring. Thus Zs is a Smarandache semi-near-ring. 


Theorem 3: Let (Zo, x, #) be a semi-near-ring. Clearly (Z2, x, ) isa 


Smarandache semi-near-ring. 


Proof: Let (A = {1, pol x, ©) is a near-ring. Hence (Zo, x, *) is a 


Smarandache semi-near-ring. 


Hence we assume t >1, for non primes one can contribute to near -ring under 


(x,#). 


Corollary: Let (Z,, , x, ©) be a semi-near-ring. (Z.. , X, ©) is a Smarandache 


near-ring. 


Proof: Take A = {1, p"-1} is a near-ring. Hence (Zp , x, ©) is a Smarandache 


semi-near-ring. 
Thus we have a natural class of finite Smarandache semi-near-rings. 


Definition 4 (in the classical way): 
N is said to be a Smarandache near-ring if (N, +, ©) is a near-ring and has a 
proper subset A such that (A, +, ©) is a near-field. 


Now many near-rings contain subsets that are semi-near-rings, so we are forced 
‘to check: 


Definition 5; N is said to be an Anti-Smarandache Semi-near-ring if N is a 
near-ring and has a proper subset A of N such that A is a semi-near-ring under 
the same operations of N. 


Example 7: Let Z be the set of integers under usual + and multiplication '*' by 
aeb=aforalla, be Z. (Z, +, ©) is a near-ring. Take A = Z* now (Z’, +, *)isa 


semi-near-ring. So Z is an Anti-Smarandache semi-near-ning, 


Example 8: Let Mixa = {(ajj) / aj € Z}. Define + on May as the usual addition 


caw 


of matrices and define * on Maxn by A® B =A for all A, B € Maya. (Maxn, +, *) 
is a near-ring. Take Agxn = {(aij) / ay € Z7}. Now (A, +, ®) is a semi-near-ring. 
Thus Maxn is an Anti-Smarandache semi-near-ring. 


We propose the following: 


Problem 2: Does there exist an infinite near-ring constructed using reals or 
integers, which is not an Anti-Smarandache semi-near-ring? 


Example 9: Z[x] is the polynomial ring over the ring of integers. Define + on 
2[x] as the usual addition of polynomials. Define an operation ¢ on Z[x] as 
p(x) » q(x) = p(x) for all p(x), q(x) & Z[x]. Clearly (Z[x], +, ©) is an Anti- 
Smarandache semi-near-ring, for (Z*[x], +, ®) is a semi-near-ring. 


Now it is still more interesting to find a solution to the following question (or 
Problem 2 worded in a negative way): 


Problem 3: Find a finite Anti-Smarandache semi-near-ring. 


Definition 6: Let N and N, be two Smarandache semi-near-rings. A mapping 


h: N -—> N; is a Smarandache semi-near-ring homomorphism if h is a 
homomorphism. 


Similarly one defines the Anti-Smarandache semi-near-ring homomorphism: 


Definition 7: Let N and N; be two Anti-Smarandache semi-near-rings, Then 
h: N -» Nj is an Anti-Smarandache semi-near-ring homomorphism if h is a 
homomorphism. 


‘ 


References: 

[1] G. Pilz, Near-rings, North - Holland Publ. and Co. (1977). 

[2] J. Castillo, The Smarandache Semigroup, International Conference on 
Combinatorial Methods in Mathematics, II Meeting of the project 
‘Algebra, Geometria e Combinatoria’, Faculdade de Ciencias da 
Universidade do Porto, Portugal, 9-11 July 1998. 

{3] R. Padilla, Smarandache Algebraic Structures, Bulletin of Pure and 
Applied Sciences, Delhi, Vol. 17 E., No. 1, 119-121, (1998) 
http://www.gallup.unm.edu/~smarandache/ALG-S-TXT.TXT 

{4] W. B. Vasantha Kandasamy, Idempotents in group semi-near-ring, [PB 
Bulletin Sci., 13-17, (1991). 








(5] W. 'B. Vasantha Kandasamy, Zero divisors in group semi-near-rings, 
Riazi J. Karachi Math. Assoc., Vol. 14, 25-28, (1992), 

[6] W. B. Vasantha Kandasamy, Zero divisors in semi-loop near-rings, 
Zeszyty Nauk. Poli Rzesz., (79-84, 1994). 


318 


(7] 
[8] 


W. B. Vasantha Kandasamy, The units of semigroup semi-near-rings, 
Opscula Math., Vol. 15, 113 -114, (1995). 

W. B. Vasantha Kandasamy, Complex Polynomial near-rings, Analele 
Stiin. Ale Univ., Vol. IV, 29 - 31, (1995). 


W. B. Vasantha Kandasamy, Idempotents and semi-idempotensts in 
near-rings, J. of Sichuan Univ. Vol. 33, 330 - 332, (1996). 


319 


SMARANDACHE SEMI-AUTOMATON AND 
AUTOMATON 


W. B. Vasantha Kandasamy 
Department of Mathematics 
Indian Institute of Technology, Madras 
Chennai - 600 036, India 
E- mail: vasantak@ md3.vsnl.net.in 


Abstract: In this paper we study the Smarandache Semi-Automaton and 
Automaton using Smarandache free groupoids. 


Keywords: Smarandache free groupoid, Smarandache Semi-Autamaton, 
Smarandache Automaton, Smarandache Automaton homomorphism 


Definition 1: Let S be a non-empty set. Then (S) denotes the free groupoid 
generated by the set § as a basis. 


We assume the free semigroup generated by S is also contained in the free 
groupoid generated by S. 


Remark: Even a(bc) # (ab)c for a, b, c € S. So unlike a free semigroup 
where the operation is associative in case of free groupoid we do not assume 
the associativity while placing them in the juxtaposition. 


Definition [W.B.Vasantha Kandasamy]: A groupoid G is said to be a 
Smarandache groupoid, if G contains a non-empty proper subset S such that 
S is a semigroup under the operations of the groupoid G. 


Theorem 2: Every free groupoid is a Smarandache free groupoid, 


Proof: By the very definition of the free groupoid we have the above 
theorem to be true. 


Definition [R. Lidl, G. Pilz]: A Semi-Automaton is a triple # = (Z, A, 8) 
consisting of two non-empty sets Z and A and a function 8: 7x A > Z, Zis 


called the set of states, A the input alphabet, and 6 the next state function of 
=. 


Definition [R. Lidl, G. Pilz]: An Automaton is a quintuple A = (Z, A, B, 8, 


d), where (Z, A, 5) is a semi automaton, B is a non-empty set called the 
output alphabet and A: Z x A — B is the output function. 
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Now it is important and interesting to note that Z, A, and B are only 
non-empty sets. They have no algebraic operation defined on them. The 
automatons and semi automatons defined in this manner do not help to 
perform sequential operations. Thus, it is reasonable to consider the set of 
all finite sequences of elements of A including the empty sequence A. In 
other words, in our study of automaton we extend the input set A to the free 
monoid A and similarly for B. We also extend & and A from Z x A to Z 
xA by defining ze€ Zanday,..,a,e A by 


(2,4) 


$ = z 

3 (z,a,) — ) (2:4, ) 

8 (faa) = 6 (8(z,a,}a,) 

8 (z,a,a,..a,)= 5 B(a,a,..a,, ha, ) 
and 

A:ZxXA 3B by’: ZxA 3B 

by 

X (z, A) = A 

% (z,a,) = — 2(2,a,) 

x (z,a,a,) = r (z,a, A(8(z,a, a.) 
x Gaia.) = r (z,a,)X(8(z,a,}a,..2,) 


The semi-automaton ss = (Z, A, 6) and automaton A = (Z, A, B, 8, A) are 
thus generalized to the new semi-automaton @ = (Z, A,d) and new 
automaton A = (Z, A,B, 5,2). 


Definition 3: «, = (Z, A,,9,) is said to be a Smarandache semi- 


automaton if A= (A) is the free groupoid generated by A, with A the unit 
element adjoined with it. Thus the Smarandache semi-automaton contains 
# = (Z, A,d) as a new semi-automaton which is a proper sub-structure of 
ws. 


“Or equivalently, we define a Smarandache semi-automaton as one which 
has a new semi-automaton as a sub-structure. 


The advantages of the Smarandache semi-automaton is: if the triple = = (Z, 
A, 6) is a semi-automaton with Z, the set of states, and3:Zx A > Zis the 
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next state function, and when we generate the Smarandache free groupoid 
by A and adjoin with it the empty alphabet A then we are sure that A has all 
free semigroups. Thus each free semigroup will give a new semi-automaton. 
Thus by choosing a suitable A we can get several new semi-automatons 
using a single Smarandache semi-automaton. 


Definition 4: A = (Z, A,,B,,5,,4,) is defined to be a Smarandache 


automaton if A = (Z, A,B,&,X) is the new automaton, and A, and B, 
the Smarandache free groupoids so that A = (Z, A,B, 5,4), the new 


automaton got fromA andA_, is strictly contained in ne 


Thus Smarandache Automaton enables us to adjoin some more elements 
that are present in A and freely generated by A, as a free groupoid; that will 
be the case when the compositions may not be associative. Secondly, by 
using Smarandache Automaton we can couple several automatons as: 


= ZU Z2 VU... Za 
= Ay Wo Ao 1 aes a | Ag 
By U Bz uu... B, 
= AY U Aa UU Mn 
= 8) & VU... &, 


ord pn 
| 


where the union of A; U Aj and 6; U 4; denote only extension maps as 'U' has 
no meaning in the composition of maps, where A ; = (Zi, Ai, By, 6, Ay) fori = 
1, 2, 3, .., mn and A = ei W BA EO ae Now Aa = 
(x A,, B,:4,,5,) is the Smarandache Automaton. A machine equipped 
with this Smarandache Automaton can use any new automaton as per need. 


,Az) is called Smarandache sub- 


) denoted by AS A. if Zi G Za 


3 


Definition 5: A.’ = (Zi,A,,B,,5/ 
automaton of A. = (Za, A,,B,,5,,a, 
and 6, and 4’ are the restriction of 8, and 1, respectively on Z; x A, and 


oe has a proper subset H ¢ a such that H is a new automaton. 


Definition 6: Leta , andA 5 be any two Smarandache Automatons 
~whereA | = (Zi, A,,B,,8;,4;) and A= (Zo, AyD skh A map 6: Ay 
toA 5 is a Smarandache Automaton homomorphism if $ is an automaton 


homomorphism from Ay andA 4 : 


S22 


And @ is called a monomorphism (epimorphism or isomorphism) if 6 is an 
automaton isomorphism from A ;andA 5. 


Definition 7: Leta , andA 5 be two Smarandache automatons, where Ay= 
(Zi, A,,B,,5,,4,) and A= (Z,, A,,B,,8,,4,). The Smarandache 
Automaton direct product of AS andA 5 denoted by Bey x Aen is defined as 
the direct product of the automaton A; = (Z;, Ai, Bi, 53, Ay) andAa= (Za, 
Aa, Ba, 83, Ag) with A xA2.= (Zi x Zz, Ar X Ao, By x Ba, 8, 4) with 8((z1, 


22), (a1, 42)) = (8121, a2), S2(z2, a2), M((Z1, 22), (a1, az)) = (Ai(Z1, ag), Ar(ze, 
a2)) for all (21, 22) € Z; x Zy and (aj, ay) € Ay X Ad. 


Remark: Here in A, x A we do not take the free groupoid to be 


generated by A; x Ag but only free groupoid generated by A, x A, Thus the 
Smarandache Automaton direct product exists wherever an automaton direct 
product exists. We have made this in order to make the Smarandache 


parallel composition and Smarandache series composition of automaton 
extendable in a simple way. 


Definition 8: A Smarandache groupoid G,; divides a Smarandache 
groupoid Gz if the the groupoid G, divides the groupoid Go, that is: if G; is a 
homomorphic image of a sub-groupoid of G2. In symbols: GIG. In the 
relation: divides is denoted by '. 


Definition 9: LetA ,= (Z:, A,B,8,,4,) andA = (Z2, A,B, 55,45) be two 
Smarandache Automaton. We say the Smarandache Automaton Ae divides 
the Smarandache automaton Ka if A\= (Zi, A,B, 8,,A,) divides As 
(Z>; A, B,85;25); Le. if RG is the homomorphic image of a sub-automaton 
of Bons. Notationally Ay ae 


Definition 10: Two Smarandache Automaton A ,andA 4 are said to be 


equivalent if they divide each other. In symbols Ay ma : 


Theorem i1: 

1. On any set of Smarandache Automata the relation ‘divides’ that is 'l’ is 
reflexive and transitive and '~' is an equivalence relation. 

2. Isomorphic Smarandache Automaton are equivalent (but not 
conversely). 


Proof: By the very definition of ‘divides' (or '') and the equivalence of two 
Smarandache Automaton the result follows. 


J23 
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Smarandache Zero Divisors 


W.B. Vasantha Kandasamy 
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ABSTRACT 


In this paper, we study the notion of Smarandache zero divisor in semigroups and rings. 
We illustrate them with examples and prove some interesting results about them. 


Keywords: Zero divisor, Smarandache zero divisor 


Throughout this paper, S denotes a semigroup and R a ring. They need not in general be 
Smarandache semigroups or Smarandache rings respectively. Smarandache zero divisors 
are defined for any general ring and semigroup. 


Definition 1 Let S be any semigroup with zero under multiplication (or any ring R). We 
say that a non-zero element a € S (or R) is a Smarandache zero divisor if there exists a 
non-zero element b in S (or in R) such that a.b = 0 and there exist x, ye S\ {a, b, 0} (or 
x, yé R\ {a, b, 0}), x #y, with 

1. ax=0orxa=0 

2. by=0 or yb=0 and 

3. xy #0 or yx #0 


Remark IfS is a commutative semigroup then we will have ax = 0 and xa = 0, yo =0 


and by = 0; so what we need is at least one of xa or ax is zero 'or' not in the mutually 
exclusive sense. 


Example 1 Let Zz = {0,1,2,...,11} be the semigroup under multiplication. Clearly, Zi2 is 
a commutative semigroup with zero. We have 6€ Z) is a zero divisor as 6.8 = O(mod 
12). Now-6 is a Smarandache zero divisor as 6.2 = 0(mod 12), 83 = O(mod 12) and 2.3 # 
O(mod 12). Thus 6 is a Smarandache zero divisor. It is interesting to note that for 3< Zi2, 
3.4 = O(mod 12) is a zero divisor, but 3,4 is not a Smarandache zero divisor for there does 


not exist a x,ye Z)2 \ {0} x #y such that 3.x = O(mod 12) and 4y = O{mod 12) with xy # 
O(mod 12). 
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This example leads us to the following theorem. 

Theorem 2 Let S be a semigroup under multiplication with zero. Every Smarandache 
zero divisor is a zero divisor, but not reciprocally in general. 

Proof: Given § is a multiplicative semigroup with zero. By the very definition of a 
Smarandache zero divisor in S we see it is a zero divisor in S. But if x is a zero divisor in 
S, it need not in general be a Smarandache zero divisor of S. We prove this by an 


example. Consider the semigroup Z2 given in example 1. Clearly 3 is a zero divisor in 
Zz as 3.4 = 0(12) but 3 is not a Smarandache zero divisor of 12. 


b 
Example 2) Let Si. = (: senses Z, = (ou) be the set of all 2 x 2 matrices 
c 


with entries from the ring of integers modulo 2. S20. is a semigroup under matrix 


1 0 0 0 
multiplication modulo two. Now| . in S20 is a zero divisor as at ES. is such 
1 O00 O 0 0 1 OF 0 O 0 0 0 Of 1 O 0 0 
that = . For = and = : 
6 OO 1 0 0 0 O10 1 0 0 0 10 0 0 0 
0 | 0 0]. Oo 1f1 oO 0 0 
Now take x = and y = in S22. We have = but 
0 0 1 0 0 O10 0 0 0 
1 OVO 1 0 1 0 0 0 OF0 0 0 0 0 O10 O 0 0 
= # ‘ a but = 
0 OVO O 0 0 0 0 1 O70 1 0 0 0 11 0 1 0 
0 0 . 0 1470 0 1 0 0 0 Oo OF 0 1 0 0 0 0 
# . Finally, - # : = # ; 
0 0 0 OF 1 O 0 0 0 0 1 OF0 O Q | 0 0 
0 1 ; 
Hence a is a Smarandache zero divisor of the semigroup S.. 


Example 3 Let R33 = (a, Jsuch thata;, ¢ Z4 = {0,1,2,3}f be the collection of all 3x3 


matrices with entries from Z4. Now Ry is a ring under matrix addition and 
multiplication modulo four. We have 


1 0 0 
0 0 QO Je R33 is a Smarandache zero divisor in R3,3. 
0 0 2 


For 
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1 0 OYO 0 0 0 0 0 0 0 0)\f/0 0 0 
Oo 0 O70 1 O=h0- 6° Ol and]: 3-2 0 0 0 fe R,, such that 
00 2{0 2 2 0 0 0 0 0 2)/10 2 2 
1 0 OYO 0 0 0 0 0 
0 0 04/0 3 2|=/0 0 0 
00 2/10 0 2 0 0 0 
0 0 OY! 0 0 0 0 0 
0 3 2/0 0 Of=10 0 0 
0 0 21,0 0 2 0 0 0 
0 0 0YO0 0 0 0 0 0 
0 1 0/0 0 Of=/0 0 0 
0 2 210 2 2 0 0 0 
0 0 0YO0 0 0 0 0 0 0 0 
0 0 070 1 Ol=/0 0 Of#}10 O 
02 2/0 2 2 0 2 0 0 0 
0 0 O0YO 0 0 0 0 0 
0 3 210 0 O]=|0 0 0 
base spe a 
0 0 O0Y0 0 0 0 0 0 0 0 
0 0 0/0 3 2]=|0 0 Ol¢!10 0 0 
0 2 2,0 0 2 0 2 0 0 0 0 
1 0 0 
So]0 0. 0 | is Smarandache zero-divisor in Ry. 
0 0 2 


Example 4: Let Zo = {0, 1, 2, ...., 19} be the ring of integers modulo 20, Clearly 10 is a 
Smarandache zero divisor. For 10 . 16 = O(mod 20) and there exists 5, 6 © Zag \ {0} with 


5 x 16 = 0 (mod 20) 
6 x 10 = 0 (mod 20) 
6 x 5 = 10(mod 20). 


Theorem 3 Let R be a ring; a Smarandache zero divisor is a zero divisor , but not 
reciprocally in general. 
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Proof: By the very definition, we have every Smarandache zero divisor is a zero divisor. 
We have the following example to show that every zero divisor is not a Smarandache 
zero divisor. Let Zio = {0,1,2,...,9} be the ring of integers modulo 10. 


Clearly 2 in Z)2 is a zero divisor as 2.5 = O(@mod 10) which can never be a Smarandache 
zero divisors in Zip. Hence the claim. 


Theorem 4 Let R be a non-commutative ring. Suppose xe R\{0} be a Smarandache zero 
divisor, with xy = yx = 0 and a,be R\{0,x,y} satisfying the following conditions: 

l. ax =O and xa #0, 

2. yb=0 and by #0 and 

3. ab=Oandba#0. 


Then we have (xa + by)’ = 0. 

Proof: Given xeé R\{0} is a Smarandache zero divisor such that xy = 0 = yx. We have 
a,be R \ {0,x,y}such that ax = 0 and xa # 0, yb = 0 and by # 0 with ab = 0 and ba = 0. 
Consider (xa + by)” = xaby + byxa + xaxa + byby using ab = 0, yx = 0, ax = 0 and yb =0 
we get (xa + by)’ =0. 


Theorem 5 Let R be a ring having Smarandache zero divisor satisfying conditions of 
Theorem 5, then R has a nilpotent element of order 2. 


Proof: By Theorem 5S the result is true. 
We propose the following problems. 


Problem 1: Characterize rings R in which every zero divisor is a Smarandache zero 
divisor. 


Problem 2: Find conditions or properties about rings so that it has Smarandache zero 
divisors. 


Problem 3: Does there exists rings in which no zero divisor is a Smarandache zero 
divisor ? 


Problem 4: Find group rings RG which has Smarandache zero divisors ? 
Problem 5:. Let G be a group having elements of finite order and F any field. Does the 


elements of finite order in G give way to Smarandache zero divisors ? 
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SOME PROBLEMS CONCERNING THE SMARANDACHE 
SQUARE COMPLEMENTARY FUNCTION (II) 
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PR China 


Abstract: In this paper we solve three diophantine equations 
concerning the Smarandache square complementary function. 
Key words: Smarandache square complementary function; 


diophantine equations 


For any positive integer , let SSC(m) denote the Smarandache 
square complementary function of # (see [1]). In [2], Russo proposed 


three problems concerning the equations 


SSC(n) = SSC(n +1)-SSC(n +2), (i) 
SSC(n)-SSC(n +1) = SSC(n +2), (2) 

and 
SSC(n)- SSC(n +1) = SSC(n +. 2)SSC(n +3), (3) 


in this paper we completely solve these problemis as follows. 
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Theorem. The equations (1), (2) and (3) have no positive integer 
solutions #. 


Proof. Let n be a positive integer solution of (1). Then from (1) we 


get 
SSC(n)=0 (mod SSC(#+1)). (4) 
By [2, Theorem 6], we have 
n=0 (mod SSC(n)),  n+1==0 (mod SSC(7+1)). (5) 


Since gcd (n, w+ 1)=1, we get from (5) that 

gcd (SSC(n), SSC(#+ 1) 1. (6) 
Hence, by (4) and (6), we obtain S§SC(#+1)=1. It implies that at}, 
where 71 iS a positive integer. 


If m7 is even, then v7 is odd and ged (n, n+2)=1. It follows that 


ecd (SSC(n), SSC(n+2))=1. (7) 
Since SSC(n+1)=1, we get from (1) that 
SSC(n)=SSC(n+2). (8) 


The combination of (7) and (8} that SSC(m)J=SSC(n+2)=1. It implies 
that n=/, where / is a positive integer. But, since ntl=m’, it is 
impossible. ; 

fe is odd, then ged(n, n+2)=2. Since SSC(n+1)=1, then (8) holds 
and SSC(2)=SSC(n+2)=2. It implies that 


n=2x", n+2=2y, ep) 
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where x,y are positive integers. Buy, by (9), we obtain y=x"+l, a 


7 
contradiction. Thus, the equation (1) has no positive integer solution v7. 
By the same argument, we can prove that (2) and (3) have no 


positive integer solutions v. The theorem is proved. 
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SOME PROBLEMS CONCERNING THE SMARANDACHE 
SQUARE COMPLEMENTARY FUNCTION (I) 
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Abstract: In this paper we discuss a diophantine equations 
concerning the Smarandache square complementary function. 
Key words: Smarandache square complementary function: 


diophantine equations 


For any positive integer n, let SSC(n) denote the Smarandache 
square complementary function of 7 (see [1]). In [2], Russo asked that 
if the equation 

SSC(mn) = m*SSC(n), (1) 
has positive integer solutions (m7, n, &). In this paper we prove the 
following result. 

Theorem. The positive integer solutions (m, n, k) of (1) satisty k=1. 
Moreover, (1) has infinitely many positive integer soiutions (m, 7, (= 


(a, 6, 1) with A=1, where a,b are coprime positive integer with square trec. 
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Proof. Let (m, n, k) be a positive integer solution of (1). Further, 
let d=gcd (m, 1). Then we have 
m=da, n=db, (2) 
where a,6 are coprime positive integers. Substitute (2) into (1), we get 
SSC(mn) = SSC(d*ab) = SSC(ab) = SSC(aySSC(6) 


(3) 
=(da)" SSC (db), 
since gcd (a, b)=1. By (3), we have 
SSC(a)SSC(6)=0 (mod a’). (4) 
[tis a well known fact that 
a=( (mod SSC(a)), b=0 (mod SSC(b)). (5) 
Since gcd (a, b)=1, we see from (4) and (5) that 
SSC(a)=0 (mod a’). (6) 


Further, since SSC(a)Sa, we find from (6) that A=1. It implies that 
the solutions (m, n, k) of (1) satisfy k=1. . 
On the other hand, if a and 6 are coprime positive integers with 
square free, then we have 
SSC(ab)=SSC(a)SSC(b)=aSSC(b). (7) 
It implies that-(m, n, k)=(a, 6, 1) is a positive integer solution of (1). 


Thus, the theorem is proved. 
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SOME PROBLEMS CONCERNING THE SMARANDACHE 
SQUARE COMPLEMENTARY FUNCTION (IV) 
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Abstract: [In this paper we determine all solutions of an 
exponential diophantine equations concerning the Smarandache square 
complementary function. 

Key words: Smarandache square complementary function; 


exponential diophantine equations 


For any positive integer n, let SSC(n) denote the Smarandache 
square complementary function of » (see [1]). In [3], Russo asked that 
solve the equation 

SSC(ny" + SSC(nJ' +--+ SSC(ny=an,  F> 1. (1) 
In this paper we completely solve this problem as follows. 
Theorem. All positive integer solutions (7, r) of (1) are given by 


the follawing two cases. 
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(1) (n, )=(363, 5). 

(11) (n, r)=(ab’, 2), where a and b are coprime positive integers 
satisfying a>1,b>1, a=b*-1 and ais square free. 

The proof of our theorem needs the following lemma. 

Lemma ([2]). The equation 


Cana 





a =y*, x>l, y>l, r>2 (2) 


has only the positive integer solution (x, y, Ma. lsd): 
Proof of Theorem. Let (, r) be a positive integer solution of (1). 
Let x=SSC(n). Then from (1) we get 
eben po, (3) 
Since r>1 we see from (3) that n> 1. 
[t is a well known fact that n can be expressed as 
n= pli pegP gh, | (4) 
where py,***,p, and q,,°"* 4: are distinct primes, Git are: ‘odd 
positive integers and f,,---,8, are even positive integers. We see from _ 
(4) that 
x=SSC(n)=py-“-py. (5) 
Since gcd (x, hte DEL, we get from (3), (4) and (5) that 
Cpe aa) and 
x =~] 


r 


x tet xti a gh gh | (6) 





2 | . 
Since £,,-::,8, are even, let b? = gf age, Then 6 is a positive 
integer satisfying 


336 


a —]} 2 


eh (7) 


By Lemma, if r>2, then from (7) we Get ie dF) S it 
implies that (n, r)=(363, 5) by (4) and EDS 
If r=2, then we have 
x1 =p", (8) 
Let a=x. By (4), (5) and (7),we obtain the case (11) immediately. Thus, 


the theorem is proved. 
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Abstract: In this paper we discuss the convergence for two series 
concerning the Smarandache square complementary function. 
Key words: Smarandache square complementary function; series; 


convergence 


For any positive integer n, let SSC(2) denote the Smarandache 


square complementary function of n (see [1]). Let 





i | 
s=¥— | 
7 2 ssc(m "2 
eo | 
os ieee aa . 3 2 
Ss x ce (2) 


where a is a positive number. In [2], Russo proposed two problems 
concerning the convergence of the series (1) and (2). In this paper we 


prove the FAllLAuIiAE tian roaociulta 
ay ul LULU vy lik, Lyvu Le OU lo. 
H 
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Theorem 1. If a<1, then S, is divergence. 
Theorem 2. The series S3 is divergence. 
Proof of Theorem 1. Let ¢(z) denote the Riemann ¢ -function., 


Then we have 

ACL sae (3) 

nal 

if z is a positive number. It is a well known fact that SSC(n) <n for - 
any . Hence, by (1) and (3), we get 

S, 2 €(a). (4) 
Notice that f(a) is divergence if a <1. Thus, we see from (4) that S; 
is divergence if a1. The theorem is proved. 


Proof of Theorem 2. Let 
= | 
oe = 5) 
2 SSC(2m +1) ©) 


We see from (2) that 


ee] | oOo a | 
S2 as (-1)" (—1)° 2! (2m+1)_ wide Me be (6) 
° 2 SSC(n) “2 a ssela' ‘(2m + 1}] 
Since 
2 i ae be 
ssc(o! (2m-+ i))= ee m+), if & is even, (7) 
(2SSC(2m +1), if k is odd, 
we get from (5), (6) and (7) that 
Sy a-S+ S454) SHS 4. (8) 


It implies that S, is divergence. The theorem is proved, 
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THE SMARANDACHE COMBINATORIAL 
SEQUENCES 


Maohua Le 

Department of Mathematics 
Zhanjiang Normal College 
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Zhanjiang, Guangdong 
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Abstract: Let r be a positive integer with r>1, and let SCS(r) 
denote the Smarandache combinatorial sequence of degree r. In this 
paper we prove that there has only the consecutive terms LoD Se 8. 
SCS(r) are pairwise coprime. 

Kkey words: Smarandache combinatorial sequences; consecutive 


terms; divisibility 


Let r be a positive integer with r>1. Let SCS(r)= {alr a), 
denote the Smarandache combinatorial sequence of degree r. Then we 
have 

a(r,n)=n, n=1,2,°°+ yr (1) 
Se ee 
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and a(r,1)(n->r) is the sum of all the products of the previous terms of 
the sequence taking r terms at a time. In [2], Murthy asked that how 
many of the consecutive terms of SCS(r) are pairwise coprime. In this 
respect, Le [1] proved that SCS(2) has only the consecutive terms 1,2 
are pairwise coprime. In this paper we completely solve this problem as 
follows. 
Theorem. For any positive integer r with r>1, SCS(r) has only 
the consecutive terms |,2,°°:,r are pairwise coprime. 
Proof. By the define of SCS(r), if a2r, then we have 
a(r,n)= Sa(r,n, )a(r,n)---a(r,n,), (2) 
where (#1),2,°"',11,) through over all integers such that lSnjaSe< 
n,n. Hence, by (2), we get the recurrence 
a(r,n+1)=a(r,n)a(r-1,n-1)+a(r,n). | (3) 
Therefore, we find from (3) that if n=>r, then 
a(r,n + 1) =(0. (mod a(r,n)). (4) 
it implies that SCS(r) has no consecutive terms after a(r,r) are pairwise 


coprime. Thus, by(1), the theorem ts proved. 
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A CONJECTURE CONCERNING 
INDEXES OF BEAUTY 
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Abstract. In this paper we prove that 64 is not an index of beauty. 


Key words: divisor, index of beauty, 


For any positive integer #, let d() be the number of distinct 


divisors of v. It is a well known fact that if 


ay at, 


(1) BEL, Py op, 


is the factorization of 7, then we have 


(2) dla)=(a, + Ila, + Cea, #1 


ms 


(see[1]). For a fixed positive integer m, if there exist a positive integer 


# Such that 


{2 e 
oy ma -—, 
: 
Atny 
ENE Sof: 
th eae - a 
wren im is called an index of beauty. Recently, Murthy [2] pronased the 


iollowing conjecture: 

Conjecture Every positive integer is an index of beauty. 

In this paper we give a counter-example for the above-mentioned 
conjecture. We prove the following result: 

Theorem 64 is not an index of beauty. 

Proof We now suppose that 64 is an index of beauty. Then there 


exist a positive integer 7 such that 


(4) n= 64d(n). 
We see from (4) that 7 is even. Hence, 7 has the factorization 
(5) n= 2" pl Dy, 
where p,, ***, p, are odd primes with p,<--"<—p,, a) 1S a positive 
integer with a)=6, a,, **', a, are positive integers. Let 
(6) ee 
By (4), (5) and (6), we get 
(7) 2 ptt pt = (b+ 7a, +1)-(a, +2). 


Since p,, ***, p, are odd primes, we have 
ceive 
(8) Pe eae, ea Levter, 
3 


From (7) and (8), we get 


(9) b+722"(3) Ses. 
ee 


~~ 


It implies that bS2. 


(10) 4 pi = 9a, +1), 

whence we get p,=3, a, 2 and 

G1) 4-3%* =a +1, 

Since 4-3? >4(1 + (a, — 2)log3)>4(a, —1)>a, +1, (11) is impossible. 


If b=1, then from (7) we get 
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(12) pipe =4(a, +1)--(a, +1), 
Since p,;, °**, p, are odd primes, (12) is impossible. 
If b=0, then from (7) we get 
(13) pe p* =Ta, +1)-(a, +1). 
We see from (13) that a,+l, ++, a,+1 are odd. [t implies that a,, °°, a 
are even. So we have a,=2 (1, -**, r) and 
(14) p® =3(a,+),i=ber. 
By (13) and (14), we get r=l. Further, by (13), we obtain p,=7 and 
(15) Te Sag ei. 


However, since a,=2, (15) is impossible. Thus, 64 is not an index of 


beauty. The theorem is proved. 
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THE SMARANDACHE-RIEMANN ZETA SEQUENCE 
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Department ot Mathematics 
Zhanjiang Normal College 
Zhanjiang, Guangdong 
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Abstract. In this paper we prove that the Smarandach-Riemann 
sequence is not a sequence of integers. Moreover, no two integer 
terms of this sequence are relatively prime. 

Key words: Riemann zeta function, Smarandache-Riemann zeta 


sequence 


For any complex number s, let 
7s 
(1) : G(s)= Dk 
k=| 
be the Riemann zeta function. For any positive integer #, let T, be a 
number such that 


(2) CQn)=—, 


where J 1s ratio of the circumference of a circle te its diameter. Then 


73" is called the Smarandache-Riemann zeta 


one, 


the sequence T= 


sequence. In [2], Murthy believed tha 
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Sunultaneous, he proposed the following conjecture: 
Conjecture No two terms of T are relatively prime. 
In this paper we prove the following results. 
Theorem 1 If ord (2, (20)!)<2n-2, where ord (2, (2n)!) is the 


order of prime 2 in (27)!, then 7, is not an integer. 


Theorem 2 No two integer terms of 7 are relatively prime. 

Since ord (2, L4)=11 <12=2.7-2, by Theorem 1, we find that Tis - 
not a sequence of integers. However, by Theorem 2, the above- 
mentioned conjecture holds for all integer terms of 7. 


Proof of Theorem 1 [t is a well known fact that 


2a-l 72" 


no 2 
(3) 6(2n)=(-1) 





(2n)! 


where B,, is a Bernoulli number (see [1]). Notice that 


(4) 5 Sy 


2 


where a, and &, are coprime positive integers satisfying 


(5) Oaah Out ok. 
By (2), (3) and (4), we get 
(2n)'b <3 
Be, >. 
(6) a ys a afl 


at 


Since gcd (a,, b,J=l and b, is even, we see that a, is odd. Theretore, 


CF 


g al : ) + ) a 7 ian an intaaar The 
¥ ( : ana (6) oF ord (2, (20)! I <2n-\, then ats not an integer. 2 ae 
= XN * wo 


Proof of Theorem 2 Let 7, and 7, be two integer terms of J with 
mn. By (6), we get 


_ mylo,, 
~ gee) a 7 


a 


(7) . 


Since gcd (2, 3)=ged (a,, 6, )=ged (a, 6,)=1, 3]/,, and 3|b, by (5), we 
get from (6) and (7) that 3j7, and 3]T,, respectively. It implies that gcd 
(T,,, T,) 3 > 1. The theorem is proved. 
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On Third Power Mean 
Values Computation of Digital Sum Function in Base 7 
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Abstract: letm=a,n" +a,n® 4... +a,n**, where 1< a <ni=l2j--i sk > hy >> 

k, 20, a(m,n) =a, +a, +--+ +a,, for A,(N,n)= ¥ a‘ (m,n) (k =1,2,3). An exact 
moN 

calculating formula for A,(N,n) (k= 1,2,3) is given. 

Key word: base » function of digital sum mean value 


§1 Introduction and Main Results 
In problem 21 of [1], Professor FSmarandache asked us to study the properties of the sequences of digital 


sum. In paper [2] and [3] we give exact calculating formulas for A\(N,n)and A,(N,7). In this paper 
we give an exact calculating formula for A,(N,m). For convenience get 


2 


ei Fi , gy) MED |g (my A= DOR 





First we have the following. 

Definition. Assume n (n2>2) be a fixed positive integer, for any positive integer m in 

base n , let m=ayn" +a,n? +.--+a,n", where k, oh, > >k, 20, Sa, <n, 

i=1,2,---,s .Then 

a(m,n) =a, +a, +--+ +a, and for any positive integer +, A.(N,”) = > a’(m,n) . 

Theorem 1. Let N=a,n" +a,n pias +a,n" , where ky >k, >-- > >0: <a, <n; 
f=1,2,---,8, Then 


A,(N,n) 


= Ykeao (an ~) +n ~ DK, -3)k)+39,()(24,9,(n)o,(k,) +nkp, (a))+3ng,(n) 
(~1)9,(4,)0,(k,) + 93 (a,))+ 2°93 (a,) + 3n(D" a, kia, 94(m) + no, (a,) +(n—Da, 


; i-l 5 y itl % 
ailmor(k,) + 2k pi(a,do(n)) +n a(E a,)*((n— Ik, + (a, -D) + PaCS ay ht, 
« j=l j=l 
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Corollary 1. Let N=2"% 42% 4000... OF where &k, > ky >-->k, 20, then 
NaS (3 + 3(2i~ 1)k,? + 6( - 1X2 -1)k, +87 - iP Jak ae 
i=] 
Corollary 2. Let N=a,l0* +a,10* Forces +a,10": where Tea. <0, i=1,2,---,10; 


ki >k, Peau, 20 5] then 
A;(N, 10) = 


253° (400,2(a,) + 3645k,(k, — 3) + 180k,a,(a,* + 8a, +14) +15390k20, 2430(k, + a, -1) + 
| 
eal i~| i-] 
30(¥ 4, (369, (a,) + 4p, (a,) + 3k,a, (27k, +11))+ 60a,(Sa ;) (9k, +a, -1) +405" a, how 
jsl j=l f= 


§2 Proof of the theorem 


In this section, we complete the proof of the theorem . First we have six simple lemmas. 


Let n, aare positive integers, kis an integer, we have five lemmas. 





Lemma 171, A,(n* ,n)= ie kn* (1) 
Lemma 2"!, A, (an* ,n) =< ((n-Dk+(a-D)n'. (2) 
Lemma 3°! 4, (n‘ ,n) =(ko,(n) + (n- Do, (ne, (k)n'. (3) 
Lemma 4"), 

A, (ann) = (kag, (n) +g, (a) +(n-Dg, (1), (A) + 2kp, (n)p, (a))n*™ (4) 
Lemma 5. - 

As (0.7) = (ke, (a(n ~1) +4 (n—1(k-3)4) + 60, (00, (n)9, (ke. (5) 
Proof. We only prove the identity (5) . 

If k=1, then 
The left of the equation = 4, (n,n) =a3(1,n)+ (2-1, N) eves +a°(n~1,n) 


=0,'(n). 


The right of the equation = ng, (n)-n = p, (n). 
So the left and right of the equation (5) equals, the proposition is correct . 
_ Assume k = p, lemma (5) is correct. That is, 
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As(n?,n) (pe, (m(2n-1) iG — (Pp ~3)p)+ 69, (np, (=)@,(p) a. 


Then 4,(n?"'n)= SX ah (m,n) 


men? *! 


= aimn+ Yo A(mnyter4 ey a° (m,n) 


men? nP emeln? (n-1)n? smen?*! 


= ¥ a’(m,n)+ > (a(m,n) +1) 4.04 S (a(m, n) +(n~1)) 


men? Osman? O<m<n? 


n-] 
=n ¥ a(mn43 ¥ a(mm\Si+3 F 
men? men? ist 


am, ny i2) + (SP)! 


men? 
= nA; (n" ,n)+30(n)A,(n? 2) +39, (nA, (n?,n)+0,7 (n\n. 
Combining inductive assume, (1) and (2), we immediately get 


A,(n"'n) = (po, (m((2n =) +n — Dp -3)p)+ 69, (=p, (n)9,(p))n”" +39, (n)(p@, (n) 
+0, (n)p,(p)in—1) yn?! + =(n- po, (n)n" +92 (n)n” 
=((p+)92(m)((2n-1) +n -D(p-2)(p +1) + 69, (a) 9, (n)p,(p+D)n?™. 


So lemma 5 is also correct for k = p+1. 


Lemma 6, 


A,(an* ,n) = (tay, (n)((2n ~1) +n —D(k ~3)k)+ 30, (209, (n)oe, (k) + kno, (a)) 


+ 3ng, (n)((n- De, (a)g, (4) + ko, (a)) +n? (an? (6) 


proof. 4,(an*,n) = ¥ a(m,n) 


mean* 


= d, a (m,n) + Dd, a (m,n) Poe > a°(m,n) 


men* a <mednk (a-1)n* sm<an* 
3 / 3 3 
=) a(mn+ > (a(m,n) +1) Tee Se (a(m, n) + (a -1)) 
meat O<m<n Osm<n* 


=a » a? (m,n) +3 y 


‘& 


meat men" & 


a-l a-] a-] 
a’ (m,ny(Si)+3 » alm ny? )+O FP n* 
isl men i=] is] 
= aA,(n‘ ,n)+39(a)A, (n*,n)+39,(a)A, (n* ,n)+o, (a)n* 
Combining (1), (3) and (5), we get 


A,(an* ,n) = (tag,? (n)((2n ~1) +(n ~1)(k -3)k)+ 30; (n)(2ag, (n)p, (k) + kn, (a)) 
+3ng,(m)((n-Do,(ayp(k) + k,(a))+n?p;(a))n*? 


Thi 6. 
his proves lemma 350 


Now we use the above six lemmas to complete the proof of the theorem, 


A,(N,n) = ¥ a’(m,n) 


man 


= > a’(mn)+ ye a’ (m,n) +--+ X a(mn) 
mean" aye" <m<ay") ayn"? N~a,n*s omen 


xo] 
= LY ant Yo (@mn+aye-+ LY (aonny+¥a,) 
i=l 


m<aya"l Osm<azn*2 Osm<a,n*s ; 


s s fol x del a i=l 
= DAs (ajn") +3) (La, )A, (an) +39 (Na,) 4 an") +S (Sa) anh 
i=l i=] jel f=) j=l 
From (2), (4) and (6), we have 
A,(N,n) 


i=l j=] 


= > (k,a,2,° (n(n 1) s(n ~1(k, ~3)k,) +39, (m)(24,0, (a), (k,) +nk,@,(a,)) + 3n@, (n) 


(2-1 g,(a,)@,(k,) + kg, (a,)) +n? 9,?(a,) +3n(Da, )(k,a,9, (n) + np, (a,) + (n-Da, 


fat 


@1(n)p, (k;) + 2k, o (4,9, (m)+Snta (> a,)*((n-Dk, +(@, -))+1a,(S.a,P a 


This completes the proof of the Theorem. 
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A lucky derivative 
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Question: 
What is the value of the derivative of f(x) = e* when x = e? 
Lucky answer: 


We know that the derivative of g(x) = x" is g'(x) = n.x™1, 
and when x = n this is g'(n) = n.n™1 =n", 


so the derivative of f(x) = e* when e = x is f(e) = x.e*" = xX = e = 15.15426.... 


As a check, note that f(e) = e* = f(e) and g(n) = n° =g'(n). 
Comments 


This is in the tradition of other lucky mathematics. For example, when simplifying 
the fraction 16/64, canceling the 6s in the numerator and denominator leaves the 
correct result of 1/4. _ 

In the smarandacheian lucky answer to the derivative, the only incorrect part is 
the word "so". The derivative of f(x) = e* with respect to x is f(x) = e*, not x.e«1 
(unless x = e in which case these are equal). 

Conversely, x.e*' has the indefinite integral (x-1).e’+C rather than e*+C. 

The derivative of h(x) = c* is h'(x) = lage(c).c* for a positive constant c, 

and so when x = c it is h'(c) = loge(c).c*, not c° (unless c = e in which case these 
are equal). 

This lucky (i.e. wrong) derivative method can produce the correct answer to the 
more general question: 


"What is the value of the derivative of h(x) = cx when x = c.loge(c)?" 
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(if c is a positive integer then x is close to the c® prime number): 
h{c.loge(c)) = c.loge(c).c&g-1 = loge(C).co-!9¢(°), 
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A Classification of s-Lines 
in a Closed s-Manifold 
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Abstract: In Smarandache Manifolds [1], it is shown that the s-sphere has both closed and 
open s-lines. [t is shown here that this is true for any closed s-manifold. This would make 
each closed s-manifold a Smarandache geometry relative to the axiom requiring each line 
to be extendable to infinity, since each closed s-line would have finite length. 
Furthermore, it is shown that whether a particular s-line is closed or not is determined 
locally, and it is determined precisely which s-lines are closed and which are open. 


Introduction 


Recall] that an s-manifold is the union of equilateral triangular disks that are identified 
edge to edge. Furthermore, each vertex is shared by exactly five, six, or seven distinct 
triangles, and each edge is shared by exactly two distinct triangles. The s-lines are 
defined to be curves that are as straight as possible. In particular, they are straight in a 
very natural sense within each triangle and across the edges. Across vertices, s-lines 
make two equal angles (see {1]). In general, a manifold is closed if it is compact and has 
no boundary, like the surface of 2 sphere or torus. Here, the term closed is used in the 
same way that it is used in simple closed curve. Since each edge is identified in an s- 
manifold, there is no boundary. Therefore, an s-manifold being closed is equivalent to its 
consisting of a finite number of triangles. 


In [1], the concept of a locally linear projection was used to investigate the behavior of s- 
lines in the s-sphere, We will expand on that investigation here. 


Locally Linear Projections 


The plane can be tiled by equilateral triangles. The tiling we will use is the one that has 
the segment from (0,0) to (1,0) as one of the edges, and we will focus initially on the 
triangle that lies above this segment. A locally linear projection of an s-line / from an s- 
manifold is constructed as follows. Choose a segment from / that spans one of the 
triangles. We identify this triangle with the one that lies above the segment from (0,0) to 
(1,0) so that exactly one point of / lies on this segment. This can be done in several ways. 
We then extend this segment in one direction, exactly as it extends in the s-manifold. Ata 
vertex, we will maintain the angle that lies to the right of the projection. 


In this tiling, all points in the plane can be expressed as a linear combination of the 
vectors [1,0] and [1/2,V3/2]. The vertices of the triangles correspond to those linear 
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combinations with integer coefficients. The linear combination a{1,0] + b[1/2, V3/2] has 
rectangular coordinates (at+b/2, ¥3b/2). In rectangular coordinates, the point (x,y) 
corresponds to (x-y/V3)[1,0] + (y/V3)[1/2, V3/2]. It follows that a line from the origin to 
any vertex will have slope m= V3b/(2a+b) with a and b integers. Ifa line from the 
origin has slope _m = V3y/x with x and y integers (i.¢., m is arational multiple of V3), 
then it will pass through the vertex (x—y)[1,0] + y[1/2, ¥3/2]. In other words, a line will 
pass through the origin and another vertex, if, and only if, it is a rational multiple of V3. 
Clearly, this can be extended to the following. 


Lemma 1. 4 line passing through a vertex will pass through another vertex, if, and only 
if, its slope is a rational multiple of V3. 


The locally linear projection of an s-line will change directions only at certain vertices. It 
is reasonable to talk about the slope m_ of the projection and the angle 6 it makes with 
the positive x-axis, even though it may change from segment to segment. The relation 
between these is m= tan 8. When an s-line passes through an elliptic vertex (one with 
five triangles around it), the slope of its projection is reduced by 30°. When it passes 
through a hyperbolic vertex (one with seven triangles around it), the slope of its 
projection is increased by 30°. Since tan(0+30°) = V3(tan 6/3 + V3)/(1 ~ tan @/N3) 
and tan(8-30°) = ¥3(tan 0/V3 - 1/3)/(1 + tan 9/V3), itis clear that tan(6+30°) and 
tan(8-30°) will be rational multiples of V3 whenever tan 6 is. This gives us the 
following. 


Lemma 2. The angle of a locally linear projection of an s-line is constant modulo 30°, 
and its slope will always be a rational multiple of V3, or it will always be an irrational 
multiple of N3. 


Classification of Closed and Open s-Lines 


Given some closed s-manifold, it would seem that whether a particular s-line is closed or 
not would depend on the global structure of the s-manifold. We will show, however, that 
we can determine this by looking at a segment of the s-line in any of the triangles of the 
s-manifold, 


Let / be an s-line. We look at a segment of it that spans some triangle, and consider a 
locally linear projection 2. based on this segment. The slope of the initial segment in the 
triangle above the segment from (0,0) to (1,0) has a slope m. We will show the 
following. 


Theorem. The s-line | is closed if m is a rational multiple of V3, and 1 is open if m 
is an irrational multiple of v3. 


In the case that m is a rational multiple of 73, we know that the slope of % may 
change, but the slope will always be a rational multiple of ¥3. Lemmas | and 2 show 
that if 4 passes through one vertex, then it must pass through infinitely many. If this is 


the case, and since the angle is constant modulo 30°, there must be infinitely many of 
these vertices where A enters these vertices at precisely the same angle. Each of these 
corresponds to / entering a vertex on the s-manifold at a particular angle with one of the 
edges. Since this can only happen a finite number of ways, / must enter a particular 
vertex on the s-manifold an infinite number of times in exactly the same way. This can 
only happen if / is closed. 


If 4 does not pass through a vertex (and so / does not either), then 4 is a straight line 
in the plane. Its initial point has coordinates (c,0) with 0<c<1 and slope m=yv3/x 
where both x and y are integers. For each positive integer z, ’ passes through the 
point [c,0] + z(x-y)[1,0] + zy[1/2, 3/2]. This is a point, which is a distance c from the 
left endpoint of the horizontal edge from some triangle in the tiling. This corresponds to / 
intersecting some edge in the s-manifold in a particular way, and this can only happen a 
finite number of different ways. It follows that / intersects a particular edge exactly the 
same way an infinite number of times, and this can only happen if / is closed. 


On the other hand, if / is closed, and / passes through a vertex, then any projection 
must pass through infinitely many vertices. This can only happen if m is a rational 
multiple of V3. If / passes through no vertex, then its projection 4 is a straight line. 
Since / is closed, it intersects edges in only finitely many different ways. Therefore, 2 
must intersect two horizontal edges in exactly the same way. In particular, for some 0<c 
<1, the intersections must be [c,0] + af 1,0] + b[1/2, V 3/2] and [c,0] + A[1,0] + B[1/2, 
3/2]. The slope is, therefore, m= ¥3(B-b)/(2(A-a)+(B-b)) a rational multiple of V3. 


Conclusion 


The axiom, each line is extendable to infinity, is S-denied in every closed s-manifold. We 
can say that this axiom is S-denied densely, since we can look at all of the s-lines at each 
point, and all the angles that correspond to closed s-lines are (topologically) dense in the 
interval [0°,360°], as are the angles that correspond to open s-lines. In other words, 
within any angle emanating from a point P, no matter how small, there are closed and 
open s-lines in the interior of the angle. 


The arguments presented here hold in any s-manifold, except for the parts depending on 
there being a finite number of triangles. In particular, if a projection of an s-line has a 
slope that is a rational multiple of V3, then it will intersect edges and vertices in only a 
limited number of ways. Its local structure, therefore, is in some sense periodic. 
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ABSTRACT. The sum of powers of positive divisors of an integer, 
expressed in terms of the floor function, provides the basis for another 
characterization of twin primes in particular, and of prime k-tuples 
generally. This elementary characterization is deployed in a software 
test for prime k-tuples using Mathematica®. 
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Introduction 


Prime numbers [6] are integers > / divisible only by unity and itself. Thus, 2, 3, 5, 7, 1, 13, 
17, 19, 23, 29, 31, 37, 41, ... are the first few primes. And, twin primes [12] are those pairs 
of primes, like (5, 7) or (13001, 13003), differing by 2. 


There are exactly 27 412 679 such twins up to ten billion compared to 455 052 51] individual 
primes below the same limit. The largest known twin primes are 665 551 035 - 2205 + 1, 
each of 24 099 digits, discovered by David Underbakke and Yves Gallot [3] on November 28, 
2000. 


What condition is necessary for a number pair to be twin primes ? In 1949, P A Clement [4] 
characterized twin primes by proving that for 7 > 2, the pair (n, n+2) of integers are twin 
primes if and only if 4[(n—1)!+/]+n = 0 mod n(nt2). Unfortunately, this test has no 
practical application due to the high cost of computing the factorial function, 


By comparison, the following alternative characterization, found by Ruiz in 2000 and reported 
by Eric W Weisstein [17] on the Internet, is computationally friendlier. 


Theorem 1 For a2 0, the pair (n, n+2) of integers are twin primes if and only if 


Pelle Se 


where |_x | is the floor function [8] [9] denoting the greatest integer not 
exceeding x. 











This article provides a proof of the above result, its generalization to other prime &-tuples, and 
the Mathematica® [16] [18] code for implementing the k-tuple primality test. 


Preliminaries 


This article is dependent on the following simple fact published in the following article of The 

Smarandache Notion Journal: [14] and seldom explicitly mentioned in standard texts on 

number theory. Known exceptions are those by Trygve Nagel! [11] and David M Burton (2]. 
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n 





ar: 
Lemma I For n> 0, \- - | = / or 0 according as i divides n or not. 
I 


i 


Proof We recall the division algorithm [15] which states that for any integers 7 and 
i, with 7 positive, there are unique integers g (quotient) and r (remainder) 
such that » = gitr, where i> r > 0. 


By the division algorithm, if i| # then r = 0 giving [2 | = 4, [ | =q-l. 


i 


Otherwise, 7 >r > 0 giving [| = [ x= | =q. 


We now consider the two arithmetic functions [10] tn) and o,(n) which are intimately related 
to the above property. The divisor function t(n), the number of positive divisors of , is 


expressed as Dy 1, while the sum o,,(n) of the a™ powers of the positive divisors of n can be 


written as ar d". Thus, t(1) = Gp (n) and Lemma | implies the relationships: 


SEH : 
cone Se( : 


In what follows, the arithmetic functions t(n) and c,(n) shall be defined only for positive 
values of their arguments. And, / is neither prime nor composite. 








Defining preper divisors of n as those excluding / and n, we derive a more efficient version 
of relation (1) with minimal change. 





j 
Lemma 2 Forn> 1, t(n)=2+ >([2 

i=? 
of n, the summation being 0 if / is nonexistent. 


- 2 _ ‘) where / is the highest proper divisor 
i i 


Proof Clearly, none of j+/, j+2, ..., n-J are divisors of n and the constant 2 
accounts for the cases i= / and i =n which are not proper divisors ofn, = 


In general, it is sufficient to assume that / is [2] or [| according as 7 is even or odd. In 


particular, it may be possible to choose the parity of i for specific cases of n. Applying such 
resources on Theorem 1, we readily obtain the example: 


Corollary 1 For odd n> 7, the pair (n, n+2) of integers are twin primes if and only if 


> radars Fala rl 


where the summation is over odd values of 7 through j = ESP 





We next establish two lemmas, including an extended expression for o,(n+e), which will 
become useful in proving Theorem 1 and its generalization. 


Lemma 3 Ifa > 0 and (n+2) > e > 0, then 


Siege ye([ee| : real fee? 
i=] 


l 
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Proof Clearly (n+2)>e>0 > oe Ee >l]> baie for! <j<e 
n+l n+j 
nte me n+e-l 
so that Se ([2t2|- ae ‘\) yi sh >i = (nte)® 
font! r f=nt] f=n+] 


Thus o,(nte) = Se(|ee2|-]eeet) by (2) 
I I 


i=] 


ELS. [|e |-| et) ee | 
i=l I : 





Lemma 4 For aset {1, m), mz, ..., mz} of positive integers, 
one: ay a 
if and only if m,, ee .y Mp are ai ote’: 
Proof The condition in the lemma is evidently sufficient. To prove equivalence, 


we note that 
Oa(m;) 2il+ m 
by counting only the non-proper divisors of m; and therefore 


do,(m) = 1+ Sime. (3) 


over equal summation limits. 


Without loss of generality, suppose now that oa(m,) > 1+ m, 


k 
that is k+ >) mi - 3° o,(m,) > itm; 
k k 
or DVea(m) < (k-D+ > m? 
i=2 i=2 


which contradicts (3), and therefore Ga(m,) = 1+ m¢. 


Hence m, is prime. Similarly, the hypothesis oafm;) > 1+ m? yields a 
contradiction for each other i and the result follows. a 


Proof of Theorem | 


If the pair (n, n+2) of integers are twin primes, then by definition, 
Ga(n) + Ga(nt+2) = 24° 4 (n+2)° (4) 
From (2) and Lemma 3, we also have 


| ie + Ga(nt2) -Doel|*2|-[net| 2) [ath (ns2)° 
— Mee eee 


Conversely, if (5) holds, then (4) is implied and Lemma 4 completes the proof. a 
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A generalization 


A set {e;, €7, ..., 4} of positive integers is said to be admissible if n, n+e;, ntez,..., nt+e, is 
not excluded by divisibility considerations as a possible sequence of primes. Thus, {2, 6} 
and {4, 6} are admissible sets. But {2, 4} is not, as (n, n+2, n+4) is never a prime triplet 
whenn > 3. Hans Riesel [13] discusses a method of determining admissible sets. 


Thecrem 2 Ta20,e9=Oand {é,, €2, ... , ex} is an admissible set of positive integers in 
the open interval (0, n-2), then (, n+e;, n+e2,..., n+e,) is a sequence of 
primes if and only if 


7a a ieee A | 





iz] j=0 
Proo If (+9, N+e;, N+e7,..., N+e,) is a prime (k+/)-tuple, then by definition 
& k 
Sio,nt+e,) =14+k+ Si+e,) (6) 
eo jro 


From (2) and Lemma 3, we also have 


Yontn+e,) : Se( Siete) 


i=l ps0 i 








jel 


*a-')) ese +e)" (7) 


Equating (6) and (7) and simplifying, we obtain 


SSE ree ow 


Conversely, if (8) holds, then (6) is implied and Lemma 4 completes the 





proof, a 
A variation ’ 
Theorem 2, as it stands, requires n > max{e,, €2, ..., €e} ~ 2 through its dependence on the 


open interval (0, n+2). However, that restriction may be removed by avoiding Lemma 3 in 
the proof of the theorem. 





Proof By Lemma 1, if (nte;) is prime, then 
itk ifi= 
he a+e, ee tee | “ ie 
ee ee. fies 

j=o t ! } 


0 otherwise 


Therefore, if (n+eg, wt+e,, n+e>,..., n+e,) are all primes, then 


ra (a ere a (9) 
i=! J 





j=0 u 


as all other terms, involving non-divisors, vanish. 
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However, if any one of (n+e), n+e,, n-+e;,..., n+e,) is composite, then by 
Lemma 1, (9) becomes 


sey ani - bates! >l+ketn? 
: , i [ 
=f jx0 


due to a proper divisor of the composite element. Thus, equality is only 
possible for prime (k+/)-tuples. “ 





Software codes 


The more common methods of preparing a list of twin primes do not rely upon any test for 
such pairs. Instead, some sieve [5] [7] [13] method is employed to sift out all primes below a 
required limit and a simple search then extracts the twins. 


On the other hand, given a pair (n, n+2) of integers, Corollary 1 represents a possible test to 
simultaneously determine if they are twin primes without using a list of primes. It may not 
be the fastest available twin-primality test but its implementation is fairly straightforward as 
shown by the interactive Mathematica® dialogue: 


Infil]J:= n= 2000081; If [(Sum[Floor[ (n+2)/i]- Floor[ (n+1)/i] 
+ Floor [n/i]- Ploor[(n-1)/i],(i,1,Floor([n/3],2}] 
==2, “True”, “False”] 


Outfij= True 


Note that the //oor [x/y] function may be replaced by its equivalent Quotient [x, y] which is 
somewhat faster [1]. 


The following example is a non-optimum implementation of Theorem 2 with a = 3 to search 
for prime quadruplets (n, n+2, n+6, n+8) below 10000. 


In[{2]:= a=3; n=10000; e={0, 2, 6, 8}; 

Do[if(Sum(ita Floor{(j+el{[k]])/i], {k, Length[e]},{i, 4}] 
== Length[e] + j*a+Sum[i*a Floor[(j+e[[k]] -1)/il, 
{k, Length[e]},{i,  j}], Print{Table[j+e[[k]], 

{k, Length [e]}]1]1,{3, n}] 

(Oye og dale 3) 

{1ll, 13, 17, 19} 

{101, 103, 107, 109} 

{191, 193, 197, 199} 

{821, 823, 827, 829} 

{1481, 1483, 1487, 1489} 

{1871, 1873, 1877, 1879} 

{2081, 2083, 2087, 2089} 

{3251, 3253, 3257, 3259} 

(3461, 3463, 3467, 3469} 

(35651, 5653, 5657, 5659} 

{9431, 9433, 9437, 9439} 
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Abstract: In this article, a formula is given to obtain the next prime in an 
arithmetic progression. 


Theorem: We consider the arithmetic progression a+di i>0 of positive integers 
with GCD(a,d)=1 and considering that the final term is a+ dM isto say O<i<M. 
Let p aterm in the arithmetic progression (it doesn’t have to be prime). 

Then the next prime in the arithmetic progression is: 


a+jd 
M k 2- ¥((at jd)/s|-[(a+ jd-1/s) 
nxt(a,d\p)= p+dtid- as gp 
Lies) e ead ey a+ jd 


and the improved formula: 


k=l+( p—a)/d jol+( p—a)/d gal 


Mf k fat jd 
nxt(a,d\(p)=p+dt+d- > qT] -{(o-2 Slee u-vis-(or shia) )toe 


Where [x | =is the floor function. And wherex/ y is the integer division in the 


improved formula. 
Proof: 


By a past article [1] we have that the next prime function is: 





nxt(p) = p++ s Il — BELA 


k= p+li=p+ 


Where the expression of the product is the Smarandache Prime Function: 


| if i is composite 
Ga es 
0 if i is prime 
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We consider that a+ j)d@ is the next prime ofa number p in an arithmetic progression 
a+ jd.Wehave that G(a+j,d)=0. 
And for all 7 such that p<a+jd<a+j,d we have thatG(a+ jd)=1. 


It is deduced that: 


[ [G@+ jd) = [16+ ja) ] [Gas ja) = 


f=lt(p-aj}id felt(p-a)/d F2io 


0 k>j,-l 
LD AS 


since the first product has the value of 1, and the second product is zero since it has the 
factor G(a+ j,d)=0. 


As a result in the formula xr(a,d) the non zero terms are summed until j, -1 and has 
the value of 1. 


jo-! 
nxt(a,d)(p) = p+d+d- Yil=p+dt+d-(j, ~1+1~1l-(p-a)/d)= 


k=l+(p-a)/d 


=pt+d+j,d-d-pta=atj,d 
And the result is proven . 


The improved formula [2] is obtained by considering that the sum, in the Smarandache 
prime function, until the integer part of the square root and multiplied by 2 the result. 
Also the floor function is changed | x | for the integer division operator x/y that it 


faster for the computation. 
Let us see an example made in MATHEMATICA: 
a=5 ; 
5 
dd=4 
4 
=20 
20 
p=5 
5 
DD[i_] :=Sum[Quotient [ (at+ti*dd) ,j]]-Quotient [ati*dd-1,j], 
{j,1,Sqrt[atitdd] }] 
G[i_] :=-Quotient [ (2-2*DD[i]) , (ati*dd) ] 
F(m_]:=Product(G[i],{i, (p-a) /dd+1,m}] 
S{n_]:=Sum[F[m] , {m, (p-a) /dd+1,M}] 
While [p<at (M-1) *dd+1,Print["nxt(",p,")=",p+ddt+dd*s[p]1; 
p=ptddt+dd*S{p] ] 
nxt (5)=13 
nxt (13)=17 
nxt (17) =29 
nxt (29)=37 


nxt (37)=41 364 


nxt (41)=53 
nxt (53)=61 
nxt (61)=73 
nxt (73)=89 


The question is that if these formulas can be applied to prove the Dirichlet’s Theorem 
[3]for arithmetic progressions. 


That is to say: does any arithmetic progression a+ jd such that GCD(a,d)=1 have 
infinite primes? 
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Abstract: 


In this article, we present the results of investigation of Smarandache 
Concatenate Sequence formed from the sequence of Triangular Numbers and report some 
primes and other results found from the sequence 


Key words: 


Triangular numbers, T-sequence, Smarandache T-sequence, Reversed 
Smarandache T-sequence, Prime. 


1. Introduction: 
Triangular numbers are formed by adding up the series 
14+24+3+44+5+64+7..00.. The general formula for nth triangular number is given by n(n+1)/2. 
So, the sequence of triangular numbers starts [1] 
1,3,6,10,15,21,28,36,45,55,66,78,91,105,120,136,153,171,190, 


Let us denote the sequence of Triangular numbers as T-sequence. So, the sequence of 
Triangular numbers, 


T={ 1,3,6,10,15,21,28,36,45,55,66,78,91,105,120,136,153,171,190........... }. 
2. Smarandache Sequence: 

Let S| ,S2,S3,...,S,,... be an infinite integer sequence (termed as S- 
sequence), then the Smarandache sequence [2] or Smarandache Concatenated sequence 
[3] or Smarandache S-sequence is given by 


Si, S82, $1S283 oe SiS203-. ¢ By 


Also Smarandache Back Concatenated sequence or Reversed Smarandache S-sequence is 





Si, S281, $3828; — Si ons 8359S) 


3. Smarandache T-Sequence: 
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Smarandache sequence of Triangular numbers or Smarandache T-sequence is the sequence 
formed from concatenation of numbers in T-sequence ( Note that T-sequence is the sequence of 
Tnangular numbers). So, Smarandache T-sequence is 


1, 13, 136, 13610, 1361015, 136101521, 13610152128, 1361015212836, 0.0.00... 
Let us denote the n™ term of the Smarandache T-sequence by ST(n). So, 

ST(1)=1 

ST(2)=13 

ST(3)=136 

ST(4)=13610 and so on. 


3.1 Observations on Smarandache T-sequence: 


We have investigated Smarandache T-sequence for the following two problems. 
(1) How many terms of Smarandache T-sequence are primes? 
(ii) How many terms of Smarandache T-sequence belongs to the initial T-sequence? 


In search of answer to these problems, we find that 


(a) There are only 2 primes in the first 1000 terms of Smarandache T-sequence. These are ST(2) 
= 13 and ST(6) = 1361011521. It may be noted that ST(1000) consists of $354 digits. 

(b) Other than the trivial 1, there is only one Triangular number i.e. ST(3)=136, in first 1000 
terms of Smarandache T-sequence and hence belongs to the initial T-sequence. 


Open Problem: 
(1) Can you find more primes in Smarandache T-sequence and are there infinitely 
many such primes? 
(11) Can you find more triangular numbers in Smarandache T-sequence and are there 
infinitely many such triangular numbers? 


4.0 Reversed Smarandache T-Sequence: 


It is defined as the sequence formed from the concatenation of triangular 
numbers (T-sequence) written backward i.e. in reverse order. So, Reversed Smarandache T- 
sequence is 


1, 31, 631, 10631, 1510631, 211510631, 28211510631, wu... 
Let us denote the n term of the Reversed Smarandache T-sequence by RST{(n). So, 
RST(1)=1 

RST(2)=31 

RSH(3)=631 

RSH(4)=10631 and so on. 
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4.1 Observations on Reversed Smarandache T-sequence: 


(a) As against only 2 prime in Smarandache T-sequence, we found 6 primes in first 1000 terms 
of Reversed Smarandache T-sequence. These primes are: 


RSH(2) = 31 

RSH(3) = 631 

RSH(4) = 10631 

RSH(10) = 55453628211510631 

RSH(12) = 786655453628211510631 
RSH(14) = 10591786655453628211510631 


(b) Other than the trivial 1, no Triangular number has been found in first 1000 terms of Reversed 
Smarandache T-sequence. 


Open Problem: 
(1) Can you find more primes in Reversed Smarandache T-sequence and are there 
infinitely many such primes? 
(11) Can you find triangular numbers in Reversed Smarandache T-sequence and are 
there infinitely many such triangular numbers? 
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Abstract: As a philosophical analysis of some fatal paradoxes, the paper distinguishes the conceptual difference between 
representation of truth and source of truth, and leads to the conclusion that in order to acquire the genuine source of truth, 
independenily of specific representations possibly belonging to different worlds, one is necessary to ignore all the ideas, logics, 
conceptions, philosophies and representable knowledge even himself belonging to those misleading worlds, returning to his infant 
nature, as a preliminary step for his cultivation of unconstrained wisdom. It also carries out some coordinative crucial issues as 
natural-doctrine, minded-unwitting, logic-infancy, conception-deconception, determinacy-indeterminacy. The paper tries to verify the 
role of neutrosophy and neutrosophic logic in religious issues and open a gateway toward the oriental classics, excavating the lost 
treasure. 


Keywords: Neutrosophy, Dao, de-conception, logic, infancy, sensation. 
1. Introduction 


Although men is constantly achieving in science, but based on a quantum mechanics scientist's dream, we might have moved no 
further (In his dream he saw the speedy moving bicycle (he lived in that period) advanced no further. But when he stepped into this 
world in his dream, he felt he was moving fast by bicycle). 

Human being is normally educated in a confusing way -- we have created such a “science” even without any knowledge of 
existence and non-existence: “Everyone can not sée himself a second ago, everyone can not see himself for the time being and 
everyone can not see himself'a second future. Everyone could not know what the existence of self is. Everyone Is also difficult to say 
the non-existence of self’, and therefore taken those images as true or real, and furthermore created such truths belonging to this 
bewildering world. 

Different educations yield different understanding toward truth. I don’t stand for the magnificence of a theory, since such truth and 
false inter-yield each other, and hardly can one reach the proper perception: neither left nor right, so a great philosopher also commits 
mistakes in spite of his profound piece. The key lies in the subjectivity toward a truth, thus comes the saying that truth varies, or truth 
be adapted to modern ages. 

Let’s examine some sophisticated issues to see whether correct: 

@ We don’t intend to create something as judgment, for any judgment is prone to yield selfishness: like, dislike, etc. Truth is 
written to conduct our behavior, therefore it does not lie in any sophisticated model, but in our conduct, as we often contradict our 
own aphorisms in behavior. Thus the issue turns to the understanding of our nature, which is not expressed or represented in any fixed 
form, or truth cannot be absolutely fixed in form too. 

The point is: - 

I. Although the absolutely natural mental state is free of logic and only with the most (absolutely) right genuine instinct, but it is 
shown as normal, as if he had his private opinion in appearance, even though he has nothing of his own in essence (But my current 
knowledge is too far from the point). 

2. Ifone really gets rid of all ideas and minds, he is then no more than a stone — Truth is alive not dead. 

3. One needs to abandon all his previous ideas only to adapt to the greatest education, not to abandon his brain. 

4. In order to acquire the genuine source of truth, independently of specific representations possibly belonging to different worlds, 
one is necessary to compromise, neglect even to get rid of all the ideas, logics, conceptions, philosophies and knowledge dur only 
belonging to those misleading worlds, returning to his infant nature, as a preliminary step for his cultivation of unconstrained wisdom. 


@ To my previous assertion that “name is merely our mental creation. It is rather a belief than an objective being, and varies among 
different people. ”[5], an explanation can be: In practice we have to assume that for incomplete knowledge system as in ordinary 
human, one can regard truth existing in relativity to individual’s practical situation. Truth exists in variant form corresponding to the 
variant form of individual error. The absolute truth, even there exists, is not perfectly shown in any particular form (it has no form), 
and therefore inexpressibie with symbols. So in this sense it is absolutely absurd to sedulously look for absolute truth in theoretical 
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manner; and only in this sense the most complete logic system is by no means complete, or, complete is incomplete. 
The point is: If there were no particular forms to carry out an education that can correct our mistakes and misunderstandings, there 
would have been no education one can accept. In this way what one looks for is a proper form of education rather than the voidness. 


® (The above paper) “In fact, this belief of ‘it is’ is always critical (Buddhism). In Buddhist saying, all such beliets are created by 
ourselves,” 

The paint is: 
1. To our ordinary minds we normally employ our illuding consciousness, but to those who understand the essence, it is not at all 
critical. 
2. Buddhism doesn’t tell us to negate everything, nor is it nihilism. It tells us to completely abandon our subjectivity and really 
understand everything. Although there are great prejudices in every ordinary man, this is not to say there doesn’t exist absolute 
rightness. Nor is the world a nihility where there is nothing but our imaginations. The world appears differently to the different mental 
realms of individuals. 
3. Although I am a Buddhist, but only a beginner, like a primary school student, and naturally full of mistakes and 
misunderstandings. But important: a tiny difference can lead us to the hell (“one word’s difference from the sutra is equal to the 
devil’s saying”). So I have no qualification to speak any truth illustrated in Buddhism. 


@ “There is no absolute fact.”[6] 
The point is: absolute truth doesn’t non-exist, but perceived with wisdom eyes. 


@ (The same paper) “There is fact, but merely beliefs created by ourselves.” 
The point is: we cannot deny the existence of the genuine and ultimate reality - we cannot assert that there is nothing objective in 
the world but our subjectivity. 


© (The same paper)“When we see wind blowing a pennant we will naturally believe we are right (that it is the wind or the pennant 
that moves) in our consciousness, however it is subjective (actually it is our minds that move). In other words, what we call the 
objective world can never absolutely be objective at all. ee 

The point is that it is anti-Buddhism. Buddhism exhibits absolutely that all living creatures can definitely reach the absolute 
objectiveness through the proper education. 


© (The same paper) “Whenever we believe we are objective, this belief however is subjective too.” 
This is absolutely wrong for a wise mind. 


© (The same paper) “In fact, all these things are merely our mental creations (called illusions in Buddhism) that in turn cheat our 
consciousness: There is neither pennant nor wind, but our mental creations. ” 

The point is that I am unqualified to explain. It may be our imperfect consciousness (vikalpa, as | imagine as separative (splitting) 
mind) that takes them as wind move and the pennant move, but we cannot say that wind and pennant are merely mental creations 
instead of objective being. 


@ (The same paper) “The world is made up of our subjective beliefs that in twn cheat our consciousness. This is m fact a 
cumulative cause-effect phenomenon.” ; 

The point is: We can say that we are constantly cheating our selves with our constant subjective illusions we are creating in every 
fraction of second, but we cannot say that the world is made up of subjectivity ~ a kind of nihilism rather than Buddhism. 


© (In a lot of papers, but mostly in [7]) “Everyone can extricate himself out of this maze of illusion (in some sources it is 
miswritten as “...is illusion”), said Sakyamuni and all the Buddhas, Bodhisattvas around the universe, their number is as many as that 
of the sands in the Ganges.” 

The maze means our subjectivity. We learn Buddhism just to conquer subjectivity and really objectively understand the world. It is 
shown in Buddhism Sutras that everyone can achieve it, but the maze not mentioned, so it is implied. 


@ (The same paper) “Fact: a Belief rather than Truth.” 

The same nihility error as above. Knowledge exists in the contradiction between known and unknown for us — those known is a 
tiny drop and those unknown is an ocean. In this sense, facts or truth relative to our ordinary conception can hardly reveal the reality, 
but it doesn’t mean there is no reality. 


@ (The same paper) “There is no truth and false actually: there is because the outcome has to meet someone’s desire - they are 
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merely the attributes of a tradeoff. One false deed can be true in another perspective, e.g., eating much is good, because of the 
excellent taste and nourishment, but it is also bad when he gets weighted. Neutrosophy shows that a true proposition to one referential 
system can be false to another.” 

The point is: although the same truth can be illustrated in contradictory languages relative to the specifics of individual minds, we 
cannot say there is no self-enlightenment ~ This is arrant subjectivism and arrant anti-Buddhism. For example, ignorance of 
cause-effect doesn’t mean the non-existence of cause-effect. Cause-effect universally appears in every action even every mental move 


(idea). Ignorance of natural Dao (natural way, natural law) doesn’t mean the non-existence of such Dao. 


@ (The same paper) “Whenever we hold the belief ‘it is ...’, we are loosing our creativity. Whenever we hold that ‘it is not ...’, we 
are also loosing our creativity. Our genuine intelligence requires that we completely free our mind —neither stick to any extremity nor 
to ‘no sticking to any assumption or belief’.”....“As we mentioned previously, whenever there is truth, there is also false that is born 
from/by truth—this abstraction (distinction) is fatal to our creativity”...“Because everything believed existing, true or false, is nothing 
more than our mental creation, there is no need to pursuit these illusions, as illustrated in the Heart Sutra...” 

The point is: , 
1. Creativity is an easy metaphor for our inner “wisdom”, “nature of instinct’, but far from explicit, since the inner wisdom 
germinates from a tiny seed, naturally grows up in wind and storm — not at all something created. 
2. There is only a tiny step between the genuine truth and fabrication. Truth pertains to a natural way, but when anything private 
added in, it deteriorates. 
3. Mental creation comes from our private mind, but we cannot deny our wise beliefs — the right belief is the light in the darkness, 
not at all our mental creation, although normally mixed with our mental creations. 
4. It is absurd for a kid to comprehend the mind of a PhD. It is far more to explain the Heart Sutra with our knowledge. More we 
explain, more absurd we are. Therefore it has been far too absurd for me to explain Buddhism. | am far, far, far away from qualified. 


In general, it is not that we should abandon mind, but should abandon our private mind to adapt to the universal mind. As to the 
universal mind, let’s see: 


2. Morality and Doctrine 


Is oriental culture a kind of science? There lies a crucial difference in that western science seeks the exterior solutions outside out 
heart. However, our ancient sages illustrated that human is an integral part of the universe, and all the phenomena never skip out of 
out heart. And very fortunately, many wise men did succeed in cultivating their heart to testify the profound truth. So our eastern 
classics focus on our inner cultivation. 

The question arises from Dr. Smarandache’s reflection to Liaofan’s Four Lessons: “Neutrosophy is a tool to measure the truth of 
an idea, not necessarily a philosophy in itself. Liaofan’s learning lessons are full of a kind of popular aphorisms”. Then | tried to 
refer to — http://www.amtb.org.sg/2/2_ 10/2.10 1/2 10 Lhtm, a link in the Dallas Buddhist Association 
(http://www.amtb-dba.org/Enghsh/index.html), to find an explanation, but unfortunately in Chinese. Here I try my reluctant 
interpretation (I am not at all qualified to translate Buddhism and hardly possible to explain. Please contact the corresponding Taiwan, 
or Singapore website, where there are plenty of English versions of texts and videos of Buddhism, to request the standard translation). 








What is Dao (Tao)? It is the natural principle all over the universe, the natural order, the essentiality of nature. The great universe 
has its order and rule, where the education of ancient-sages roots. Education stems from here, and human being has to obey the natural 
principle — it is Dao. In our Chinese notion of the integral of human and nature, heaven, earth and human are an integral whole. 
Human should understand the heart of heaven. What is the heart of heaven? The natural law, natural rule. For human, it is the human 
relationship, of husband-wife, brothers and sisters, monarch-subjects, friends, etc. It is the natural rule, not regulations or systems, 
nor schools or doctrines. Man conforming to it is said to practice Daoism. There is practice, there is gain bodily and heartily, called 
virtue or moral which is the partial standard of daily conduct. However, this partial standard should accord to the universal Dao and 
natural law. This is where the education of ancient sages roots. 

Chinese emphasized education from prenatal influence. A pregnant mother should be upright in heart, correct in appearance, for 
every intention, pleasure, anger, sorrow or joy, influences the fetus. Chinese understood this principle, and therefore their babies were 
very well gifted, developed in the ten month’s pregnancy. Parents had the responsibility for their children...... As I often mentioned, 
disaster falls nowadays, and still severe in the future, why? I have only one answer: “suffer from disobeying the olds (the Buddha, 
Laozi, Confucius, etc.).” It is the power of culture that makes China survive for thousands of years, and the marrow of culture lies in 
education...... The rulers were supported by people, for they didn’t administrate with their own imperial edicts, but with the sage’s 
education of Confucianism, Buddhism and Daoism. So the society maintained peace, enjoying the wise period of prosperity, all 
attributed to the ancient education, so they benefited from the olds’ teachings. Since the Republic of China, very unfortunately, 
Chinese lost their national self-confidence, and have therefore fallen into such a tragic situation: so overwhelmingly worship and keep 
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the blind faith in the foreign countries, as to overthrow our own culture. Yes, but is there any better substitute to benefit people? If no, 
troubles arise [2]. 


3. Minded and Unwitting: 


The neutrality in neutrosophics seems similar to “Madhyma-pratipada” and “Mean” in Chinese culture, which might mean proper 
(no mental move, no self consciousness added, as if no self exists, I believe): neither left nor right, but neutrosophy is conveying 
different meanings at present. For example, if A stands for white and Anti-A black, then Neut-A should mean gray, however either 
black or white can add to our subjectivity and should not be adhered to (as we are blind to the ultimate truth, it can be more wrong to 
imagine the being and non-being), otherwise we are unconsciously moving into this dimensional world that inhibits our access to the 
“infinite dimensional” world. 

If the quantuin world reveals the more general objectivity, it is very possibly that an expert in classical physics less apt at quantum 
physics, due to his default education. Same to human conflict, with each insisting on his own sphere of truth due to his default 
education or his private manner of perception, even incomplete or misleading. A possible conciliation lies in compromising — 
diminishing his minded way, to reach the understanding of another sphere: 

(The idea of) A diminishes toward no-sticking-to-A 

(The idea of) B diminishes toward no-sticking-to-B 
Since a fact reflected from the mirror of A implies the private background (referential point) of A and the creation (including the 
negative, distorted) of A, both need to be compromised to see a mutual base. 

Provided that A implies a more general way that covers B, should A ignore his idea? Sure, since the relatively more complete idea 
is misinterpreted in the language, background or referential system of B. As | mentioned in earlier paper [5], the best language should 
be no (no-sticking-to) language. 

If everyone could ignore the idea of himself, there would be no misunderstanding in the world. Therefore, the best idea would be 
No (self) Idea or none self-idea ([ don’t mean a stone, a nihility, but a natural way). However, man would be too clever to believe it. 

So the conciliation to current crises lies in education: if we find our education contrary to the nature, not only should we 
compromise, but also diminish and abandon it (e.g., the “n-dimensional” manner) to adapt to an universal (“infinite dimensional”) 
manner — to loose is to gain, no loss, no gain: One needs to abandon his old to adapt to the new, abandon his private mind to reach the 
universal one, abandon the illusion to acquire the true, abandon the capricious to acquire the eternal. 

It is also dangerous if we persist in the leaves but blind to the trunk or root. For example, science is developed to change destiny, 
but what on earth is destiny? Liaofan’s Four Lessons [10] shows the principle and practice to change destiny. But no understanding is 
beyond practice — we can never reach the correct understanding by any means of judgment or measurement based on our “scientific” 
referential manner, as I mentioned that science would reflect the same world in which few is able to command fate. 

I eventually find that it would be the fault of logic itself - whenever there is logic, there is incompleteness — logic is a relatively 
dead representation of our live sensation: 


4. Logic and Infancy ; 


The question arises from the English learning for Chinese on which I find that the students spend a huge amount of time in 
reciting vocabulary but acquire far less. See a talk with friends: 

“Why can it be wrong?” 

“Because what they have learned is not English — they are merely symbols, an illusion.” 

“Why?” 

“Do they reflect the symbols in English or in Chinese logic? As a matter of fact they first reflect the symbols in Chinese, and then 
carry out the logic inference in Chinese way! Are they learning English or Chinese?” 

“What’s the point?” 

“The point is, what they have leamed are merely such pointers that point to English — symbols are supposititious, one cannot infer 
anything without experience, so [ call their effort in vain.” 

“Then what is the true manner?” 

“The sensation of English. All your activities, reading, listening, oral and writing, all serve this motif. Chinese students failed just 
in this — they pay too much attention to grammar rules and Chinese logic in interpretation, as if they are always interpreting the 
English literals in Chinese logic, however, it is just such logic that inhibits the sensation.” 

“Do you mean my logic inhibits my language aptitude?” 

“As you know, the best language learner is infant baby — the success lies just in the ignorance of logic. Logic can be a kind of dead 
sensation: when one infers in logic, does he exploit his sensation any more?” 

“Do you mean we should feel English instead of inferring?” 

“No, just the opposite: no sticking to feelings, ideas (that are in fact no more than distraction), even ignoring yourself (e.g., the 
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role of a student busy for exams), can you concentrate on the author’s role, even unconscious of acquiring of English, like a baby 
learning in playing. Learning is equivalent to playing a role that needs great concentration. Sensation is shapeless, like ‘creativity’. We 
can never shape them,” 

“But it is a too far away goal.” 

“Sure, you’d employ all the means to understand the context, but soon when you have done, try to abandon such means to build 
up your English sensation. When one is able to walk, does he still carry the crutches along with him?” 

“But how can I read English without referring to its Chinese meaning?” 

“Can you read without referring, as if they had no meaning? Whenever you mind what they mean, you are using your Chinese 
logic again. Comprehension would lie in the ignorance of comprehension — or otherwise how can you forget yourself in the role of the 
author?” 

“Then how do you find some famous language teachings of English like those of Li Yang and Zhong Daolong?” 

“Li Yang’s Crazy English negates the sensation theory, but his manner happens to enhance the sensation by inhibiting logical 
reasoning. He leads the students to perform all his hand gestures while reciting English just, in my personal opinion, to get rid of all 
the mental distraction from their learning habit. Professor Zhong Daolong’s reverse (as contrary to the impatience for success of 
students) learning manner conducts student’s coordination of all their possible senses: see English, listen to English, write in English, 
speak English, etc., simultaneously, with special emphasis on dictation rather than on reading with merely eyes, just to serve the same 
motif ~ to abandon their imagination, to get rid of mental distraction, for in this manner no one has time to apply logic any more.” 

“You mean to retrieve our own ability of an infant baby?” 

“A famous Taiwan educationist Professor Wang Caigui made a through investigation, and asserts that the crucial or deciding 
learning period of a whole life span is from 0 to 3 year, including antenatal education. Children are naturally gifted with the innate 
aptitude in everything: whatever seed you plant, all absorbed in like foam rubber. However their innate aptitude diminishes with the 
age grows, disturbed or distracted by worries or vexations, or even withers beyond the age of 13, so a great figure should accept 
earlier education of the giants.” 

“Can one retrieve that after the age of 13?” 

“Sure, as long as he is resolved to conquer the distraction.” 

“How?” 

“First, don’t apply logic (pertaining to our misleading education, since we have been educated in a wrong way), since logic itself 
brings you distraction. Never mind what you acquire, toward unintentionality. Second, recite (or silently) the greatest pieces as long as 
you have time, such as Contucius’s, Laozi’s, or very simply just “Amitabha”, to constantly replace distraction.” 

“Does Amitabha have any meaning?” 

“The innate aptitude of Children lies just in this: they never guess the meaning. Whenever you guess or infer the meaning, you are 
seeking distraction unwittingly.” 

“Does it work?” 

“It is not my personal invention, but from our lost Chinese classics. A patient of diabetes was suffering from insomnia, and failed 
in all her effort of counting numbers: 1, 2, 3, 4, 5, 6, 7, 8 ,9, 10... After my wife changed her mind to recite Amitabha, she 
immediately had a perfect sleep. The point is, never add more distraction or any doubt. The power lies just in you confidence and 
concentration.” 

“Why did she fail by counting numbers?” 

“lam afraid the numbers help nothing (there are such eases when one builds up his internal power of concentration with numbers, 
but I prefer the external power. With this help, in fact, one can eventually cultivate his correct internal power), but Amitabha (there are 
infinite means in Buddhism, not necessary this one) signifies the greatest power of the universe which she resonates with.” 

“Then, you believe our mind acts as a receiver tuner?” 

“Exactly. A child can resonate with any signal he perceives, such as sentimental wound or evils, entirely absorbed like foam 
rubber, and performs it as soon as he grows up. On the contrary, the Classics Recital Program for Children initiated by Prof. Wang 
signifies a great education manner. Classics bring you the source of human wisdom. To recite these classics is an important path to 
develop potential, to learn language, to enhance cultivation, and to open the gates of wisdom for children. On account of our own 
Chinese culture, | would prefer Daodejing of Laozi, Buddhist scriptures, The Great Learning, the Doctrine of the Mean, etc. Children 

‘should not be asked to understand the meaning of the books, but should be led to recite all the books line by line, and paragraph by 
paragraph.” ; 

“Do you believe logic is a minor, subordinate or trifle aspect of intelligence?” 

“A head of School of Information Engineering and Automation of the Xi’an University of Technology alluded to the emphasis on 
logical thinking in engineering. I answered, if the logics come from the celebrity, how can one escape or surpass the constraints of the 
celebrity? 

Logic is relative to the world one belongs to, e.g., the ant’s world, the bird’s world, each has its own characteristic of logic. Is our 
world the perfect one?” 

“No.” 
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“Are we willing to be confined to the logic of the imperfect world? If one believes in the after life, then his present realm of mind 
determines his future life.” 

“But nearly all the students take the word list (Chinese logic in word interpretation) or grammatical structure (structural logic) 
highly important.” 

“Ifthe average rate of passing the exam is 10 percent, you have the same probability.” 

“T would not. But logic is really important.” 

“Logic merely acts as a language of sensation, not at all the essence of wisdom, and could be the dead representation of our live 
sensation. People need it to express their sensations, to communicate. It is in fact a scientific language, not wisdom. Great 
mathematicians are often philosophers, but however, mathematicians often find faults in their basic axiom systems, and many 
mathematicians assert that it is sensation that conducts logic deduction.” 


So my conclusion is: Logic always has limitation but sensation does not; Logic is relative and sensation is not confined as long as 
one is resolved to cultivate; Logic is relatively dead but sensation is alive. But to cultivate sensation one needs to escape all the 
distraction (for the sticking manner) from logics, knowledge, even the concept of sensation, returning to the infant nature — seemingly 
ignorant of everything, but however, great wisdom often lies in the fool: “Where ignorance is bless, it is folly to be wise.” 


Now that logic can never be complete, one can infer that conception itself yields incompleteness as long as it employs logical 
means, 1.¢., conception yields anti-conception. Let’s now discuss: 


3. Conception and De-conception: 


In education, especially in English as a second language for Chinese, when students meet a new concept or word, phrase, they are 
normally eager to immediately get directly to its interpretations (in Chinese, or in mathematics and science, from existing concepts), 
however, since each school or thought is limited to a specific background or referential frame, and it is usually hardly possible for one 
to turn to such multi-points of focus. Then, I am considering “defocusing” to maintain refocusing: forget all the distractions and get to 
the right route. 

Like things in the world, science and technology also exist in alternation of fashions, e.g., quantum world can be completely 
different from classical physics. This makes people meditate: how can a well educated scholar change his point of view? Unless their 
minds turned to the infancy - unknown. 

In English learning for Chinese, those always interpreting it in Chinese never catch the essence of English, for they would always 
understand English in Chinese logic, background, or points of view, never switch to the heterogeneous referential point of view. So 
one has to abandon his native language to command a foreign language. This is another case of the infancy effect - as we know infant _ 
language aptitude lies in its ignorance of thinking, reasoning, or idea, logic ~ no knowledge, no rules. 

Thus arises the challenge to the change of mind: to learn but never to assume known — the way of humility: 

Being the entrance of the world, 
You embrace harmony : 
And become as a newborn 
Chapter 28 of Daodejing [8] 
See also Chapter 4 of Liaofan’s Four Lessons - The Fourth Lesson: Benefits of the Virtue of Humility [10]. 

Like things in the world, whenever there is birth, there is also death from this distinction: 

When beauty is abstracted 
Then ugliness has been implied; 
When good is abstracted 

Then evil has been implied. 


So alive and dead are abstracted from nature, 

Difficult and easy abstracted from progress, 

Long and short abstracted from contrast, 

High and low abstracted from depth, 

Song and speech abstracted from melody, 

After and before abstracted from sequence. 
Chapter 2 of Daodejing [8] 

Same to a concept, i.¢., concept is always accompanied by anti-concept as in the taiji figure, whenever there exists such a 
distinction. Then one should argue about the role of concept: both positive and negative roles integrated in one entity. Is there a proper 
way of conception that can effectively inhibit the negative role, or the death of concept? Sure, just to keep it indistinct, as in its 
original, unspecified, indeterminate or infant state — keep it primitive, immature, as if unborn, even we need it for communication to 
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different spheres of mind. So it is wise to vacate our mind (free our mind) to maintain “creativity” (an improper metaphor for a 
wisdom seed) alive (on going), as in an infant way. In fact, creativity lies in the ignorance of creativity as against the confined or 
constrained (e.g., to a spot oriented world - A science fiction film has compare our globe to a tiny spot in the universe) way. 
Otherwise, a philosophy can be believed true when it serves our motif, and false when it doesn’t. In this manner, the world would be 
led into a self-centered society as our self-centered ideology expands, bringing all the people into the real nihility - no gleam of truth 
can be seen anymore in this blind world. What time, however, will human being sacrifice our own motif to adapt to the motif of the 
universe? 

To command science, one has to abandon (ignore) science. To acquire genius, one has to abandon (ignore) genius. To acquire 
himself one has to forget or loose himself. But umportant: abandoning everything only to get to the right education, the route of 
absolute truth — we are not defocusing actually but changing our focus to the universal mind. 


6. Truth and Absolute Truth 


The discussion originates from Dr. Florentin Smarandache in our common book Neutrosophic Dialogues: “What J argue about is 
that we are not sure if we know ALL POSSIBLE WORDS.” 

I have to argue that is the “truth” true or the truth points to a true world of understanding, namely the source of truth? 

Truth in the former sense is capricious (wuchang in Chinese, or anitya, anityaté in Sanskrit). This makes people feel that there 
might be no absolute truth. 

What I understand the absolute truth is the universal mind, the harmony with the universe. All branches of truth must serve this 
motif, or in vain if deviate from it. This might be the reason why people feel in vain to seek truth, because it is assumed to serve 
private purpose rather than the harmony of human being or that of the universe. 

It may not be the fault of the truth, but the reflection from a self-centered mental world. This might be the reason why we never 
get to a universal truth, since we never correct our sins (see Chapter 2 of Liaofan’s Four Lessons ~ The Second Lesson: Ways to 
Reform [10]). 

A pointer to the truth is different from the truth. Any form of symbols serves only as such pointers. For example, when one draws 
an elephant on the blackboard, it is no more than a figure. When one points to the moon, should we regard his finger as the moon? So 
we say, truth is also false, since we adhere to such symbols, blind still. 

The absolute truth, as the harmony with the universe, would appear as the absolutely natural behavior than a school of philosophy 
— when one is completely melt into the universe, there would be no distinction in his mind between himself and the nature, and every 
intention reveals the kindness of the nature, nothing evil at all. So he would not distinguish anything unnatural — never stand in the 
illuded perspective. Of course he may never be aware that there is a philosophy or truth in his mind. 

Does it then mean there is nothing to follow, as there is nothing we can hold in hand? No, since every good education is teaching 
us the correct way rather than the correct symbols — to correct our mistakes (see Chapter | of Liaofan’s Four Lessons — The Third 
Lesson: Ways to Cultivate Goodness [10]). 

Does it mean there is no truth? If to the god (1 mean a being who is identical to the truth), he auld: answer no — no philosophy 
needed, for he understands everything by intuition, or, the over-truth is no more than false, sine the manner would sentence a live truth 
to death (by dead truth I mean the fixed mind inflexible to literal or other forms of changes). But to our ordinary man with countless 
mistakes, truth exists in the implication of our faults: misbehaviors or misunderstandings - misbehavior or misunderstanding 
definitely leads to unlucky effect or even misfortune, so truth comes (see Chapter | of Liaofan’s Four Lessons — The First Lesson: 
Learning to Create Destiny [10]). 

Truth has no absolute language to represent, I am afraid. It is represented, according to the language of us (how can one fix the 
live truth into some dead symbols reflected differently by different realms of mind). It is neither proper for us (in our blind world) to 
measure — is it possible to measure a more general teaching (scientifically, the “infinite dimensional” manner) with any clumsy, unapt 
measurement (e.g., infinite dimensional manner)? In his measuring, he is accumulating doubts to his genuine consciousness (he is 
unconsciously reflecting the symbols with his illuded consciousness). So a good way would be more efficiently shown through 
conduct, behavior, etc., to correct our mistakes and misleading opinions (see Chapter 2 of Liaofan’s Four Lessons — The Second 
Lesson: Ways to Reform [10]). 

Is there the absolute truth in science? Personally, if it serves the well being of people, there is. But if serves the greediness, there 
also is — to teach us to abandon science, since, as the symbol of the nature, Dao in my belief is of the nature of humility, sacrificing 
itself to nonentity and thus spreading all over the universe - as large (or in scientific term, as many dimensions) as the infinity. 
Therefore, to reach the universal perspective of the absolute truth, one has to sacrifice any ideology of habitual referential model. 
Refer to Chapter 4 of Liaofan’s Four Lessons - The Fourth Lesson: Benefits of the Virtue of Humility [10] for more. 


So here | conclude that: The absolute truth is only seen by heart when one abandons all the possible knowledge, philosophies 
belonging to the different possible worlds that bewilder him, This should be a necessary means for one to get rid of all the distractions 
from these realms, and cultivate himself in practice to the true light of unification. 
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Aware of the relativity of the forms of the absolute truth, one may argue about the similarity between absolute truth and nihility. 
Definitely no. In the Chinese room experiment [9], the Englishman will manipulate symbols in Chinese, and he will give a correct 
answer in Chinese, but is not conscious of what he did. Nihility implies a dead consciousness. However, not only is a genuine 
consciousness alive, it also reflects the genuine truth. 

Just as Lu You (of Song dynasty) wrote (my personal interpretation, as 1 failed to download an English piece): 

The road seems ending in the hills and streams, I doubt, 

But I see the dense willow trees and bright flowers of another village. 
Don’t worry about yourself, only by forgetting yourself can you follow the light, or you never understand the truth due to your endless 
doubt. 


7. Dual Trends of Neutrosophy 


What creates the world? 


1. The Tao that can be trodden is not the enduring and The Way that can be experienced is not true; 
unchanging Tao. The name that can be named is not the enduring The world that can be constructed is not true. 

and unchanging name. The Way manifests all that happens and may happen; 
2. (Conceived of as) having no name, it is the originator of The world represents all that exists and may exist. 
heaven and earth; (conceived of as) having a name, it is the 

mother of all things. To experience without intention is to sense the world; 
3. Always without desire we must be found, If its deep To experience with intention is to anticipate the world. 
mystery we would sound; But if desire always within us be, Its These two experiences are indistinguishable; 

outer fringe is all that we shall see [4]. Their construction differs but their effect is the same. 


Beyond the gate of experience flows the Way, 
Which is ever greater and more subtle than the world [8]. 
Men normally care too much about the fragmental details of the universe to maintain the hidden integral. In fact, every mind is 
gifted with the gene of the universal mind: the integral of our ultimate inner nature which is identical with that of the universe. This is 
what I call yang in I-Ching (the originator) - it is formless, shameless, timeless ... the completely opposite world from our believed 
consciousness. So I call it the prior natal aspect, or wuji in the Taiji figure, or possibly Dao in Daoism. 
We illustrate this character of no-desire (actually it is no mental But if there is desire, we can break the unification (denoted by 
move, through which to achieve the greatest desire) as wuji: wuji state) into taiji (moving mind): 
re Pe ® In this way, we see the integrity of When beauty is abstracted 
ye “ the universe. Then ugliness has been implied; 
/ i ® = Or in Chinese saying, the unification When good is abstracted 
Yspeloma ties of man and heaven. Then evil has been implied [8] 


’ 





< So it is that existence and non-existence 
Wujt 





ee layi give birth the one to (the idea of) the 
other ...[4] 

And with the desire growing: But still, there remain both propensities: the integral way and the 
> i] p P 


splitting way: 








[t is crucial that we would rather create more symbols theoretical How can one then reach the truth? First, understand the universal 

than follow a natural way. ; heart that lies in non self desire. Second, abandon our splitting 
manner (mental creations). The undo principle (to undo our 
mental change): 
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@ If someone points to the moon, can we 
reach the moon by holding fast his fingers? 

@ If someone points to the truth, can we 
reach the truth by holding fast his theories? 

® Because in this way we are merely 
holding fast such pointers that point to 
reality, not reaching anything of reality, What 
we have reached are merely such road signs. 


the ae 
splitting way 


Sa \ priornatal <A> 


returns to 3) 
y 


an infant way 
Niji 





2 heresy 





Then does wuji imply anything nihility or absolute voidness, absolute empty? Definitely no. Let’s see: 
How much can your mind contain? 


for an empty cup: a For the no cup: 














for a full cup: 











No more, because it is fully occupied. One cup. It can contain the universe, because it is 
not confined to any form, shape or 


L boundary. 











As illustrated in Chapter 28 of Daodejing [8]: 
® Using the male (having no name, it is the originator, or father; having a name, it is the mother, so we cannot partial to either of them 
in case of breaking the yin-yang unification - my personal annotation, as follows), being female, 
® Being the entrance of the world (wuji), 
® You embrace harmony (Dao) 
© And become as a newborn (returning to the originality, the genuine nature). 

So the only way is to abandon all our usual way pertaining to our current misleading world, as the preliminary step toward the true 
world. Since truth and false in conventional sense are out of the splitting way: (conventional) logic way, 30 we should also abandon 
such logic way to reach the completely natural way, returning to our natural integrity. 


How would we then regard neutrosophy? 

As either a new concept of more complete truth or a novel class of logic, it follows the birth, growth, prosperity, wither, death 
cycle as in every science. Does one prefer a pointer or the ultimate true world? 

If neutrosophy pertains to an instant state of art, no need to adhere to it, due to the constant update. 

If to the soul of science, it is no logger external any more. So the way also lies in our inner cultivation. 

But as the western understanding of the Chinese Middle Way (Doctrine of Mean), it needs to be further developed, for “When 
mind is either being or non-being, it falls into the trap of affirmation. When mind is neither being nor non-being, it falls into the trap 
of negation.” Either affirmation, or negation, then, is a trap from which one must free oneself in order to reach suunyataa (the ultimate 
reality).” [3] 

Doctrine of Mean may refer to our mind move: neither left (affirmation, as being) nor right (negation, as non being). So it may 
mean to abandon our mind move (wishful desire) rather than to blend or merge our mind moves (wishful desires). The distinction 
between current neutrosophic logic and Chinese Middle Way may be: 





ime Pe 
yin in yang 
ee wuyi -, heresy 
No mental move; Combining being and non-being in the Or mentally creating some new being as 
Free of ideas that implies every idea; way of I-Ching (Book of Changes); truth to pursue, in a heresy way. 


Dao that implies everything. 
Dr. Smarandache has once argued that I stand only on the religious background. As a matter of fact, if one finds such scientific 
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way fundamentally critical and the religious way more general, he would then reversely regard religious way scientific and so called 
“scientific way” religious. 


8. Determinacy and Indeterminacy 


Does the genuine mind reflect the determinacy? Exactly, it reflects the truth, and in such a world there is no kidding, no confusion, 
no upside-down, no wishful thought, no illusion, even no sickness, no death, no unsatisfaction, no evil, and no unintelligent. 

Is it too fantastic? Just because a universal mind adds nothing personal or private to his mind, he doesn’t “reason” in logic, but 
with intuition — nothing minded (although with the greatest will), and therefore being the universal mind. As discussed previously, 
whenever there exists a more or less private mind, there is a private way or partial way, and anything against this private will or 
private way should certainty regarded as indeterminate, hence the notion “we live in relativism, approximation, continuously 
changing worlds”- we measure everything in a partial, private, more or less self-oriented, even illuding referential manner. We are 
blind to the cause-effect ourselves, as if we drive a plane without any knowledge of the landscape, navigation, even our current 
position, our destination — we are using the absolutely wrong measurement to indicate longitude, latitude ... but we are unaware of. 

Is that the reason why we have indeterminacy in neutrosophy? Yes. It should be a gateway to a more realistic specification of the 
contradiction between subjectivity and objectivity. Because we know our limitations, we'd better behave in humility, as someone said, 
we are sin at birth. 

Does humility mean anything in science? People normally over-emphasize the pro science so as to neglect the con, Not only has 
heutrosophy summarized both, it also implies the humility in science — the indeterminacy, indicating both the incomplete and the 
illusionary aspects of scientific manner. 

Does neutrosophy implies anything religious? Certainly. “When mind is either being or non-being, it falls into the trap of 
affirmation. When mind is neither being nor non-being, it falls into the trap of negation.” Either affirmation, or negation, then, is a 
trap from which one must free oneself in order to reach suunyataa (the ultimate reality) [3]. 

The pro aspect: Neutrosophy implies that both affirmation and negation are inadequate to illustrate the objectivity, so adds the 
indeterminacy serving as the neutrality in between — neither affirmation nor negation, as guidance to the reality. 

The con aspect: Neutrosophy fails to reach a depth realization of neutrality, thus conveying a different meaning from The Doctrine 
of Means of Confucianism. Because, from Daodejing (my personal understanding), affirmation and negation are counterparts: They 
yield each other - One affirms something while negates something (even the same thing) simultaneously. So one would fail to reach 
the “Middle Way” without compromising both affirmation and negation, i-e., ignoring the measurement. 

As the conclusion: Neutrosophy should be in integral with pro, con and neither, with the “neither” implying the ignorance of both. 
Thus in this way, Neutrosophy implies the ignorance of neutrosophy. Or integrated in one word: humility. However, as one can point 
to the moon but fail to reach, one needs to follow an education called “religion” in practice to realize (acquire) the virtue of humility. 


9. Final Remarks 


As implied in neutrosophy, whenever there is a perspective point, there is self, reflected in the private referential manner, and thus 
the incompleteness, and more than partiality: illusions from this self-centered view. A truth is so called absolute, because it is based 
on no selfness, absolutely no, and in such a world people do see the truth instead of illusions. In fact, “self reflects rather illusions 
than objectivity — a blind man see himself (in conventional sense) as self, but a wise man would see himself differently, ¢.g., as 
something external to him, a tool he employs. Therefore, a preliminary step toward the universal understanding is to abandon the self 
oriented desire, otherwise no gleam of truth can be seen. 

Truth is not a kind of judgment or measurement that we can impose T,I,F values with our contaminated eyes, but the light with 
which we see our blindness and ignorance. 

Truth suggests more a correct way of life than a useless set of arcane symbols, therefore it is not represented as sciences, but the 
Way, the Dao or the wisdom, imbedded in (intrinsic to) every spirit and is sure to be seen as long as one can abandon his private 
measurements. 

A fatal barrier toward our genuine understanding is the modem contamination: the modern culture, with which Chinese are 
diligently following the dust. To open his eyes, one needs to keep away (even in seclusion) from his previous education: culture, 
public media, network and even the polluted world, for a tiny pill of poison can spoil a pool of pure water men daily drink. The 
danger is far less pernicious from material food than spiritual food. 

A polluted mind would never be aware of the current danger. A lady from countryside once blamed for the contamination of water 
in Xi’an (in which we are living) which we regarded pure. A human flesh-eater normally enjoin the taste of the dishes, while a 
university yang lady who just became a Buddhist (following the teaching), nauseated at the flesh she used to have at the student’s 
canteen. My wife in pregnancy also nauseated at the flesh she used to like and then changed her manner forever. Same to a 
contaminated mind — one could suddenly be aware of something valuable in a specific environment, like Li Na (surname and given 
name in Chinese), a famous singer who lately became a Buddhist nun in America. 
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There is the birth, growth, prosperity, wither and death of logic, but no birth and death of truth. It is the source, a universe, 
permanently alive. To discover the underlying truth in neutrosophy, one needs to abandon any logic adherent to it and see directly the 
source, through out its countless birth and death cycles. 

A pattern is true only when completed, implemented, testified and proved in practice, not in superstitious manner. This is the 
significant difference between truth and logic. 

Absolute truth is independent of our beliefs and measurements — it objectively exists through out the universe and is universally 
true in every world, although represented in varying forms to different mental spheres and different phases of individuals. But, it is 
also seen as relative in its capricious representations ~ It is not the fact that the truth varies, but our minds swing, and therefore see the 
treatment in dynamic styles. See a poem by a famous Buddhist poet Su Shi in Song Dynasty 

A great mountain by vertical and horizontal view, 

Far, near, high, low, and each not same. 

I can't see the true face of Lushan, 

Because I am just in there. 
and Daodejing Chp.7: | 

“Heaven is long-enduring and earth continues long. The reason why heaven and earth are able to endure and continue thus long is 
because they do not live of, or for, themselves. This is how they are able to continue and endure. 

Therefore the sage puts his own person last, and yet it is found in the foremost place; he treats his person as if it were foreign to 
him, and yet that person is preserved. Is it not because he has no personal and private ends, that therefore such ends are realised?” [4] 


“Nature is complete because it does not serve itself. 
The sage places himself after and finds himself before, ignores his desire and finds himself content.”[8] 


So the universal truth lies in the abandon of self-desires (As a beginner, I am unqualified to speak anything of Buddhism. For 
those who have interest, please find sources in http://www.drba.ore/CTTB/cttb_e.htm, the City of Ten Thousand Buddhas (CTTB, 
USA) for English, and another site http://www.physics.utah.edu/~junyu/larong/index.html for Chinese, and may also find faults in my 
assertions). 








10. A Heuristic Dream 


It was at the dawn of April 30, 2003, in the dream, I was asking a repairing booth to have my bicycle repaired ... in the end when 
it was all done, I suddenly found my bicycle disappeared. I looked around and wonder: “I didn’t leave a half step away, why?” I was 
terribly uneasy until half awake and realized that my real bicycle is OK. In the mainland China the majority rely on bicycle that equals 
to cars in the United States. It is in fact a basic means of living. Accordingly I immediately realized that it is a heuristic dream. 

| remember a film about the Sixth Patriarch, Master Huineng, in which he was invited by the Empress Wu (Wu Zetian of Tang 
dynasty, the only woman emperor in Chinese history) to the capital (now Xi’an) to teach Buddhism, but he declined, thus made the 
empress angry. Just in a while she became aware: “No dharma (method) is dharma (method)” - dharma may be the most natural, not 
something we create or seek external to our nature - my personal guess (actually one should never guess, but { am afraid readers 
would distort the original sense), see Heart Sutra [1]: 

When Bodhisattva Avalokiteshvara was practicing the profound Prajria Paramita, he illuminated the Five Skandhas and saw that 
they are all empty, and he crossed beyond all suffering and difficulty. 

Shariputra, form does not differ from emptiness; emptiness does not differ from form. Form itself is emptiness; emptiness itself 
is form. So too are feeling, cognition, formation, and consciousness. 

Shariputra, all Dharmas are empty of characteristics. They are not produced, not destroyed, not defiled, not pure; and they 
neither increase nor diminish. Therefore, in emptiness there is no form, feeling, cognition, formation, or consciousness; no eyes, 
ears, nose, tongue, body, or mind; no sights, sounds, smells, tastes, objects of touch, or Dharmas; no field of the eyes up to and 
including no field of mind consciousness; and no ignorance or ending of ignorance, up to and including no old age and death or 
ending of old age and death. There is no suffering, no accumulating, no extinction, and no Way, and no understanding and no 
attaining. : 

Because nothing is attained, the Bodhisattva through reliance on Prajna Paramita is unimpeded in his mind. Because there is no 
impediment, he ts not afraid, and he leaves distorted dream-thinking far behind. Ultimately Nirvana! All Buddhas of the three 
periods of time attain Anuttara-samyak-sambodhi through reliance on Prajna Paramita. Therefore know that Prajna Paramita is a 
Great Spiritual Mantra, a Great Bright Mantra, a Supreme Mantra, an Unequalled Mantra. [t can remove all suffering; it is genuine 
and not false. That is why the Mantra of Prajna Paramita was spoken. Recite it like this: 

Gaté Gaté Paragaté Parasamgaté 

Bodhi Svaha! 

(It is strongly suggested that one never seek the meaning of the Chinese Classics when he reads, in the way of Chinese Classics 
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Recital Project of Prof. Wang mentioned in section 4, or what I call here the infant way - Whenever he does seek, he is seeking 
distraction unwittingly. Plant rather than reap, or he will definitely distort the essence.) 

As we know people nowadays are putting all their hearts and soles in the search of science — the supreme method believed by all, 
just like the bicycle relied on in the dream. However science is merely a dream, a language of the current illuded world (as stated in 
section 4, ants live in their own world and have their own characteristic of language, so do birds and humans), and can suddenly 
disappear when we wake up. Even awake, one would find it terribly uneasy with this changed style of manner and would rather prefer 
the old custom — it is still harder to adapt to a new life. 

What is self? Something we daily rely on? Oh, just the bicycle in the dream — we are repairing it every minute and numerous 
people are diligently finding and achieving it through out their lives, but we will eventually find no such self (in the conventional 
sense) exists: it is rather a dream than the real self. 


Our reflection of the world can be more or less an emersion, a projection, or a developed image of our mind move, including T,L,F 
in neutrosophy, I hazily figure, although I am still in the maze. But, as implied in all the Buddhist scriptures, EVERYONE CAN 
EXTRICATE HIMSELF OUT OF THE MAZE OF ILLUSION -— countless people have already succeeded in their cultivation, like 
Sakyamuni and all the Buddhas, Bodhisattvas around the universe, their number is as many as that of the sands in countless Ganges. 
But preliminarily, stop our mental creativity and imagination, honestly and sincerely follow the greatest teachings. Dr. Smarandache 
once blamed at one of our [CM2002 participant’s hotel, dorm 18 of Tsinghua University, for the “strange Chinese custom” that it is 
strictly impolite or insulting to “touch” (in his word) young ladies (e.g., wrap his arm about her shoulders). I would have told him to 
find strict regulations in Confucianism and all the ancient heritages if he were really interested in Chinese culture instead of blaming. 
Without such social regulations, or without strict commandments, neither civilization would have been built up, nor would any 
dharma have been actually seen, from any greatest teaching (any greatest culture will definitely in this way deteriorate into the devil’s 
saying). So it is more suggested to popularize Confucianism in our current society (in which the most valuable thing is being lost and 
the real civilization is dying, impacted by the western modernization), as a preliminary step toward further educations (Confucianism 
and Daoism served exactly as the basis in Chinese history for the introduction of Mahayana. So it was an absolutely wise deed to 


popularize these Classics as the basic education). 
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Abstract: Logic should have been defined as the unity of contradiction between logic director and logic implementation. 
Chinese Daoism asserts that everything is defined in the unity of opposites, namely yin and yang, accordingly yang conducts 
change and yin brings it up (I-Ching, also known as Book of Changes). In this way logic is redefined in an indeterminate 
style to facilitate “both A and Anti-A” etc. in neutrosophics of logic. The unity of opposites is also described as neutrality in 
neutrosophy. An intermediate multi-referential model of excitation and inhibition is developed to derive a multiagent 
architecture of logic, based on Chinese yin-yang philosophy. This methodology of excitation/inhibition suggests a rhymed 
way of logic, leading to a dynamic methodology of weight strategy that links logic with neural network approach. It also 
confirms the crucial role of indeterminacy in logic as a fatal criticism to classical mathematics and current basis of science. 


Keywords: Neutrosophy, contradiction, logic implementation, priornatal aspect, five elements, dynamic weight strategy. 
2000 Mathematics Subject Classification: 03B42, 03B60, 03A05, 03HO5 
1. Background 


What fatal defect do we find in the conventional definition of logic? Although logic plays an important role in science and 
technology, some fatal flaws negate its validity and applicability: 

Lack of insight in the essence of logic that should lie in the contradiction between conceptualization and implementation. 
Even logics of the highest validity can contradict their applicability, as illustrated in the logic “I7l] visit him if it doesn’t rain 
and he is tn” [1]. 

The lack of identity between opposites. Do truthness and falseness always antagonize each other? No, there is neutrality 
or agreement between them, which combines them into a unity, as illustrated in neutrosophy. 

Assuming that for incomplete knowledge system as in ordinary human, there is no absolute truthness and falseness in 
reality (as shown in neutrosophy), therefore even the most complete logic system is by no means complete, or, the most 
complete is the most incomplete. 





Example 1: The sun turns around the earth. Example 2: VL visit him if it doesn’t rain and he is in. 
<A> <Anti-A> <A> <Anti-A> 
The sun turns around The earth turns around Tt doesn’t rain When I become confident 
the earth. the sun. and he is in. of it, it is too late to go. 
A A 
balancing point: balancing point: 
This is a relative concept. I should try my luck or make an engagement. 


in which aspect do we differ in the definition? 
Logic in essence is rather a dynamic balancing act than the static truth-false concepts. 
This behavior can be represented in neutrosophy as “both <A> and <Anti-A>” promising a unification in the balancing. 
Values in percentage are inefficient to characterize the unification in the tradeoff. 


Logic in its social aspect is an integration of distributed actions (conceptualization and implementation), rather than rules 
or fuzzy rules only. Logic is derived when people neutralize opinions among countless versions of implementations and 
applications, in contrast to the absolute accuracy and completeness in conventional mathematization — how can we measure 
unintentionality with intentionality? For this reason, I will write in the non-mathematical pattern, as against the 
“mathematical” pattern, for what is called mathematical is no longer mathematical at all in the views of neutrosophy and 
Chinese classic philosophies: things will develop in the opposite direction when they become extreme, or “wujibifan” in 
Chinese. 

The logic “both A and anti-A” can be invalid in conventional logics, but valid in an excitation/inhibition rhythm, at least 
they imply each other and live in one family. 
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2. Definition of Neutrosophic Logic — A Novel Version 
Is logic a fixed concept or an endless evolution? Let’s explore the evolution of logic: 


priornatal (prenatal, innate) aspect (void) 


L 
intention (first implementation) 
b 
b 
full implementation 
SA> <Anti-A> 
A 





If we regard <A> as the positive attitude and <Anti-A> the negative attitude toward a desire, an intention, inspiration, 
assumption, etc., <A> and <anti-A> have in this way become logic operators, take “I can speak English” for example: 

As positive operator <A>, it doesn’t mean he speaks good English at the moment, but the confidence in his success. In 
this way he acts in the positive manner. 

As negative operator <Anti-A>, it doesn’t mean he speaks ugly English at the moment, but the lack of confidence in his 
success. In this way he acts in the negative manner. 

Tn reality logic comes as the balancing between these two actions, as summarized bellow: 


Unity of opposites: both <A> and <Anti-A> 

The hidden integral: every mind is gifted with the gene of the 
universal mind: the integral of our ultimate inner nature 
which is identical with that of the universe. This is what I 
call yang in I-Ching (the originator) - it is formless, 
shameless, timeless ... the completely opposite world from 
our believed consciousness. So I call it the prior natal 
aspect, or wuji in the Taiji figure, or possibly Dao in 
Daoism. 

Postnatal aspect: what we see, acquired knowledge, set of 
rules, etc. regarded as a specific implementation of some 
source in a specific situation 


Priornatal aspect: what is hidden or lies under the phenomena 
as the origin of logic. <A> and <Anti-A> should be 
derived from the same source, namely priornatal aspect 
(can be void in representation, but nothing nihility) 

Yinyang perspective: the balancing is based on both priornatal 
and postnatal aspects. This unity is called a contradiction. 

Practical description: intention(priornatal, implemented, 
indeterminacy), where those implemented have been 
represented as truth or false, and those not implemented 
have been attributed to indeterminacy. 

Key issue: there remains a gap between these two aspects, and 
the same source can be carried out in different ways 

Simplifted description (definition): the unity of contradiction 


between logic director and its implementation 


Why do we need to describe the prior-natal aspect of logic? The ambiguity of logic definition lies in the indistinction 
between conception and implementation. A concept without substantial implementation is usually abstract or even arcane, 
because it can never be understood by human (e.g., the primitive intention can be haphazard, underlying or void, i.e. non 
intention, such as “why was I born?”), therefore it is always void of significance. The implementation, however, can seldom 
match with exact accuracy with the presumption in concept (as shown in [2] and [3], Logic is always subjective, always 
partial), there must be inconsistency or even contradiction between them, therefore, we need to examine the relation (we call 
contradiction) between them to carry out the definition: 


Logic is defined as the unity of contradiction between logic director and logic implementation, 

The contradiction refers to the unification of divided opposites. 

In differential perspective we find such descriptions as truth and false. 

In integral perspectives we find: truth in false, false in truth, percentages in truth values, neutrality, indeterminacy, etc, 
leading to the evolution of logic in such a cycles as “birth — growth — prosperity — wither - death”, in its limitation to the 
unification with non-logic; the unifying way in its ultimate limit resembles the voidness or emptiness we have called, but of 
essential difference with those we have imagined. 


Should logic be defined on the differential basis or the integral basis of these opposites? Chinese Daoism asserts that 
everything is defined in the unity of opposites namely yin and yang, where yang conducts change and yin brings it up, so 
here J assume that yang directs change and yin implements it (a sample model: excitation and inhibition in unity). The unity 
is also described as neutrality in neutrosophy, but my personal inspiration from Dacism indicates more: 

Since ordinary human is very limit in his enlightenment on the nature, ie., his knowledge appears as incomplete in both 
time and space domains (space incompleteness means his partiality, and time incompleteness refers to his lack of insight to 
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the cause-effect, leading to the lack of insight to essence and nature), | should define a priornatal aspect of knowledge 
(referring to the innate aspect) as contrast to the acquired aspect, because all the acquired one i$ in fact born, grown and 
develop ftom the innate aspect, as if a sophisticated human figure is developed from a single gene. I have to assume this, 
even if it can be void in form. The priornatal aspect corresponds to yang. 

In practice however, the absolute priormatal aspect is intangible, therefore I exploit a relative concept that an 
implementation (e.g., a complete set of rules) is derived from a relatively “priornatal” intention, which can either be regarded 
as the absolute priomatal aspect or an intermediate implementation. So | apply (Priornatal, Implemented, Indeterminacy) as 
its status. 

This status representation has suggested a novel strategy toward association, e.g., when the three components are 
represented as operators, or in sets and in recursive manner. ; 

To simplify this discussion, I simply use the contradiction between director (as priornatal aspect) and implementation to 
illustrate the essence of logic, which reveals the fact that any set of rules is a specific implementation of a priornatal seed 
under/in specific circumstance, condition or situation. 


fs there any significance in such a contradictory way of definition? Let’s see what this definition reveals: 

Logic refers to practical or even endless actions rather than dead rules. 

There are always a director and an implementer in every action of logic. The former provides new directions (e.g., 
assumption, idea, assertion) to the action and the later carries it out (provides substantial support, verification, proof or 
negation). 

There is always contradiction (unity of opposites) between them, with the contradiction sometimes appearing identity and 
sometimes antagonistic. 

It is this contradiction that defines the validity of logic: truthness, falseness and indeterminacy. 

The contradiction shows much more than values do: it is very likely to signify the trend of further development, and 
illustrate the status in both quantity and quality. 

Neural networking and logic are in fact homogeneous. 


So far one may blame for the similarity to conventional logic ~ an automata that automatically fetches instruction and 
interprets it, then carries it out automatically. It is true in appearance, but different in the essence that consistency is only 
achieved through the tradeoff between inconsistents — to find the identity, or unity of them. We can alternatively regard the 
contradiction as a rhythmed change (like a single pendulum with varying amplitude), in positive-negative endless revolutions. 
Unlike mechanical changes, there is an identity, unity or neutrality underlying in the endless generations of the evolution. 
This is the point our eastern culture defers from that of the west. Why don’t we regard the opposites as one unity? 

As the ultimate limit, when the amplitude of the above pendulum converges to naught, ie., no longer any distinction 
between truth and false, logic seems dying out but our intentions, although without reasoning, is getting closer and closer to 
the reality (one needs to understand the entire ancient Chinese culture to understand this philosophy.). 


3. The Excitation/Inhibition Loop 


How much have men explored the priornatal aspect of the world? I-Ching (Book of Changes) shows that the everything 
in the world is made up of two opposite and complementary aspects or attributes (not necessarily priornatal and postnatal, for 
convenience we take them as hyper-matter, because we normal people are always inhibiting our perceptions with opposite 
excitements ~ we emphasize to much on the shaped or developed matter forms than the prior-shaped origin): yin and yang, 
which in combination produces the five basic hyper-elements (five-phase); wood, fire, earth, metal and water, with each 
giving rise to another and inhibiting another as well. The significance of this hyper-matter system has long been proved in 
Chinese history and by Chinese medicine. : 


Can we initiate the priornatal aspect of a system in this way? Inspired by the trigrams below, I primitively define the 
mapping (since I am strictly limited in my insight, here I just launch the argument — leave the rest, ¢.g., to the next 
generation): 

Wood character: to resonate to something as source information, and to perceive it, expand its influence. 

Fire character: to generalize perceptions into conceptual pattern as guideline. 

Earth character: to substantialize, nurture and bring up the above conceptual pattern in a particular situation. 

Metal character: to formalize, to fix into model, to finalize the design. 

Water character: to be skillful, artful, toward accumulative flexibility, so as to reach an instinct, in which all concept or 
logic is hidden or implied. 


The excitation loop illustrated in I-Ching is: 
Wood-yields-—Fire—yields— Earth-yields—>Metal-yields — Water~yields— Wood 
The inhibition loop: 
Wood~inhibits—£arth—inhibits— Water—inhibits ~+ Fire—inhibits—> Metal_inhibits— Wood 
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Can we implement the above intention? The above loops are better illustrated with my 
inspiration from the Later Trigrams of King Wen, I map the trigrams to: 


and germinating, but with logic, I believe, the peaceful mind being stirred by an impulse (like Sas 
the quiet water being stirred by a falling stone), to resonate to something as source information. a i 
As in automata where an instruction is given that issues a process except that this is a kind of <*. 4 
stimuli that excites/inhibits another agent. In fact human mind is such an open receiver: it is a ~ = Gf. 
constantly stirred. Resonance to a good source can plant or promote the growth of a healthy seed 2 oo we 
rooted in our mind, and that to a pernicious source can spoil or destroy our intelligence. Tey 
Although a pernicious seed looks favorable at the moment, it promotes our illusions and 

corrupts our mind through chronic, and eventually through sudden effect. Normally a man is resonating to varying sources in 
a spectrum, and the center of it depends on his underlying will. 


Sy Te Se 
Zhen Agent (of character wood): the impression of a seed breaking through its outer shell (KG *» “Ss 


Xun Agent (wood): to spread (broadcast) the influence of the above resonance to different senses (or referential frames), 
heterogeneous and even opposite, contradictory, for them to feel, percept (interpret): 


wo 
Uinterp) =), _Ofimp.) df rfi) 
i=l O(rf i) 
where /nterp. denotes the interpretation, rfi the reference frame / and Jmp. the impulse. The action resembles compiler except 
on the multiagent based contradiction compatible multi-referential background. A resolved man can manually inhibits the 
pernicious spread of unhealthy influence, and thus kill the virus seeds rooted in his mind. In this way he can change his 
destiny with this persisting retorm. So is a society — it can definitely step into chaos, disorder and trouble if enhances the free 
spread of all kinds of media as in networks. If so, not only should we see the retrogression of mankind, but the pernicious 
disaster as well. To a common man, his ideology depends heavily on the sources he resonates to, and the public ideology 
resonates exactly to the media, not the real truth. In this way the society is killed by the media rather than nuclear weapons, 
so is mankind. 


Li Agent (fire): to assemble the above interpretations into an integral pattern, as a concept, a hypothesis, proposal or 
myth serving as a guideline: 


wo 
guideline =/d(interp.) =) f Ofimp.) — d(rfi) 
i=] (+f i) 
The action resembles convention concept tree except that it functions as a concept (or logic) director, conductor or guide, of 
even inconsistent components, in a indeterminate manner, like an adviser that helps figure out the general situation, plan, etc. 
which need to be developed and implemented in the future or future generations. A good pattern is not necessarily 
recognized by all, due to the diverse seeds active in different people, and different referential manners. Whenever one 
chooses a good pattern, it is only through practice to build up his confidence and trust, not merely imaginations. So a pattern 
is true only when testified and proved in practice, not in superstitious manner. Still, only in practice, can one complete and 
implement the pattern. This is the significance ofa truth. 


Kun Agent (Earth): to substantialize, nurture and bring up the above pattern based on current situation (condition, 
environment, constraint, etc). It implies the balance with reality (as defined in [3], logic in essence is a kind of balance), i.e., 
a tradeoff between motivation and reality. It is usually in this action that a balancing point can be found, and the above 
beliefs (1 have assumed that human is incomplete in his knowledge, in this case truth is only relative, or combined with 
subjective beliefs) is verified, modified (through feedbacks to earlier actions), and proved for validity. The action resembles 
conventional logical proof except that it works in the indeterminate mode. The action seems to be an obedient verification 
(obedient implementation). Even a true pattern serves only as a guideline, not the implemental instructions. Among the 
heterogeneous minds, there does not exist an exact protocol of regulation, nor an absolute fare law. Laws vary among 
situations, and lawyers seldom apply them as doctrines. For example, there are different understandings toward human right 
issues, To a superman species should share the same respect as human’s, but to a mean, others, other groups (as rivals) or 
other nations (as in the third world) would be less respected in heart as himself/itself. So the same guideline can be applied 
in elther unselfish way or in self-centered manner, thus the same truth can remain treasure to some, and pernicious and evil to 
others, like a seed prospering in some area or situation, and withering and dying in others. 


Dui Agent (metal): to fix into model, to formalize the implementation. The action resembles conventional knowledge 
representation except in the form of agent based active network with all the weight patterns of excitation and inhibition 
featuring the balances in all the contradictions. The validity of a good pattern is void without implemental instructions, and 
universal truth is arcane without substantial facts or materials supporting it. A college graduate without experience is nothing 
more than a bookworm. A real model cannot exist without practical experience, A good philosophy doesn’t mean anything 
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without specific implementations. This is the significance of a real model. However, since every specific model grows up in 
a specific environment, it is normally absurd to directly copy existing models than to re-cultivate one’s own realistic models. 


Qian Agent (metal): to take the principal role by fighting against the old. This is a necessary step in metabolism, and 
through this action the developed model above is finalized. The action resembles knowledge update, but it needs time in a 
dynamic neural network to resist the old and build up a new belief (in a new weight pattern). A model can be temporarily or 
locally successful, but still hard to change the whole mind and the universal belief, because of the old propensity and inertia, 
such a great impetus as to kill the novelty. A man can be inspired at some spot, and carry out a model in a favorable situation, 
but the heaven would not always keep sunny and mild, there are storms and heavy winds ahead. To stand against the 
unfavorable circumstances especially the dreadful environments, one needs to persist in his reform to get rid of the resistance 
in his mind, and so to a universal extension. Everyone can play an instant role of the god but only sages have the perfect play 
in his daily life, whether in favorable or harsh situations. 


Kan Agent (water): to be skillful, artful, into accumulative flexibility, as to reach an instinct in which all concept, logic, 
after a long conception process, turn onto something hidden or implied. Logic in conventional sense is born as a sort of rule’ 
or concept until it is digested into a kind of instinct, which gives rise to the flexibility in application, or in the end, it is used 
unconsciously — without realizing its existence. The previous concepts become hidden in deeper memory. The consequence 
of activating the model in endless repetition (bringing about the short cut in thresholds, and the expansion of this 
micro-society of activated neurons) has lead to an extremity of expertise. On the other hand, adherence to rules or concepts 
can eventually trap one into partiality [3], loosing the integrity, therefore, “we should have a rest in Kan”. Any method 
reveals its theoretical and academic characteristics in application, until one day theory and practice melt into one, a unity, and 
melt into practical environments so that the original fixture blurs, liquidized (loosing its rigid shape), sublimated and 
distillated into an underlying philosophy, even shapeless. In this way the original fixture diminishes and vanishes in shape. 
But to those adherent to its outer shape, they would be inadvertently trapped in subjectivity — the reverse effect at the 
extremity. 


Gen Agent (earth): the end of logic. Since everything is done unconsciously with great flexibility, even without the 
consciousness or concept of doing or not doing something, i.e., no distinction between action and inaction, unaware of 
following rules any more, therefore, the original issue becomes naturally obsolete and transformed into a form seemingly 
void, we can regard it as gene, but actually far more than it, like something seemingly nothing, as no action, or not-doing, 
even he is actually doing, or in action in other eyes. In this way the concept of action dies. At the highest stage, our mental 
creativity stops, because we don’t need to add anything redundant to our instinct. At this level our minds stop at rest, as if we 
no longer care how to walk for which we struggled at infant age. But there are adverse circumstances when we add additional 
desires that trouble our minds. However, science in its evolution would follow the same style, and one day when we see 
through our illusionary desires, we will readily stop our imaginations. This evolution (contrary to that of Darwin) goes on 
and on in the limitless birth and death revolution, until one day we really see through all: what constantly born and die are 
merely in our minds, the universe remains exactly the same — past, present and future originally unified, no need to split it up 
(with so called creativity). 

¢ 

Can we see excitation or inhibition in this system? The excitation cycle goes clockwise in the figure. How water triggers 
wood in the next cycle? There are new problems in the in new generation of development, as old problems are “settled” 
(balanced). Let’s now see the inhibition diametrically: 

Dui inhibits Zhen: A built-up model can definitely inhibit our creativity, or unintentional exploration, because of the 
restriction with the known model, or loose of curiosity. The resonance to a fixed feature can definitely inhibits us to other or 
even hidden features, especially the heterogeneous and contradictory ones. As illustrated in [2], unintentionality contributes 
greatly to human creativity. 

Qian inhibits Xun: having taken the principal role, the developed knowledge would inhibit the growth and expansion of 
previous unfavorable referential sources. 

Kan inhibits Li: since the expertise is hidden in the instinct, is there any need to explore the concept or the philosophy? 
No one may ask why he is human instead of a duck, because there seems no problem at this stage — he is using his instinct, 
while the conception is at rest. 

Other inhibitions (to my knowledge so far, I cannot specify the diagrams): 

Wood inhibits Earth: in order to develop new ideas, one has to contradict with previous knowledge substantially, i.e., 
curiosity inhibits obedience. For example, when one resounds to a new source as new concept, he would keep critical to the 
old; When one refresh his mind in religious way, to keep the new and faint resonance on and on, he has to fight against his 
previous sins, 1.¢., stop obedient to his old propensity. 

Fire inhibits Metal: as we know in philosophy (especially neutrosophy and Chinese class philosophies), the most general 
or integral pattern of knowledge (as many people described as the absolute truth) is usually intangible: too abstract, too 
arcane and abstruse, unable to be represented or fixed in a definite form, or, completeness (complete in both positive and 
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negative perspectives, as in neutrosophy: both A and non-A, both A and anti-A) inhibits accuracy (the exact representation). 
Conventional mathematics is inhibiting itself 

Earth inhibits Water: Earth as the implementer is characterized with obedience, opposing flexibility (in reality yin does 
not constitute a body or entity without yang, but we are talking about yin aspect). 


Are logic and neural approaches contradictory and inconsistent? This methodology of excitation/inhibition suggests a 
rhymed resolution to the integral of opposing logics (see [3]), leading to a dynamic weight strategy to be neutralized with 
that from neural network approach. And in this novel definition of logic, the two distinct and disjunct approaches come into 
one family, and we can predict their real unification theoretically. 


4. Neutrosophic Aualysis 


This hyper-system seems in Chinese manner, is it related with neutrosophy?Logic has never found out where true and 
false values are born. In fact, they are born from each other — each from human distinction of the other, and more we care 
them, more we adhere to a logic, and thus spoiling our prior intention (a live one rather than a dead one), therefore logic 
itself undergoes an endless evolution, leading to non-logic. 

Therefore, logic is merely an instant image of reasoning: the first attempt comes out of indeterminacy (e.g., to be engaged 
in a study), then the theoretical approach, which when fully developed, is fixed into such a logical model as concept, model 
or science. The science, however, will face its final stop when people all adhere to it, and yields uncertainty when men all 
take it as absolute certainty (e.g., Newton’s classical physics), due to the incompleteness, or absolute incompleteness of any 
fixed model. 

First let’s assume the three aspects of referential systems in knowledge base: truthness, falseness and indeterminate, 
which lead to: valid information, false information and neutral (balanced) information, as the result of Xun action. Then in Li 
action there is confusion in the integral operation: how to combine positive, negative and indeterminate attributes, and in 
what form is the result? I am afraid it is also in the three T,LF aspects: 

T: a positive conception 

F: a negative conception : 

I: indeterminate conception, including both currently balanced conception and incompleteness in the conception. 
i.¢., an integration of T,I,F, thres in one, where the pure T or F being a special instance (extremity) already solved by 
conventional means. This is as far as pure conception goes — to plant a seed of concept that is subject to dynamic change. 
Since we cannot foresee the result in implemented detail, we have to wait until the seed becomes mature, and this is the 
significance of Kun action: to bring up the seed. 

Even when mature, there are still three aspects of the grown up modal: 

The positive aspect, 
The negative aspect, 
The indeterminate aspect in both senses: balanced and incomplete. 

Is it a valid model? Sure, since great deal of experience is gathered through Kun step. As we.know every system has its 
advantage, weakness and indeterminacy, like every single mathematics. The point is to make the best use of it, i.e, to know 
‘how to apply the knowledge to a specific situation ~ to substantialize it. [n fact, one can never find an absolutely complete 
model in our real world. 

The developed knowledge may go through extremities: too positives (seldom contradictory, as in the classical logic), then 
we should take a rest, because of the “wujibifan” effect (reverse effect) indicated in Kan Action, to avoid being trapped in 
partiality. 

Now every agent works in contradictions of excitation and inhibition, positive and negative... in dynamic balance. When 
does it stop? Never, since human is an open system. But to the extremity, when man no longer adds anything to his concept 
that has diminished into such an infinitesimal (ignorance and knowledge in unity, because one can see through the concept), 
there would be neither beginning nor stop, because in this case, positive and negative are united, asexual or neutral (or void, 
because of | as being against 0 as non-being). 

There are similar approaches from neurology-I-Ching background, see [4] which summarized some of the related 
dialectical models and approaches including logics similar to Neutrosophy. But | cannot assure its conformity with the 
Chinese Classics (seemingly a combined philosophy). My work is complete independent from any other approach. 


5. Concluding Remarks 


Although men is constantly achieving in science, but from some quantum mechanics scientist's saying, we might have 
moved no further (In his dream he saw the speedy moving bicycle advanced no further. But when he stepped into this world 
in his dream, he felt he was moving fast). 

Can one explain many of the unexplainable concepts in neutrosophy, with this methodology presented above? Sure, a 
problem of the implemented and the unimplemented, but the former is relative to some background or axiom — a supposition 
or a belief, and thus every logic in this way exists in a default background. This limitation (delicately pre-designed axiom) 
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must be abandoned before one can explore anything further. 

Logic is in constant evolution, from birth, growth to prosperity, wither and death, but there must lie something 
underneath this change. So we pay more attention to the sced of logic while we regard logic only as an instant image. 

One can plant either positive or negative seed, due to his confusion with the situation, t.e., a seed illustrated in the agent 
model may yield either good (although unfavorable at the point) or bad (even favorable at the point) fruit, 

If one studies the amplitude of this oscillation between true and false, it undergoes a periodical wave from infinitesimal 
to maximal and then back to infinitesimal, reflecting both subjectivity and dynamic environment. 

Ifthe above amplitude keeps zero, i.e., no longer any distinction between truth and false, one may reach a practical mind: 
a natural mind, in unity with the objectivity, but note the multi-fold implication: 
1. A casual or instant balance of the opposites can be temporarily reached but soon broken down when one still has his 
private desires. A casual or instant unification of the opposites can be temporarily reached but prone to be disturbed if he has 
not reached the complete natural way. 
2. An idiot can be blind to any truth and false, but he can never reach this unification as long as he suffers. 
3. A stone heart (deprived of consciousness, e.g., an absolutely void consciousness) does not live in the unification, but 
Just the opposite: permanent apart of yin-yang. 
4. [t is the most sophisticated and difficult thing in the world to understand this point (so { am unqualified to mention). 
People would sacrifice all their own to follow a correct education. For short let’s see a metaphor (I add the latter two items): 

How much can your mind contain? 


for an empty cup: pO ag For the no cup: 











fora full cup: 













[t can contain the universe, because it is 
not confined to any form, shape or 
boundary. 

Fuzzy locis is not at all a matter of percentage of beliefs between truthness and falseness as widely applied in 
conventional mathematics, but a dynamic balance between <A> and <Non-A>, or <A> and <Anti- A>, with the balancing 
point and incompleteness found in <Neut-A>. 

Since it is not clear enough to represent this balance in percentages, we need to exploit dynamic weight methodology in 
neural approach ~ allocating weights to each of <A>, <Non-A>, <Neut-A>, etc, 

Intentionality and unintentionality [2] coexist when both action and non-action are excited (in deferential point of view, 
they are alternately fired). It may be hard to believe that opposites can co-exist, but it can be implemented in reality. 

Both <A> and <Anti-A> co-exist also in the way that they are alternately excited/inhibited, or one of them is 
implemented in such a balance that partially supports both. 

<A> yields <Anti-A> when <A> is implemented into a contradiction that negates <A>. 

<A> yields <Neut-A> when <A> has been implemented into a balance between <A> and <anti-A>. 

Absolute accuracy inhibits comprehension, and conception inhibits accuracy — conventional mathematics is self 
contradictory. Hence the need to develop indeterminate mathematical patterns like neutrosophy. 

Things shown in diversity in different perspectives come out of the same root, but the difference of different selves and 
different manners of reflection. To explore information fusion, one needs to cultivate the deeper backgrounds or hidden 
layers, and eventually, to the common basis shared by all. In fact, we all stem out of the same root (the deepest layer 
commonly owned by all), so do men and nature. 

Why do our logics yield contradictions? Because we are so superficial as to take instant images real, see another paper 
unpublished: Truth and Absolute Truth in Neutrosophic Logic. But EVERYONE CAN EXTRICATE HIMSELF OUT OF 
THE MAZE OF ILLUSION as long as he is resolved to reform ~ ignoring or abandoning his previous ideology of this 
bewildering world and persistent in the greatest teachings. 


No more, because it is fully occupied. 














= 
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Abstract — This paper presents consciousness as the sum of describable processes, without limiting it only 
to verbal understanding. Consciousness is presented as a buffer space of the unconscious, accessed by any 
mental decision-taking processes. Consciousness is composed of sequential outputs of non-conscious processes 
that form, as frames in a picture, the impression of our ego continuity. The functional consequences on real-life 
information fusion problems are then further discussed. 
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model of reality, objective. 
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Motto: Consciousness is just a wondering flashlight in the dark hall of the inexhaustible factory that is the 
unconscious. 


1 Introduction 


Information fusion is not a problem easy to tackle. Coming as a natural objective from various high- 
demanding fields of activity, information fusion is an inovative approach on turning the immense flow of in- 
formation inte precious knowledge. The age of content-independent tools is reaching its peek: from the first 
statistical methods to the more modern data mining and text mining tools using machine learning techniques, 
researchers tried to automatically classify data in relevant and non-relevant disregarding the particularities of 
information. The future tools of information fusion need to artificially understand language (NLP) and, fur- 
thermore, consciousness, because information, as a resource, is present in a human-only accessible form. In my 
previous article “Premises fora multimedia Memory” [12], I’ve defined consciousness as the sum of processes we 
are aware of and that, accordingly, can be described at a latter time. Now it is time to analyze the consequences 
of this definition and see how well it does describe the actual human mind. The first encountered problem 
using this definition was the unknown origin of conscious queries on non-conscious processes, queries that were 
presumptively the communication channel between the conscious and the non-conscious mind. 


I then realized that we are aware of what we ask ourselves and that we can reproduce verbally any philosoph- 
ical question that troubles our mind, but we cannot explain the process of arriving at this question. The logical 
thread of sentences is not continuous. The easiest explanation could be the shift of our attention focus. Still, 
this only happens when mind is disturbed by exterior factors. But in the process of deep thinking or meditation, 
the process is not discontinued by any of those factors: instead, we are making leaps of consciousness, gestalts 
that inner-change our focus. At least that is what appears to our conscious minds. So, if we keep the definition 
of consciousness as the sum of describable processes, then consciousness reduces to a simple interface between 
two non-conscious processes: 

Two questions arose from this diagram: 
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Figure 1: Consciousness is just a transit space between two non-conscious processes 


1. If all questions are made and resolved inside non-consciousness why the need of consciousness? 
2. If consciousness is just awareness of the outcome of our non-conscious processes where is our free will? 
What we need to discover is the process that inputs the information of the transit space of consciousness 


and has will as the outcome. If the outcome of the process is a choice then a decision was made inside of it. 


‘The diagram changes again according to figure 2: 








Figure 2: Consciousness is just superficially continuous 


Consciousness is in fact it is composed by sequential outcomes of various processes needed in decision- making. 
The logic of all processes obeys the laws of neutrosophy ? {10}. 


In fact, the entire triangle of non-conscious processes forms the human impression of consciousness. We call 
conscious a process whose outcomes are often stored in our short-term memory and that can be the object of a 


decision-taking process. 


1Neutrosophic logic (or Smarandache logic). A generalization of fuzzy logic based on Neutrosophy [9]. A proposition is t true, 
i indeterminate, and f false, where ¢, i, and f are real values from the ranges T, J, F, with no restriction on T, 1, F, or the sum 


n=t+it+f 
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The dialog between non-conscious processes is registered in the “memory stack” and accessed by the decision- 
making process. Like in a no-ending genetic algorithm, various solutions of the problem are generated, saved in 
the stack and then the best of them is chosen. This representation is internal and anthropological plausible’. 


To prove it, we are going to get a little bit metaphysical. If we change the labels of the diagram we will have 
this representational juxtaposed-analogy (see figure 3). 


Supra ego 
Asrhters / Decides 
Gond/ Bad 


Synthesis 












Conscious 
[ee 


Adter ego 
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Answers / Finds 

ere interior 


Aghthess 





Subconscious Unconsacus 





Figure 3: The common unconscious assumptions made on mind’s structure sustain the 3-stage diagram (4, 5, 6]. 


To exploit the new discovered framework of consciousness, we need to define a set of specialized terms. 


2 Definitions 


Model (mental model): A particular view on information. 


Key elements of a model: 
e assumptions/activation 
¢ patterns /memorized 
® instances/classification 
¢ rules/integration 
* dimensions/ proprietary 
* queries/action 


* scenarios/solving scenarios. 


1. Assumptions = express the ‘genealogy’ of the model (set produced at the time of the making of the 
model); [function] places the model in the hierarchy of models/set also used in verbal processing; 


2. Activation pattern = the prototype created and updated by the memorized instances; [function] acti- 
vates the model; 


3. Memorized instances = instances interpreted and memorized according to the given model; [function] 
the backbone of the model / they offer the prototype of the modeled reality and also the fuzzy limits of 
the model; 


2These arguments can be further used as according to “Outline of a General Methodology for Consciousness Research” [1]: 
“empirically study our conception of consciousness ... can lead to progress on consciousness itself ” 
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4. Classification rules = updated with the results of the latest classified instances; [function] rules for 
interpreting the new information / rules for predicting future behavior; 


5. Integration dimensions* = the points of view from which the information is processed and integrated; 
(function} multidimensional access to memories;(value-scale) 


6. Proprietary query templates (see query) = created in the interaction with other models; [function] 
cross-hierarchical processing; 


7. Action scenarios [3] = an assembly of actions from the pool of known possible actions, valued by its 
chance of success and utility; [function] the processing power of the model (generating and optimizing 
scenarios could be solved through genetic algorithms, especially genetic programming); 


8. Solving scenario = a particular form of action scenario, where the actions are all replaced with propri- 
etary queries on other models; [function] the interaction scheme of the model; 


9. Synthesis mechanism = a non-conscious version of genetic programming; [function] creates a single 
version of incoming partial solutions, the explicit form of information-fusion; 


The above-mentioned key elements are grouped together in the following manner: 


1. [4, 9, 10, 12] The objective model of reality = what is commonly thought as objective knowledge: 
awareness of space, time, cause and effect, etc. Also called the general predictive model of reality, because 
it internally represents the expected behavior of the environment in a non-interventionist scenario. 


2. [1, 3, 6, 8] The interactive model of reality = the subjective knowledge of possible actions exercisable 
by the actor on the given reality. This model is context-dependent because actions are seen as possible 
depending on the value-scale used at that particular time. 


3. [5] The value scale used at the reference moment. 


The interactive model of reality and the value scale compose various attitudinal models that expresses 
the subjective view on the world and that is more susceptible to be prone to change. 


Main reality model - The winning model at a given time. It is-used as a reference plane in the model hierarchy. 


Operational models (action models, solving models) - particular models that establish the interpretation and 
the set of possible actions for a limited part of reality. 


Model hierarchy — has the main reality model as the reference plane, but can shift the analysis to any 
other models’ point of view. ‘This entire hierarchy, comprising all the models is in fact a representational 
multi-space, according to Dr. Florentin Smarandache definition (from “Transdisciplinarity, a neutrosophic 
method’)/8]: 


Let 5, and Sz be two distinct structures, induced by the group of laws L, which verify the axziom groups 


A; and Az respectively, such that A, is strictly included in Az. One says that the set M, endowed with the 
properties: 


a) M has an S,-structure, 


b) There is a proper subset P (different from the empty set 0, from the unitary element with respect to Sy, 
and from M ) of the initial set M which has an S-structure, 


c) M doesn’t have an So-structure, is called an S-structure with respect to So-structure. 


3Integration dimensions are given by the four value scales: Moral scale (evil-good), Aesthetic scale (beautiful - ghastly), 
Asdological scale (true/false), Pragmatic scale (useful — inutile). 
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Let S,, So, ..., Sp be distinct space-structures. We define the Multi-Space (or k-Structured Space) as a set M 
such that for each structure 8;,1 <1 < k, there 1 a@ proper (different from the empty set, from the umtary 
element unth respect to Si, and from M) subset M; of it which has that structure. The M,,Mo, ..., Mz proper 
subsets are different two by two. 


Query ~ a request that contains information shaped to fit the activation pattern. Returns the set of applicable 
models; 


Objective — describes a commensurable state (that can represent the fulfillment of multiple desires); 
Will — represents the impulse of an objective (or its entropy); 
Objective function — the complex structure that generates new objectives; the functional ego. 


The Decisional, Questioning and Answering modules - represent the key elements of the proposed 
framework (see fig. 2). They are treated as modules because although they represent processing stages, they 
are not strictly sequential and they can all run in the same time. 


3 Solving an objective. Information fusion using module dynamics. 


Module 1 (the questioning module) receives the objective transmitted by the mean of will and searches 
for a set of questions that answer the problem according to the main reality model. More generally, it shapes 
the queries’ data to fit the solving modules’ activation patterns. The nature of the objective set in the decisional 
module (or stage) determines: 


e the nature of the attitudinal model; 

« the effective time frame of solving; 

e the vegetative functions to be engaged (and their biological counterparts); 
e recall of past experience and solving strategies. 


On the basis of the attitudinal model, module 1 establishes the solving strategy* (as a set of queries /questions). 
Usually the solving strategy is not complete. If a decision must be made on the next step of the strategy, this 
itself becomes an objective and a solving strategy is searched. There could be multiple levels of embedded 
solving strategies, but the nature of the last of them is always verbal. The question that arises is: What is the 
nert step? At this level formal processing comes into play and the problem is solved using abstract represen- 
tations®. A solving strategy is produced dynamically by module | in dialog with module 2 (the solving module). 

Module 2 (the answering module) receives the question (pattern) and searches for eligible models 
to describe it. If none of the models fully answers the question, further processing is needed. The set of models 
must be restricted and another decision takes place. After that, further questions are made, according 
to the elected model. 


If no alternative models are detected in the unfolding hierarchy no other decision process is started so the 
intermediate dialog is not saved into consciousness. The attention focus remains on the last consciously chosen 
model. The subsequent queries are all non-conscious: 


Objective O —- Question Ly 
To Answer L, Question Lz according to My 


To Answer Lo Question La according to M2 


» To Answer L[n] do M{n] 
4An evolved form of action scenarios. 


5The abstract form of symbols entices the ability to double-references (referring references), to talk about a previous discussion, 
for example. 


393 


Cotnplete 
models 
MM 





{complete Choice of 
: models questions 
(Sobang waa) de 


strategy MI 

















Figure 4: The decision module can be recuurently called inside the other modules. 


Module 3 (the decision module) - The decision module is unique for all the models. It is called anytime 
when a high-uncertainty choice must be made. It receives the non-conscious outcome and decides: 


a) in the case of a unique model M,, if M; is suitable for solving the given problem. If not: 
¢ The question is rephrased (the data is reshaped — calls module 1} 
e Another model is searched (calls module 2) 


b) in the case of multiple competing models (M1, Me, Mz, ...) which subset provides a better action 
scenario. 


The resulting scenario is a synthesis® of actions chosen on the estimated probability of various interpretative 
models (Md), M2, M3, ...) and on the estimated probability of future behavior according to each model. This 
mix aims to reduce the overall risk and to maximize the profit. 
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Figure 5: Simplified processing diagram for the 1-query, 1-model case 


®To make the synthesis possible, all the actions must be translated in a set of functions that increase /decrease proximity to the 
objective. The functions will be optimized using genetic programming [7] 
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4 Model construction 


Constructing a model always implies a search. There is no coincidence we are using expressions like searching 
for a model or finding a model. The search for a new model starts with the new acquired data and the results 
of failed classifications according to the models normally used. First a set of rules is searched to map the input 
and the observed output. 


The simplest set of rules will be the rules of memorization itself: instance-based. But mind recognizes 
them as describing the same reality, so they must be coherent as a whole. To solve that, mind emits a 
number of generalization rules that fit most of the data’ . If the rules contradict the meta-model but still have 
strong local generalization capacities, the model is considered incoherent with its surroundings and it is isolated 
as an operational neutral-model (waiting to be coupled with or overthrow the main theory). 


If the generalization rules do fit with the main reality model, it begins the search for a particular set of rules 
to explain the contradictions (exceptions) with the main theory. Normally, there is not enough information to 
single out only one set. So, we will have a set of probable rule-sets® for the new data. 


Inside this set the search is done according to various dialog strategies: 


« the ego and the alter ego show the pros and the cons of a rule-set using the same main model (inner- 
coherence); 


« the ego and the alter ego are playing the accepted model of reality (meta-model) and the modified model 
of reality (if the contradiction would be a main rule).(thesis, antithesis, synthesis)(anti-model); 


* the ego and the alter ego emulate the main model and one of the operational models partly contradicting 
the main model (neutral-medels) (a new model could represent a link between them or an argument for 
one of the models). However, a new model is not easily accepted as an alternative to the old meta-model, 
because it lacks the data to sustain a complex set of generalization rules. Normally, a new model of reality 
appears after a series of powerful mental experiences (revelations). 


Example: 


Main model: Everybody likes me. 
New data: Dana doesn’t seem to like me. 


Rule sets: 
Model (hypothesis)1: Model (hypothesis) 2: 
Dana doesn’t like me. Dana likes me. 


Dana hides this very well. 
Dialog strategy no. 1: ’ 


Model 1: Dana doesn’t like me. 
Ego Pros: She showed me that. 
Alter-ego Cons: Actual contact with Dana/Past positive experience. 


Model 2: Dana likes me. Dana hides this very well. 
Ego Pros: Actual contact with Dana / Past positive experience. 
Alter-ego Cons: She showed me that. She said it to other persons. 


Because of the difference of the pros and cons nature, model 1 wins as the result of direct experience. 


?The generalization rules are part of the assumptions and help to locate the model referring to the main model of reality. The 
generalization rules are in fact the activation pattern of the model. The particular rules further model the data inside the model 
and represent its innovation degree 

8Most of the rules are already located in various operational models. The origin of the selected rules is saved as the assumptions 
of the model. 
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Dialog strategy no. 2: 


Model 1: Dana doesn’t like me. 
Ego-meta-model (thesis): Everybody likes me. 
Alter ego-anti-model (anti-thesis): Nobody likes me. They all pretend. Dana is the exception. 


Both of the models are too strict. A synthesis is needed: Some of them like me, some of them pretend and some 
of them don’t like me and don’t pretend (Dana). 


Model 2: Dana likes me. Dana hides this very well. 

Ego meta-model: Everybody likes me. 

Alter-ego anti-model: Everybody likes me. They all show it. Dana is the exception. 

Both of the models are too strict. A synthesis is needed: All of them like me and some of them show it (because 
some of them don’t show it = Dana). 


The meta-synthesis: 
Some of them like me and show it (< PP), some of them like me and don’t show it (PD), some of them don’t 
like me and pretend (< PP) and some of them don’t like me and don’t pretend (PD). 


As we can see the sum of the probabilities (PP=past probability, P.D=direct probability) is more than 1. 
Dialog strategy no. 3: 


Model 1: Dana doesn’t like me. Ego meta-model (main): Everybody likes me. Alter-ego neutral-model (un- 
derground): There is no real love between people. Only mutual interest. 


‘Dana doesn’t like me’ can be a relative pro for the non-model. However, it is the nature of the contradiction 
that is decisive. For example: ‘Dana is green.’ could be a pro for the non-model: There are people from outer 
space. 


This brings into the discussion the implicit assumptions of the main theory. The origin of these 
assumptions is hierarchical inside of a class of models. Classes can be unified only when they have the same 
assumptions from a starting point. 


Ego and alter ego 


Inside the brain, time, or should I say past, has no meaning. Decomposing parallel processing in two models 
of ego and alter ego is just a mean to superficially understand it. Because of memory there is no difference 
between space and time: coniparing two models M and M +1 that occurred sequentially in time is done in 
spatial processing®. 


The uneasiness of understanding mind’s functioning is due to the fact of time-independent information 
(relevant existent information doesn’t have to be really located; it just ‘pops’ into consciousness: something 
appears in consciousness when a conceptual model is properly activated). So various models coexist in non- 
conscious. 


Inner speech 


Sequential awareness of parallel processing gave birth to inner speech — an emulation of communication 
between two parallel processes. Consciousness validates the results of non-conscious using various frames: For 
example, from the time-frame perspective: the short-term actions must not contradict with the long-term strat- 
egy. 


9M produced M+ 1, but M is not replaced by M +1: they run in parallel and can be compared. 
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Along the process of solving the objective the nature of the operational tasks can change and determine a 
shift in the attitudinal model. If the attitudinal model changes, the conscious switch between two models is 
needed because there is no reference point for the fitness functions of the models. 


5 Conclusion and further development 


The design of the present processing framework is in fact the first stage of a fully developed autonomous 
learning agent, capable of independent information-fusion processing. The present paper is the third in a series 
[11, 12] that aims to establish the theoretical principles of its functioning. Further theoretical discussions are 
needed in the following areas: drawing a parallel with the various stages of consciousness [2], tailoring a viable 
objective-function, establishing information-fusion capacities (synthesis) capacities using genetic programming, 
taking working decisions under the long-short term contradictions pressure. The articles to follow will analyze 
each of these subjects. 
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A Note on Neutrosophy and Buddhism 


Prof. Dr. Huang, Cheng-Gui 
Tianjin City, Nankaiqu, Weijinlu 154 hao 
Shibeili 4 hao 2 men 204, 300073 
People's Republic of China 
E-mail: amritahcg@263.net 


I claim that Neutrosophy, by Professor Florentin Smarandache, is a deep thought in 
human culture. That gives advantage to break the mechanical understanding of human 
culture. For example, according to the mechanical theory: existence and non-existence 
could not be simultaneously. Actually existence and non-existence are simultaneously. 
Everyone knows that human life is like a way in the empty space of a bird flying. 
Everyone can not see himself a second ago, everyone can not see himself for the time 
being and everyone can not see himself a second future. Everyone could not know what 
is the existence of self: Everyone is also difficult to say the non-existence of self. So the 
existence and non-existence of self are simultaneously. And the existence and 
nonexistence of everything are simultaneously, where, the law of excluded middle does 
not apply. These basic facts express the depth of Smarandache’s Neutrosophy. He has a 
lot of friends in ancient and in nowadays, in the West and in the East. 


We know the famous poetry of Buddha’s in his “Diamond Sutra”: 


Doing Dream 
All active beings are like dreams, 
Tllusions, water bubbles, shadows, 
Dew-drops, or lightning’s. 
Should make view in a ‘way like this. 


The life of every one is like a dream, or every one is birth and death in a dream. The 
existence of the world is like an illusion, or the world is produced and vanished like an 
illusion. 

Every one could not distinguish what is a dream and what is his real life. Every one could 
not know it is a dream when he is being in a dream. 

About this issue, Madhyamapratipad (The Mean), two thousand years ago, Nagarjuna, a 
scholar from ancient India, wrote two books, one was titled “Madhyamika-satra”, and 
another was titled “Madhyamika Karika” (Treatise of the Middle Way). One thousand 
and five hundred years ago, Jizang, a Chinese scholar, wrote a book titled "Commentary 
on Madhyamikasatra”. Five hundred years ago, Zongkaba, a scholar from Tibet, wrote a 
book titled “Extensive Interpretation of Madyamika-satra”’. 

From these books we should know the depth of the Neutrosophy. 
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Reverse Engineer the Universe! 


Homer B.Tilton 


Pima Community College, EC 
Tucson, Arizona USA 


Part I. A novel view of the theorization process with examples 


Always open with a brief humorous story, they told us in speech class; so . 
here goes. There was this local TV news item: 


The commentator relayed a story of how a small airplane crashed 
after the pilot lost control. It seems the pilot was doing “aerobic 
exercises" instead of paying attention to flying. I visualized the 
pilot stretched out on the deck doing push-ups. Then I realized the 
commentator had probably meant to say the pilot was doing aerobatic 
exercises--that is, aerial acrobatics; loops and rolls and such! 


The physical theorist (not “physical therapist") when theorizing about such. 
things as the effect of gravity on moons, planets, and small airplanes is 
really attempting to reverse engineer that aspect or comer of the physical 
Universe. "Reverse engineer" is a verb currently in use by software engineers 
to refer to the attempt to fathom and list the source code for a computer 
program. However, the term can be traced back at least to 1960 in connection 
with hardware when it meant an attempt to fathom and reconstruct the elreuitry — 
inside a potted electronic module. 


What does it all mean? 

aoleahaiaiaiaiaienissiedeteteenatatetatamaten When looked at as a reverse-engineering task, perhaps 
some of the mistique is taken out of the process of forming a physical theory. 
And looking at it this way, one might think of That Great Self-Made Engineer/ 
Inventor In The Sky aS having designed and constructed (created) the physical 
Universe-by whatever process. Along with others Newton tried to fathom the 
design; cosmologists, the construction; Darwin, the life-shaping processes. 
The Church reacted by essentially saying God did not need Darwin's help. 


When putting the finishing touches on a scientific theory, one may claim to 
have fathoned a corner of either: 


Category A - The Universe; or 
Category B - A somewhat equivalent universe, but not the actual one. 


Ptolemy in the second century of the Christian era placed the Earth at the 
center of the universe and no doubt believed that to be a Cat’A solution. The 
Pope certainly liked it. But later, Copernicus (1473-1543) became convinced 
that Ptolemy had found only a Cat'B solution: Galileo (1564-1642) and Newton 
(1642-1727) agreed, but popes did not come around until the late 20th century 
when that one (John Paul II, as I recall) finally “pardoned” Galileo for 
having voiced views the Church did not like. 


Today it is generally agreed that the Ptolemaic universe is a Category B 
solution, a solution having only transient value. It may be that Cat'B 
solutions, in general, are necessary first steps in theorization; indeed, 

399 


reverse engineering of complex devices and systems--whether manmade or 
natural--is perhaps never 100% successful. 


Tom Young and his neuronic color sensor 

Te en a ee ee At age 28 Thomas Young announced 
before the Royal Society of Landon the basis for a neural system to sense 
color--that was his trichramatic theory. He may have intended that his idea 
fit Cat'A; however, not all agreed. Helmholtz, as translated: 


...SuCh a work would hardly be worth the labor until the science 
itself was In a much maturer state than it is at present. 


Helmholtz wrote that in 1866. It was not directed overtly at Young whose 
idea he was well aware of, but at a "history of physiological optics” which 
nevertheless connects firmly to color-vision theorization. So even then, 
indications were that Young's idea really belongs in Cat'B. Helmholtz wrote. 
other critical things including: "To conceive this theory objectively...would 
not be correct.” The reference was obliquely but clearly to Young's idea. Then 
the Royal Society renamed Young's idea to the Young-Helmholtz Trichramatic 
. theory, after which Helmholtz' energies were directed at attempts to prove 
Young's idea. But even his final attempt, his "line element" theory, was not 
able to do that. 


Young stated his 1801 idea like this: 


[Since] it is almost impossible to conceive each sensitive 
point on the retina to cantain an infinite number of [resanant] 
particles...it becames necessary to suppose the number limited, 
for instance, to the three principal colors... 


The “it is almost impossible” introduction might today be characterized as a 
“straw man" using a terribly pejorative term fram 1896. At any rate we know 
today that it is not the only way to proceed, and Young's final supposition is 
not at all necessary.[1] But by that pronouncement from a highly respected 
scientist and its support by the highly prestigious Royal Society, Young's 
resonance-based princi'pal-color paradigm became locked-in for 200 years and 
still counting as this is being written. 


Since that time all recognized attempts to devise a detailed theory of 
color vision have been based on that paradigm, assuming three or four 
principal or "primary" colors..All have met with incomplete success in 
exercises reminiscent of attempts to use epicycles to fine-time Ptoleny’s 
theory (over a 1300-year period)! Newton historian Westfall: "Long established 
views are not easily surrendered." 


The connection to petrified knowledge 

nn nn nn te nn ene A term credited to Florentin 
Smarandache, "petrified knowledge” applies to the planetary theory of Ptolany 
and to the trichramatic theory of Young. By thusly projecting those two 
_theories through the same lens, I am assured of never being invited to speak 
before the Royal Society! (No loss, since that possibility never existed.) 


But, dear reader, both Ptolemy and Young were geniuses in their respective 
_ times; and it is not my purpose to trash Young any more than it was the 
purpose of 15th- and 16th-century theorists to trash Ptolemy; Young did a fine 
job in view of the inadequacy of the times; his trichramatic theory even 
defines the color television cameras of today.[2] Only one robot camera that 
I am aware of ever did it differently.[3] Whatever the future may bring, 
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Young's other work will no doubt continue to stand as testimony to his genius; 
- but if we did not question our most sacrosanct theories we would be doing a 
disservice to science. 


All who call themselves "scientist" must continually be on the lookout for 
gems of petrified knowledge. If you can legitimately question the basis for a 
long-held view perhaps it has outlived its usefulness and the time has cane 
for a renewed effort to reverse engineer that commer of the Universe. But 
tread carefully; novel claims must be firmly supported. You need more than 
simply a desire to see it be so. 


Part II. Young Albert Einstein and his electromagnetic time machine 


After the turn of the 20th century, relativity and Einstein became hot- 
button items in the popular press. It is said that when he was very young 
Einstein wondered what it would be like to ride on a beam of light. That early 
wonder may have colored his philosophy throughout his life. 


The way it was in 1905 . 

monte eter en Relativity as presented by Einstein at agé 26 had an. 
exciting Alice-In-Wonderland quality. Not only did he build on ideas of 
Minkowski, Lorentz, and others with his special theory,[4] he also energized 
them by concluding that the speed of light, c, is a universal speed limit and 
suggesting that the ancient human desire to travel in time might truly be 
realized if one went fast enough. A contemporary, Jules Henri Poincaré, 
independently developed the same mathematical theory but did not take the same 
conclusions frem it. 


Poincaré and Einstein agreed that perceived lengths would shrink towards zero 
and masses increase towards infinity as the body moves faster and faster 
approaching c. But ane man concluded from that that the speed of light is 
ultimate while the other did not spin it that way! How could the same set of 
mathematical, theoretical results lead to two very different conclusions? 
Here is one possible Scenario and explanation: 


1. Einstein may have heen of the what-you-see-is-what-you-get school wherein 
if you see a fast-moving. arrow shrink and become more massive, then the arrow 
must certainly have undergone those changes. And if you see a clock mm slower 
when if is in motion, then that means time, itself, has slowed as a result of 
the motion.[5] That could well lead a student of that school to believe that 
vec cannot happen and/or that one can travel through time. 


2. Poincaré may have been of the appearances~can-he-deceiving school wherein 
if you see a fast-moving arrow shrink or become more massive or a moving clock 
run slow, one can conclude only that there is such an appearance. Ergo, there 
is little incentive and no need to postulate either a speed limit or time 
travel. 


Physicists F.K.Richtmyer & E.H.Kennard (1947): "Perhaps...we have [in the 
relativistic effects] a sort of kinematical perspective, analogous in a way to 
the ordinary experience that an object appears to change in size as it recedes 
into the distance." And, I might add, if we were to observe relativistic 
effects om a daily basis, we might come to think of them in just that way. 


At any rate, Einstein's view that the speed of an object is limited to the 
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value c can be legitimately questioned without endangering the mathematical 
integrity of relativity.[6] My friend Florentin Smarandache appears to have 
rejected outright Einstein's view concerning a universal speed limit, but on 
grounds which I do not fully understand. His views on time travel are unknown 
to me. 


Time for a change 

I a a aac a It seems increasingly clear that time is only a made-up 
parameter, with change being the real item involved. While it makes sense to 
ask whether a change can be reversed (some can, most cannot), it is quite 
meaningless to ask whether time can be reversed. This all comes under the 
heading, "Getting Real.” 


Hermann Bondi: "Time must never be thought of as pre-existing in any sense; 
it is a manufactured quantity.” 


John Wheeler: "Should we be prepared to see same day a new structure for 
the foundations of physics that does away with time? . 
Yes, because ‘time’ is in trouble.” 


Doc Emmett Brown: "The future is not written. It is whatever you make it.” 


We may spend our energies entertaining one another with stories of time 
travel such as Steven Spielberg's "Back to the future," (that 3-part movie 
should be seen by every freshman science student) but it is hoped we would 
also explore actual new frontiers by seeking out the truth and not-become 
addicted to fantasy. To paraphrase a well-known saying, "Truth is more 
exciting than fiction." 


With the relativistic effects no longer considered real, the light barrier 
vanishes like a phantam. So does time travel. It was fim while it lasted and 
we May mourn its passing; but that would be a mourning wasted for there are 
jobs to be done leading to much more exciting times. (Let's have fewer 
mornings wasted.) Einstein may forever ride his lightbeam, but that does not 
mean the rest of us are similarly constrained. 

[Note to Editor: Please note and preserve the two different 
{spellings, "mourning" and "morning"; important to the pun. 


The following text highlights the old don" t-confuse-me-wi th- fact.s~my-mind- 
is-made-up syndrome. It originally appeared in LIGHT WORK, Feb'95, p.3, 
copyright Homer B.Tilton, 


Why not an infinite force? 

leienniniadabalaiatadetetetetaimatatatateaeedtes It is often said that the mass of an object tends. . 
to become infinitely large as its speed tends towards the speed of light. 
Certainly that position is backed up by the behavior of subatamic particles 
inside particle accelerators or "atan smashers." That is a fact of 
measurement, predicted by the special theory of relativity. That fact is then 
given as a basis for proving that the speed of light cannot be exceeded under 
any circumstances; for you would need an infinitely large force to accelerate 
through the speed of light, and everyone knows that an infinite force is 
impossible to generate. 

End of discussion? Well, not quite. Consider the following scenario fram a 
gedanken technical conference: : 

The discussion has just reached the point, "everyone knows that an infinite 
force is impossible..." when, just as the audience members prepare to leave, a 
young upstant, Norman Nerdnick,speaks up from the rear of the conference hall. 
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Norman: ‘Scuse me!...If you can have an infinite mass, why can't I have an 
infinite force? : 


Conference speaker: How do you propose to obtain your infinite force? 
Norman: The same way you got your infinite mass; by relativistic means. 
Conference speaker: Specifically? (Feigning interest...) 


Norman: Consider an accelerating rocketship. It derives its thrust fran 
material shot out of the exhaust nozzle. Now, as the rocketship goes faster 
and faster approaching the speed of light, its mass increases towards infinity 
as you pointed out; but the rocket fuel also has its mass increase towards 
infinity, so the thrust produced would tend towards infinity would it not? 
Thus we go zipping right through the light barrier like it's not. there! 


Member of audience: Can we discuss this later? Many of us have another 
session to attend. 


Everybody leaves... 


References and notes 


[1] See Homer B.Tilton, "A history of color vision and the modern 
Helmholtzian brightness-hue-saturation model,"' the journal Atti Della 
Fondazione Giorgio Ronchi (Italy), ISSN 0391-2051; in press, scheduled to 
appear in Vol.LVI, 2001, Na.3. 


[2] On the synthesis end by way of contrast, three-color displays--whether 
television or computer displays-~-have nothing to doe with Young's theory but 
only reflect Newton's findings relative to color mixture. Four-color computer 
displays which include a yellow phosphor can produce more different colors and 
more-saturated colors: than can the standard RGB three-color display. 


[3] Homer B.Tilton, "Color sensing device based on a novel principle," 
Optical Engineering, July/August 1979, pp.429-431, ISSN 0036-1860 


{4] The theory is "special" in that it deals oly with inertial systems. 
Einstein's original treatment of the famous "Twins Paradox" was made before 
the general theory was developed. The astronaut twin’s motion is not inertial; 
and the popularized, published results obtained using the special theory 
cannot be trusted because it is a problem fitting the general theory. Those 
results concluded that the still-young astronaut twin upon returning home 
after a long-distance journey at or near the speed of light, c, found his 
stay-at-home- twin long dead of cold age. 


[5] Slowed relative to what? is a question not generally addressed. The 
appearance of a second kind of time is required; is it Einstein's "proper 
time"? Unclear. 


[6] Speed relative to what? is again a question ordinarily ignored. The speed 
of a photon at c may be a universal constant needing no reference; but a 
rocketship is not a photon. It may be that Einstein confused going at 
lightspeed with being a lightbeam, which could explain much concerning his 
conclusions. 403 
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4 Es posible mandar informacién al pasado? Mi nivel en Fisica es... 


~ Guillermo, 35 anos, Lima 


Gracias por tu aclaracion sobre tu nivel de conecimientos de Fisica; dada la naturaleza de tu 
pregunta, es evidente que podemos contestartela mucho mejor si la podemos adaptar a tu nivel y, 
como es tu caso, “saltandonos" la explicacién de algunos conceptos que serian bastante 
complicados de exponer a alguien que careciera de estos conocimientos. Vamos alla. 


En 1972, el matematico Florentin Smarandache afirmé que no existia un limite de velocidad 
absoluto en la naturaleza, basandose en la paradoja EPR-Bell (Einstein, Podolsky, Rosen, Bell). 
Aunque esta paradoja parece haberse resuelto recientemente, existen muchas otras indicaciones 
que nos hacen pensar que la hipdtesis de Smarandache es correcta, basandonos en la mecanica 
cuantica y en algunas de las teorias de unificacién. Si esta hipdtesis resultara ser cierta bajo 
cualquier circunstancia, habria que modificar algunos conceptos de la Fisica moderna para que 
“ajustaran" a la misma; y significaria, en todo caso, una revalucién en las comunicaciones. 


Parece que fue Sommerfeld quien constaté por primera vez la posible existencia de particulas mas 
veloces que la luz, a las que Feinberg llamo taquiones. Los taquiones tienen masa imaginaria (en el 
sentido de que es una masa prohibida por Ia relatividad), y de hecho nunca han sido detectados 
experimentalmente. De todos modos, la relatividad no prohibe directamente la existencia de 
particulas sin masa, como el fotén; lo que de ella se deduce es que si estas particulas sin masa 
devinieran superluminicas, viajarian en el tiempo hacia atras. Y por tanto, los fisicos asumieron que 
los fenomenos superluminicos no existian en el universo, pues de lo contrario habria que explicar la 
paradoja causal, aquello dé "si viajo al pasado y mato a mi abuelo antes de que conciba a mi padre, 
entonces no puedo nacer para viajar al pasado y matarle, por tanto naceré y viajaré ai pasado y le 
matare, por tanto no naceré y no podré hacerlo, y asi ad infinitum). 


Sin embargo, la mecanica cuantica sugiere que la comunicacién superluminica existe. De hecho, 
algunas hipotesis hablan de que la existencia de fendmenos superluminicos en la naturaleza no sdlo 
es posible, sino necesaria (véanse por ejemplo los trabajos de Gao Shan), y de hecho ahi sequimos 
teniendo, explicada o no, la paradoja EPR-Bell. A partir de esto, Smarandache sugirid de nuevo en 
1993 que no existia un limite de velocidad absoluto en el universo tal y como postulara Einstein. 


La teoria Rodrigues-Maiorino, 


Estudiando las soluciones a las ecuaciones de Maxwell y Dirac-Weyl, los brasilefios Waldyr 
Rodrigues Jr y José Maiorino propusieron una teoria unificada para la construccién de velocidades 
arbitrarias en la naturaleza (o sea, cualquier cosa entre cero e infinito). De esta manera, la hipdtesis 
Smarandache ascenderia a teoria, y la llamamos "Teoria SRM" (Smarandache-Rodrigues-Maiorino). 
Mediante !a SRM, el principio de la relatividad especial sufre una ruptura, aunque los constructos 
relativistas de la mecanica cuandica -como la ecuacién de Dirac-, no. Asi mismo, la SRM propone 
que una combinacién de espejos adecuadamente ubicados puede acelerar una onda 
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electromagnética a velocidades mayores que las de la luz. Esta suposicién seria posteriormente 
confirmada por Saari y Reivelt (1997), quienes produjeron una onda superluminica (llamada "onda 
X") mediante una luz de xenon interceptada por una serie de lentes y orificios. 


La Teoria SRM és una solucién matematicamente pura de la ecuacién de onda cuantica relativista, 
indica que no hay limite de velocidad en el Universo, y es por tanto la teoria mas fuerte en estos 
momentos para la construccién de velocidades arbitrarias. 


Experimentos superluminicos. 


Muchos experimentos, realizados en los llamados "modos evanescentes”, han obtenido ya como 
resultado la propagaci6n hiperluminica. El primer "resultado evanescente” de esta clase lo obtuvo 
Nimtz en 1992, quien produjo una sefial a 4'34c (c = velocidad de la luz en el vacio). Poco después, 


sé dio el lujo de emitir la 40° sinfonia de Mozart por FM, a 4'7c. Pronto esta barrera fue superada, 
hasta los 8c. 


En el caso del experimento de Nimtz, no habia quedado claro si se producia violacion de la 
paradoja causal. Pero en el afio 2000, Wang, Kuzmich y Dogariu publicaron en Nature que, durante 
un experimento de dispersion andémala realizado en la Universidad de Princeton, Princeton lograron 
emitir un pulso de juz (compuesto de fotones taquidénicos, masa cero) a la friolera de 310 veces c. En 
este experimento, para el que utilizaron dos rayos laser en frecuencias ligeramente distintas 
pasando a través de un gas frio de cesio, se pudo observar perfectamente como el haz de luz salia 
del proyector 62 nanosegundos antes de que entrara. 


No obstante, Wang y sus colegas no creen que estos experimentos sirvan para transmitir 
informacion al pasado, porque estan basados en efectos de interferencia sobre !a velocidad de 
grupo. Pero en el mismo numero de la revista, Jon Marangos explicaba que en el caso de pulsos de 
luz constituidos por un numero reducido de fotones, se puede argumentar que la velocidad de grupo 
es la misma que la de cada foton individual. Si esto lo aplicamos a cada foton, estariamos hablando 
de transmision cuantica de informacion hacia el pasado. 


En otro orden de cosas, la Teoria de la Relatividad General postula que la velocidad de la gravedad 
es c, debido a la restriccién impuesta por la Teoria Especial. Sin embargo, Van Flandern public 
algunos resultados de sus observaciones astrofisicas que indicaban que la gravedad podria ser 
superluminica, aunque Ibison, Puthoff y Little los explicaron con una teoria que no necesitaba de 
estos fenomenos superluminicos. Por otra parte, la NASA ha observado que algunas galaxias 
podrian estar rotando con sus extremos a velocidades mayores que la de la luz, y aun no se ha 
encontrado ninguna manera de explicar estas observaciones desde un punto de vista subluminico. 
Desde el punto de vista empirico estamos, pues, en una "situacién de empate" aun por determinar. 


La maquina Kitano. 


En febrero de 2003, M. Kitano, T. Nakanishi y K. Sugiyama de la Universidad de Kyoto (el “Kitano 
Lab") sugirieron la construccién de un circuito electrénico sencitlo capaz de aprovechar este efecto 
de "propagacion negativa" transmitiendo efectivamente informacién al pasado. También plantearon 
la posibilidad de situar varios de estos circuitos en cascada para multiplicar el efecto, aunque 


advirtiendo que al hacer esto el ruido se dispararia exponencialmente. Que nosotros sepamos, este 
dispositivo nose ha construido todavia. 


Taquiones., 


Algunos modelos de !a teoria de las supercuerdas (nuestro candidato principal a la Teoria 
Unificada) incluyen la existencia de los taquiones. Algunos fisicos modifican esta teoria de tal modo 
que los taquiones desaparecen; otros, como Freedman, defienden que estas modificaciones son 
incorrectas y los taquiones son necesarios. La teoria de las supercuerdas es probablemente la mas 
apropiada para estudiar los taquiones, dado que no obliga a trabajar con masas imaginarias de los 
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mismos. Algunos otros autores afirman que los taquiones se han detectado -aunque de una manera 
bastante retorcida- en los efectos atmosféricos de los rayos cdésmicos. 


Por tanto, y como conclusion, la respuesta mas razonable a tu pregunta és "puede que si", aunque 
todavia no tenemos la absoluta seguridad y nadie ha producido en la practica un mecanismo capaz 
de desempeniar tal funcién. 
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Estacién Central Tiempo 
;PREGUNTALE AL. CIENTIFICO! 


Sociedad Espafiola de Exobiologia 
Apartado de correos 5115 
46009 Valencia (Espafia) 


se2x@ono.com 


éEs o sera posible viajar an el tiempo? 
: + Vanessa, 18 afios, Madrid 


No solo es posible, sino que lo estamos haciendo todo el rato. :-) Como imaginamos que te refieres a sieso 
sera posible “saltar" al pasado o al futuro, vamos con ello: 


Para empezar, seria conveniente definir que es el tiempo. Todo et mundo parece saberlo pero, si les pidas una 
definicion, la gente no sabe muy bien qué contestar. Piénsalo, intenta expresar con palabras qué es al tiempo. 
Cuesta, zverdad? 


Es que el tiempo no es una entidad material, sino una dimension. Es, de hecho, la “cuarta dimension" césmica, 
definida como tal -entre otros lugares- en fa Teoria Especial de la Relatividad de Einstein: fargo, ancho, alto y 
tiempo (x, y, Z, t). Las tres primeras permiten definir la posicién de un objeto en un lugar determinado, la cuarta 
en qué momento se encuentra ahi. Y, logicamenie, surge la pregunta de nuevo: si se puede correr adelante y 
atras por las otras tres dimensiones, ino se podra también por Ja cuarta? 


El ttempo es una dimension un tanto especial. Para empezar, en apariencia sdlo se puede avanzar por él en un 
sentido: hacia adelante, como hacemos todos los dias. Con un matiz: de los propios trabajos de Einstein se 
deduce que también se puede recorrer hacia delante aceleradamente: es decir, es posible hacer un "viaje de 
ida" en el tiempo. Cuando un objeto se mueve 4 una cierta velocidad, la dimensién tiempo en que esta inmersa 
se cantrae. O en otras palabras: contra mas rapidamente viajas por las dimensiones espaciales (largo, ancho, 
alto), mas se contrae tu dimensién temporal. Como resultado, para ti al tiempo pasa mas despacio que para el 
resto del Universo. El efecto practico es que esiarias realizando un "viaje de ida" espaciotemporal. Contra mas 
te acercas al limite de velocidad maximo para los cuerpos con masa (que es ta velocidad de Ia luz en el vacio, 
299.792'458 kilometros por segundo), mas se contrae “tu" tiempo. 


A velocidades proximas a las de la luz, un segunde "tuyo" serian miles o millones de afios “de fos demas". Este 
efecto se observa, por ejemplo, en los relojes de los satélites, que como vuelan a gran velocidad (decenas de 
miles de km/h) comienzan a notarlo levemente y hay que "ponerlos an hora” de cuando en cuando desde la 
Tierra, usando relojes atémicos. En resumen, puedes conseguir tu "billete de ida" por la dimension tiempo sdlo 
con correr mucho. Dejo a tu criterio el imaginar qué clases de motores y combustibles harian falta para lograr 
este efecto de manera eficaz, y si se te ocurre alguna buena idéa disela ensequida a la NASA, que tiene una 
beca instantanea de un milién de délares para quien proponga algo viable an este seniido. 


Pero, iy el billete de vuelta? jAh, amiga! Aqui se camptica la cosa. Siguienda las ecuaciones de Einstein y sus 
coleguitas, para invertir el sentido del relo} tan sdlo tendrias que.., viajar mas rapido que la luz. Hay un 
problema, claro: para los objetos con masa, la velocidad de la luz en el vaclo -que las fisicos llaman ‘c’- es una 
barrera tan infranqueable como un universo de acero. Precisamente de los propios trabajos einstenianos se 
deduce que conforme te vas acercando a c, hace falta cada vez mas energia para acelerar mas, y esta anergia 
que aportas se va convirtiendo no en velocidad, sino mayormente en masa. Cuando te faltase muy poquito para 
llegar a c -al costa de galaxias enteras de energia-, la mayor parte de la misma $e gastaria engordando tu 
masa, y SGlo afiadiria un poquito mas de velocidad. En el instante en que tecaras c, habrias consumido toda la 
energia del Universo y tu masa seria infinita. Como hipdtesis del fin del mundo, esta dieta de engorde no esta 
mal, pero pese a la gamberrada de cargarte todo el Universo -¢,te parecera bonito?- no habrias logrado superar 
la velocidad de la luz en el vacio. De momento, pues, parece que én la Estacidn Central Tiempo sdlo venden 
billetes de ida. 


Sin embargo, en un rincén de fa estacion, como sueie ocurrir en las estaciones, hay una cabina ielefonica. Es 
una cabina un poco extrafa, y tiene un cartel encima en el que pone "llamadas desde dastino". Resulta que, 
aunque ningun abjeta con masa puede superar c, algunos objetos sin masa -coma los fotones- si pueden 
hacerlo, al menos en determinadas circunsiancias. A estas particulas hiperiuminicas de masa cero las llamamos 
taquiones (del griego tachyos, velocidad). Sélo existen a velocidades superiores a ia de ia luz -se ha llegado a 
teorizar que pueden viajar a velocidad infinita- y confarme se desplazan por !as dimensiones espacialgs, la 
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dimension flempo en fa que existen no sdio se contrae, sino que retrocede: Ies taquiones viajan hacia atras en el 
tiempo, llegan antes de partir. No es muy dificil imaginar que "marcando” estos taquicnes én el punto de partida 
(por ejemplo: si lo hago rotar a la derecha es un cero, y si lo hago rotar a la izquierda es un uno), se puede 
transmitir informacion digital a base de unos y ceros, como voz, dates 0 video, a un receptor ubicado en e1 
pasado (tu telefono movil, por ejemplo, es un transmisor de informacién digital -tu voz- en el presente). 


Este extraordinario efecto que se deriva de la Fisica Cuantica fue hipotetizado en 1972 por un sefior que se 
lama Smarandache (por eso se llama Hipdtesis Smarandache, a veces somos poco imaginativos), y esta 
relacionado con la llamada velocidad de grupo (seria largo de explicar). El primero en observario en la practica 
fue otro sefor que se llama Sommertield. Desde entonces se han hecho muches experimentes practicos que 
confirman la teoria, al menos en parte. En 1992, Nimtz se permitia el lujazo de transmitir la 40* Sinfonia de 
Mozart por radio FM (microondas, masa cero), a 4'7 veces la velocidad de la uz. En 2000, Lijun J. Wang y su 
equipo de fa untversidad de Princeton lograran emitir un pulso de luz (compuesto de fotones, masa cero) a la 
friolera de 310 vaces c. En este ultimo caso, para el que utilizaron dos rayos laser en frecuencias ligeramente 
distintas, se pudo observar perfectamente como el haz de luz salia del proyector 62 milmillonésimas de segundo 
antes de que entrara. No esta claro hasta qué punto todo esto servira para remitir una verdadera sefial al 
pasado puesto que esta relacionada con fenémenos de interferencia dentro del propio pulse de luz; pero nos da 
motivos para pensar que aunque en la Estacion Central Tiempo sdlo se vendan billetes de ida, podria existir, en 
efecto, un teléfono mediante el que se puede hablar con ai futuro, y quienes hayan !legado allf, con al pasado. 


Coma podras suponer facilmente, algunas personas que entienden mucho de todo esto (y también algdn que 
aira chalado) estan empezanda a pensar en si los cuerpos con masa sé podrian trucar de alguna manera para 
“colarlos" mas alla de la velocidad de la luz... pero esto, si es que es posible, no sabemos todavia cémo hacerlo 
(De hecho, no tenemos ni idea). 


Dejo a tu imaginacion el evaluar qué efectos podria tener esto sobre las paradojas de la causalidad (ya sabes, 
io de viajar al pasado y matar a tu abuelo, o al menos transmifir la orden de que lo maten, de forma que tu no 
puedas nacer para dar esa orden, por tanto naces y la das, luego no puedes y no la das, ete...). Los fildsofos y 
cientificos de altos vuelos tampoco s2@ han puesto iodavia de acuerdo al respecio, 0 sea que tu opinién sera tan 


buena como la de cualquier otro. 
(La comunicacion temporal se trata con mas detalle y complejidad en nuestro otro articule HG Vvel! 


eet 
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The Schrédinger Cat Thought Experiment Land (The SCTE Land) 


J. Harri T. Tiamen 
Healing Earth 
PO Box 5066, Chatswood, 
West NSW 1515, Australia 
E-mail: hami@healingearth.com.au 


Abstract: Following a short review of ten well-known objections to Schrédinger Cat Thought Experiment, fourteen new 
objections are presented that show the central thought experiment of quantum mechanics violates the second law of 
thermodynamics. These objections are shown to be equivalent to Smarandache Sorites Paradox that is how <A> and 
<Non-A~> are connected. 


Keywords: Schrédinger Cat Thought Expernment, Second law of thermodynamics, Smarandache Sorites Paradox 


The Schrédinger Cat Thought Experiment Land (The SCTE Land} 



















Because of purity 
everything is ‘separated’ 
by infinity ie everything 


is independent 






Now we have 
interaction. No 
independences 


box at 
infinity 


We have 
no causes, 
nothing has 
possessed values, 
i¢ no properties. No 
events allowed. 


| cat dead> = 50 % exactly 


Indeterminacy of states a cat alive> = 50 % exactly 

The cut can 

move, this is This is the regi 

when where we can have The SCTE Land: 

cea eveas econe A perfect two-state subsystem. 
“happens”. the first event. 
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General on principle objections to the cat in the box thought experiment about absolute measurement. These are well known objections. 


1. The wavefunction of the cat cat and the Yobs of the observer must be pure, no interaction is allowed between them until the opening, 
This is only physically achievable when infinitely far away from each other. So how so they meet? 

2. Before the opening no quantum states occupied so no properties. Nothing is (literally) in this region because prior to the event, no 
states. So where do (the) properties come from? Or can/do states exist without properties? 

3. It’s one (sort of) event; we disallow any other event tainting the thought experiment. So how does anything else happen? 

4. it’s the only event, we have isolated “one” quantum system this isn’t possible, quantum mechanics is (w)holistic, no such independent 
subsystem allowed. The SCTE cannot have parts, no (moving) parts. So how does the SCTE proceed? 

5. It’s the first event, before this no events, ie superposition, causes are not allowed, so the SCTE is the first event. What is there, to cause 
the first event, all we have is after the first. The SCTE is uncaused. So what causes the SCTE? 

6. How do we trap the cat perfectly, only an infinitely deep (potential) well can achieve this? The cat cannot penetrate such a barrier. So 
how does the cat get out of the box? 

7. Uf the cat is perfectly trapped, it must be in an infinite deep potential well. How does the observer quantum tunnel to the cat, ie open 
such a box? So, it’s impossible for the observer to open the box. So how does the observer open it? 

8. To construct the box we need material that is barrier-proof; perfectly rigid, such material isn’t possible. So, how do we (physically) 
construct the box of the SCTE? 

9. Splits the world into two realms. We have indeterminacy (ie superposition) of states that in turn passes to a world of indeterminism where 
things (only) might happen, only probabilities. Uncertainty rules. So how can we be sure of anything? Even if anything did/does happen? 
{0. One observer only, Wigner’s Friend Paradox resolved by one (absolute) observer. But supposedly there are many equal (ie 
ontological/epistemological) observers! So, one observer can only do the SCTE. So how do we get many equa! observers to perform the 
SCTE? 


Objections te Schrédinger’s Cat Thought Experiment 

Thermodynamic Objections 

1. There are no spontaneous accessible microstates. The Schrédinger’s Cat Thought Experiment SCTE land 

is at absolute zero. No work can be introduced to open a perfect two-state box system, recall purity of states. 
2. The “observer” must have maximum available macrostates to open a perfectly rigid box. For one 

hour=At, the world outside the box has no definable entropy at all. 

3. Even if we could open the box, it is at zero entropy with no definable temporal direction 

for the arrow of time, since no definable irreversible processes. 

, 4. Notice how the box itself, goes through a Poincaré cycle of entropy return. The 

distribution of parts for the box at point A to point B is the return of all entropy 

: from all the time before the box closed to all the time after it was opened. That 

} is for one hour; the box; its contents; and the cat cycles (=superpositions) 

through all Wingers’ friends, ie all observers and the total outside 


. ee 
— a. 
‘ H ae 
x ! 2 
universe, as one whole. 


~& 
5. The cat itself must have minimum available microstates and none 

| 50 %> spontaneously available. There is no environment available at all to the cat 

At before the box closes the first time because the cat isn’t in a bound state 


| 50 %> with the “observer” until the box opens the second time, you see time, cannot 
_ work twice, (There is ne “negative” entropy to pay for a perfectly rigid box, to 
have time working in both directions at once. Where does this work, the second 
time came from?) 
6. The cat and the box A until it captures the cat, form their own private time system, these hidden variables to the “observer”, are never 
revealed. The “observer” before the box opens the second time, must be independent strictly, even by times’ workings because the SCTE 
land is a perfect two-state system. There are no mixed states between the box and the observer before the 50%50% event. Recall, perfect 
preparation of states. 
7. The 2™ law of thermodynamics thermal states is represented as a Stationary principle of a complex deterministic equation. 
Schrédinger’s equation ts this deterministic equation, it is a stationary state, entropy cannot both be a max and a min at the same time, it 
needs to be a max the second time, and a min the first time, time worked, if you understand the confusions, The spontaneous accessible 
microstates of the Schrddinger cat energy operators, are obtained by “perturbations” of the stationary complex plane states, these 
represent the ensemble of the cat as an explanation for probability itself that is entropy recurrent time is accessible spontaneous, to the cat. 
8. We have for one hour, i) a spontaneous accessible Poincaré cycle, hidden to the observer 
ii) time working forward and backward at once, max and min at once 
itt) a frozen temporally directionless land, that is an event perfectly frozen 
9. We have made the wavefunction, the carrier of ultimate information; it is entropy itself. We have made the “measurement” of the SCTE so 
perfect; it is in really absolutely perfect land. What is entropy itself in normal qm it must be the wave function, the entity that all information of the 
system resides, and how does this thing-in-itself transfer itself to temporal agents? Entropy the temporal process explains each and every counting 
event within time, & ‘¥ explains everything in time and of time by a timeless mathematical transformation CR for temporal part distributions. 
10. Instead of one hour let At equal Poincaré Cycle time, we can by inspection see that between Box A + Box B> Poincaré time, strictly 
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cycle time of the cat and the box against and the independent cycle time of the “observer” during point A and the first closing of the box? 
We have assumed perfect states without environment. Perfect states barren of real-valued cigenvalues only reside in the Complex plane 
itself. The initial conditions are that the cat and the box are states with complex cigenvaiues, where the observer must be real valued, 

11. Instead of one hour let At equal zero cycle time, we can see by inspection that this must be a two-state system that has zero entropy for its 
parts distribution. That is by looking at the role of thermodynamics in the SCTE Land we are lead to the conclusion that the event is a very 
very very spectal case it is the zero entropy state. From which we have temporal max-ing and min-ing of the wavefunction of the projected 
atemporal state that of eigenvalue 1. Gold’s universe comes to mind the universe begins and ends at the common zero entropy state: - that of 
a perfect two-state system. In the normal qm interpretation the system has complex and real values that are in a mixed states we have imbued 
the box with complexity and reality and naturality (=numbers complex, real and natural) by virtue that we humans = Winger’s friends can do 
a perfect two-state experiment. Complex Real and Natural valued operators are in mixed states in the normal qm interpretation of the SCTE. 
12. The Box at Point A to the cut has a normalization constant of zero exactly; from the cut to point B the Box has a normalization constant 
of one exactly. Yes exactly zero chance of a temporal event before the 2™ opening of the box. The Box has two normalization constants that 
of zero and one at different ‘times’ throughout all paths of all histories of the cat, or the box. We have made time itself work twice if the 
SCTE is a “measurement” that humans can achieve in reality. We are barred by the 3 Law of thermodynamics from reaching a region of 
(quantum) event space that is at zero absolute temperature and we are excluded by qm itself from regions where states only have complex 
eigenvalues. Also by the figure above the 2" Law is identified formally as the mechanism of the 2™ opening of the box if the box is 
identified with irreversible events that is events that are not reversible within the Poincaré cycle time of all observers everywhere. 

13. That is by point 12 empty boxes must superposition that is the fundamental postulate of qm is undermined. It is impossible by normal qm 
to interpret a normalization constant of zero. The ‘meeting’ of the cat and the box have exactly zero chance of being a temporal event done 
by temporal observers bound by the laws of thermodynamics as it applies to us humans and not what ‘happened’ at time=zero exactly. We 
have a perfect two state-system that of quantum states being complex or real-valued, being in a superposition state or a deterministic state of 
the Schrédinger equation, in a R temporal environment projected from, the C atemporal plane, with Ni temporal discrete objects. 


14. What event do we have a name for that acts like this it is the state that has zero entropy it is the state that all temporal states (real 
valued states) are both a max and min that is it acts as the C quantum mechanically stationary state for all real-valued states. It is the limit 
point for all events temporal, and it is the creation of temporal processing itself for natural numbered eigenstates. The only consistent 
interpretation for all these objections is that the timeless explanation for the STCE Land is the big bang/crunch eigenvalue system. C->R 


What these objections mean: 


Penrose calls thermodynamics a useful physics theory, and quantum mechanics superb but the cat m the box experiment directly 
contradicts the 2" law of thermodynamics, which will rule, the 2" law of a useful theory or the central thought experiment of what a 
““neasurement” is, the SCTE experiment is a perfect two-state quantum system, its just that it’s too perfect, think of it this way it is in 
perfect land, it is at “infinity” to real-life cats and real-life people it is at “zero entropy land”. Real-life boxes leak; there are no perfectly 
rigid boxes, only at “infinity” in some sense. Recall at absolute zero, we still have zero point motion due to the uncertainty relationship 
itself but a land at zero entropy stills even this last residue of temporality. We’ve made it too perfect, no human can do the “first” or 
“last” of a perfect two-state system. The SCTE land is the “measurement” of measurements, it is what measurements after the box opens 
the second time limit to, it is the limit point of B, and the box closing the 1* time is the limit point for the box A. How does a zero 
entropy “observer”, interact with real-life observers barred by the 3" law — a system cannot be cooled to absolute zero in a finite number 
steps? The land is truly beyond the reach of man or anything in time and of time, that is temporal operators bound by real-life laws of 
physics. 


Objections to the “measurement”, what the objections are directed at is not quantum mechanics itself, but what we made the thought 
experiment attempt to do, this “measurement” is at zero entropy, the arrow of time is indefinable, and there is only one wavefunction 

| 50%>+ | 50%> superpositioning in its own absolute time frame of the Complex plane. The SCTE is a valid qm “event”, but its in 
perfect land, the “measurement” can only be achieved, by the wavefunction itself, acting in its role as absolute carrier of information, 
recall in qm real eigenvalues are obtained by “atemporal” projections from the Complex plane. The wavefunction is entropy itself, the 
wavefunction contains all true information, and the SCTE is a perfect two-state system, where the wavefunction is a complex stationary 
state. What is the “measurement”, that changes the total wavefunction of the complex plane, into a real-eigenvalued world of temporal 
directedness, the “measurement” is the creation of time itself. The bang of time is a perfect two-state system, of things in time and things 
out of time. Things out of time are the complex plane and its operators, things im time are the real plane and it operators. The “observer” 
of this “measurement” is the two-state operation of the complex plane that gives i as the only eigenvalue. 


Eddington expresses it best (as quoted in The World within the World by John Barrow Chapter 3 Unseen worlds, §13 Thermodynamics) 


“The law that entropy increases - the Second Law of thermodynamics — holds, I think, the supreme position among the 
laws of Nature. If somebody points out to you that your pet theory of the universe is in disagreement with Maxwell’s 
equation -- then so much the worse for Maxwell’s equations. If it is found to be contradicted by observation — well, these 
experimentalists do bungle things sometimes. But if your theory is found to be against the Second Law of thermodynamics 
I can give you no hope; there is nothing for it but to collapse in deepest humiliation.” 
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Real Plane 


We have made the box impervious to times assault. 
So which will rule the 2™ Law of useful theory ...it’s not even a contest 
and everybody knows it. Paradigms Lost...“It’s not even wrong.” Wolfgang Pauli 
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This is the Real system where we have tried to make 
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To have a fully symmetric theory 
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‘That is the task of this generation is to save the Schrédinger Cat Thought Experiment SCTE Land from observational contradiction with 
the 2“ Law of Thermodynamics. For [ am truly sorry for these objections this paper has been hard to write, because of the shame of it. 


CONCLUSION 


There are four paradoxes known as the Quantum Smarandache Paradoxes; the first paradox is: 
Smarandache Sorites Paradox: 
Our visible world is composed of a totality of invisible particles. 


a) An invisible particle does not form a visible object, nor do two invisible particles, three invisible particles, etc. 

However, at some paint, the collection of invisthle particles becomes large enough to form a visible object, but there is apparently no 
definite point where this occurs. . 
b) A similar paradox is developed in an opposite direction. It is always possible to remove a particle from an object in such a way that 
what 1s left is still a visible object. However, repeating and repeating this process, at some point, the visible object is decomposed so that 
the left part becomes invisible, but there is no definite point where this occurs. 


Generally, between <A> and <Non-A> there is no clear distinction, no exact frontier. Where does <A> really end and <Non-A> begin? 
How the SCTE tand resolves the above paradox is: 
Our visible world is made possible by invisible particles (literally the complex state that has eigenvalue i) 


The imaginary component of a general complex number is called i, it is the invisible particle (number) that all visible “measurable” 
properties of objects are timelessly obtained via a quantum (Schrodinger) equation. The imaginary i is the entity that all measurements 
rely on, yet cannot be measured by definition since only real number eigenvalued states are observable. Recall the ‘Heisenberg’ law 
[A,B]=iC shows how quantum variables are connected mathematically. The SCTE land shows that the region before the cut behaves as 
the Complex number system where we have tried to make real-life objects act literally as Complex numbers and the box the imaginary i 
since we have perfect preparation of the two states. If in the SCTE we insist that the cat cannot escape the box (i.¢. perfect containment) 
for At we are forced by the 14 thermodynamic objections above to conclude that the invisible (non-measurable) i leads to all visible 
objects (measurements). The frontier between <A>=measurement and <Non-A>=Non-measurement is represented exactly by the cut 
where we have tired to make time work twice (objection 8ii). The quantum cut is literally the frontier between <A> and <Non-A> 
mathematically it is the timeless transformation that changes pure complex numbers into pure real numbers denoted CR. Loosely 
speaking Smarandache Sorites Paradox (associated with Eubulides of Miletus (fourth century B.C.)) is the linguistic equivalent of the 
*Heisenberg’ law, how invisible particles create a visible world. 


From §10 “THE PRINCIPLES OF QUANTUM MECHANICS” by P.A.M. Dirac Fourth Ed Oxford Univ. Press 1958, reprinted 1978 
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“When we make an observation we measure some dynamical variable. It is obvious physically that 
the result of such a measurement must always be a real number, so we should expect that any 
dynamical variable that we can measure must be a real dynamical! variable. One might think one 
could measure a complex dynamical variable by measuring separately its real and pure imaginary 
parts. But this would involve two measurements or two observations, which would be all right in 
classical mechanics, but would not do in quantum mechanics, where two observations in general 
interfere with one another—it is not in general permissible to consider that two observations can be 
made exactly simultaneously, and if they are made in quick succession the first will usually disturb 
the state to the system and introduce an indeterminacy that will affect the second. We therefore have 
to restrict the dynamical variables that we can measure to be real, ...” 


We cannot make time work twice (equivalent to Dirac’s measuring separately a complex number’s real and pure imaginary parts) clearly 
<A> and <Non-A> are separated by quantum interference (that is the cut is literally this interference). This affect is dramatically 
demonstrated in the SCTE land where this interference literally is drawn and is identified as the timeless transformation CR or 
<Non-A>—<A>. 
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